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PREFACE 


The purpose of this book is to provide a complete year’s course in 
mathematics for those studying in the engineering, technical and 
scientific fields. The material has been specially written for courses lead¬ 
ing to 

(i) Part I of B.Sc. Engineering Degrees, 

(ii) Higher National Diploma and Higher National Certificate in techno¬ 
logical subjects, and for other courses of a comparable level. While formal 
proofs are included where necessary to promote understanding, the 
emphasis throughout is on providing the student with sound mathematical 
skills and with a working knowledge and appreciation of the basic con¬ 
cepts involved. The programmed structure ensures that the book is highly 
suited for general class use and for individual self-study, and also provides 
a ready means for remedial work or subsequent revision. 

The book is the outcome of some eight years’ work undertaken in the 
development of programmed learning techniques in the Department of 
Mathematics at the Lanchester College of Technology, Coventry. For the 
past four years, the whole of the mathematics of the first year of various 
Engineering Degree courses has been presented in programmed form, in 
conjunction with seminar and tutorial periods. The results obtained have 
proved to be highly satisfactory, and further extension and development 
of these learning techniques are being pursued. 

Each programme has been extensively validated before being produced 
in its final form and has consistently reached a success level above 80/80, 
i.e. at least 80% of the students have obtained at least 80% of the possible 
marks in carefully structured criterion tests. In a research programme, 
carried out against control groups receiving the normal lectures, students 
working from programmes have attained significantly higher mean scores 
than those in the control groups and the spread of marks has been con¬ 
siderably reduced. The general pattern has also been reflected in the results 
of the sessional examinations. 

The advantages of working at one’s own rate, the intensity of the 
student involvement, and the immediate assessment of responses, are well 
known to those already acquainted with programmed learning activities. 
Programmed learning in the first year of a student’s course at a college or 
university provides the additional advantage of bridging the gap between 
the rather highly organised aspect of school life and the freer environment 
and which puts greater emphasis on personal responsibility for his own pro¬ 
gress which faces every student on entry to the realms of higher education. 

Acknowledgement and thanks are due to all those who have assisted 
in any way in the development of the work, including those who have 
been actively engaged in validation processes. I especially wish to 
record my sincere jhanks for the continued encouragement and support 
which I received from my present Head of Department at the College, 



Mr. J. E. Sellars, M.Sc., A.F.R.Ae.S., F.I.M.A., and also from 
Mr. R. Wooldridge, M.C., B.Sc., F.I.M.A., formerly Head of Department, 
now Principal of Derby College of Technology. Acknowledgement is also 
made of the many sources, too numerous to list, from which the selected 
examples quoted in the programmes have been gleaned over the years. 
Their inclusion contributes in no small way to the success of the work. 

K. A. Stroud 
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HINTS ON USING THE BOOK 


This book contains twenty-four lessons, each of which has been 
written in such a way as to make learning more effective and more 
interesting. It is almost like having a personal tutor, for you proceed at 
your own rate of learning and any difficulties you may have are cleared 
before you have the chance to practise incorrect ideas or techniques. 

You will find that each programme is divided into sections called 
frames, each of which normally occupies half a page. When you start a 
programme, begin at frame 1. Read each frame carefully and carry out 
any instructions or exercise which you are asked to do. In almost every 
frame, you are required to make a response of some kind, testing your 
understanding of the information in the frame, and you can immediately 
compare your answer with the correct answer given in the next frame. To 
obtain the greatest benefit, you are strongly advised to cover up the 
following frame until you have made your response. When a series of dots 
occurs, you are expected to supply the missing word, phrase, or number. 
At every stage, you will be guided along the right path. There is no need 
to hurry: read the frames carefully and follow the directions exactly. In 
this way, you must learn. 

At the end of each programme, you will find a short Test Exercise. 
This is set directly on what you have learned in the lesson: the questions 
are straightforward and contain no tricks. To provide you with the 
necessary practice, a set of Further Problems is also included: do as many 
of these problems as you can. Remember that in mathematics, as in many 
other situations, practice makes perfect — or more nearly so. 

Even if you feel you have done some of the topics before, work 
steadily through each programme: it will serve as useful revision and fill 
in any gaps in your knowledge that you may have. 



USEFUL BACKGROUND 
INFORMATION 


I. Algebraic Identities 

(a + *) 2 = a 2 + 2 ab + * 2 (a + b ) 3 = a 3 + 3 a 2 * + 3a* 2 + b 3 

(a — *) 2 = a 2 — 2 ab + b 2 (a — b) 3 = a 3 — 3<z 2 fc + 3 a6 2 - ft 3 

(a + fc) 4 = a 4 + 4a 3 b + 6a 2 6 2 + 4afc 3 + fe 4 
(a - &) 4 = a 4 - 4a 3 * + 6a 2 * 2 - 4a* 3 + * 4 

a 2 - * 2 = (a - *) (a + *). a 3 - * 3 = (a - *) (a 2 +a* + * 2 ) 
a 3 + * 3 = (a + *) (a 2 - a* + * 2 ) 


II. Trigonometrical Identities 


(1) sin 2 0 + cos 2 0 = 1; sec 2 0 = 1 + tan 2 0; cosec 2 0 = 1 + cot 2 0 

(2) sin (A + B) = sin A cos B + cos A sin B 
sin (A - B) = sin A cos B - cos A sin B 
cos (A + B) = cos A cos B — sin A sin B 
cos (A - B) = cos A cos B + sin A sin B 


tan (A + B) = 


tan A + tan B 
1 - tan A tan B 


tan (A - B) = 


tan A - tan B 
1 + tan A tan B 


(3) Let A = B = 0. 


sin 20 = 2 sin 0 cos 0 
cos 20 = cos 2 0 — sin 2 0 
= 1-2 sin 2 0 
= 2 cos 2 0 - 1 


tan 20 = 


2 tan 0 
1 - tan 2 0 


xiii 
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(4) Let 0 =~ 


sin 0 = 2 sin ^ cos ~ 


tan $ = _ 


ln2 0 


, 0 _ 


(5) sin C + sin D = 2 sin ^ ^ cos ^ —— 
sin C-sin D = 2 cossin 

C + D C — D 
cos C + cos D = 2 cos —-— cos —^— 

cos D- cos C = 2 sin ^y^sin ^y^- 

(6) 2 sin A cos B = sin (A + B) + sin (A - B) 

2 cos A sin B = sin (A + B) - sin (A - B) 

2 cos A cos B = cos (A + B) + cos (A - B) 

2 sin A sin B = cos (A - B) - cos (A + B) 

(7) Negative angles: sin (-0) = -sin 0 

cos (—0) = cos 0 
tan (—0) = —tan 0 

(8) Angles having the same trig, ratios: 

(i) Same sine: 0 and (180°-0) 

(ii) Same cosine: 0 and (360°-0), i. 

(iii) Same tangent: 0 and (180°+ 0) 


xiv 
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(9) a sin 8 + b cos 0 = A sin (0 + a) 

a sin 6 - b cos 0 = A sin (0 - a) 

a cos 0 + b sin 0 = A cos (0 - a) 

a cos 0 - b sin 6 = A cos (6 + a) 

(A = V(* 2 + 6 2 ) 

where:/ 

(a=tan 1 |(0°<a<90°) 


III. Standard Curves 

(1) Straight line: 

Slope, m=Q-=¥2 —Zi 
ax x 2 -x 1 

Angle between two lines, tan 0 = ^—— 

1 + m l m 2 

For parallel lines, m 2 = m t 
For perpendicular lines, m l m 2 = -1 
Equation of a straight line (slope = m ) 

(i) Intercept c on real j-axis: y = mx + c 

(ii) Passing through y-y 1 =m{x-x 

(iii) Joining (x u y t ) and (x 2 ,y 2 ): Z_Zi = 

y 2 ~y i ^2 

(2) Grcle: 

Centre at origin, radius r: x 2 +y 2 = r 2 
Centre ( h,k ), radius r: (x-h) 2 +(y- k) 2 = r 2 

General equation: x 2 +y 2 + 2gx + 2fy + c = 0 
with centre (~g, -/); radius = \J(g 2 + f 2 - c) 
Parametric equations: x = r cos 0 , y = r sin 6 

(3) Parabola: 

Vertex at origin, focus (a, 0): y 2 = Aax 
Parametric equations: x = at 2 , y = 2at 



(4) Ellipse: 

Centre at origin, foci (±%/[ fl2 ~b 2 ],0 ): —^ + pf = 1 
where a = semi major axis, b = semi minor axis 
Parametric equations: x = a cos 6, y = b sin 6 

(5) Hyperbola: 

Centre at origin, foci (+ \Ja 2 + b 2 , 0): ~2 ~^2 = 1 
Parametric equations: x = a sec 6, y = b tan 9 
Rectangular hyperbola: 

Centre at origin, vertex: xy = — =c 2 where c = 
i.e. xy = c 2 

Parametric equations: x = ct, y = cjt 
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COMPLEX NUMBERS 


PARTI 



Programme 1 


1 Introduction: the symbol j 

The solution of a quadratic equation ax 2 + bx + c = 0 can, of course, be 


For example, if 2x 2 + 9x + 7 = 0, then we have 

9±V(81~56)_—9t\/25_-9±5 


x=-\ or -3-5 

That was straight-forward enough, but if we solve the equation 
5x 2 - 6x + 5 = 0 in the same way, we get 

_ 6 ± V( 36 - 100) _ 6 ± \/(-64) 

10 10 

and the next stage is now to determine the square root of (-64). 

Is it (i) 8, (ii) -8, (iii) neither? 


2 

It is, of course, neither, since + 8 and - 8 are the square roots of 64 and 
not of (-64). In fact, \/(~64) cannot be represented by an ordinary 
number, for there is no real number whose square is a negative quantity. 
However, -64 = -1 X 64 and therefore we can write 

V(~64) = V(-l X 64) = V(-lX/64 - 8V(-l) 
i.e. V(“64) = 8 V(-l) 

Of course, we are still faced with\/( — 1), which cannot be evaluated as a 
real number, for the same reason as before, but, if we write the letter j to 
stand for V(“l), then V(~64) = V(~l). 8 = j8. 

So although we cannot evaluate V(-l). we can denote it by j and this 
makes our working a lot neater. 

V(—64) = \/(-l)\/64 = j8 
Similarly, y/(~36) = V(-1)V36 = j6 

V(- 7) = V(-1)V 7 = j2-646 

So \/( - 25) can be written. 
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I 15 I 

We now have a way of finishing off the quadratic equation we started in 
frame 1. 

• „_6±n/(36- 100)_6±v/(-64) 

W 5 U " 10 To- 

X = 6 T(j 8 -• x ~ 0-6 ± j °’ 8 

x = 0-6 + j 0-8 or x = 0-6 — j 0-8 


We will talk about results like these later. 
For now, on to frame 4. 


3 


Powers of j 

Since j stands for V( - l)» let us consider some powers of j. 

j =V(-1) j =V(-1) 

j 2 =-l j 2 =-l 

j 3 =(j 2 )i = —i-j = -j j 3 =-j 

j 4 =0 2 ) 2 =(-i) 2 = i j 4 = l 

Note especially the last result: j 4 = 1 . Every time a factor j 4 occurs, it can 
be replaced by the factor 1, so that the power of j is reduced to one of 
the four results above. 

e -g- j 9 =(j 4 ) 2 j = (l) 2 j = Lj=j 
j 20 =(j 4 ) 5 =(l) s =1 
j 3 °=(j 4 ) 7 j 2 =(l) 7 (-l)=l(-l) = -l 
and j 15 =(j 4 ) 3 j 3 = l(~j) = —j 

So, in the same way, j 5 =. 


2 
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since j s = (j 4 )j = 1 j = j 


Every one is done in the same way. 

j 6 =G 4 )i 2 = i(j 2 )=i(-i) = -i 

j 7 =(j 4 )j 3 = i(- j ) = -j 

j 8 = (j 4 ) 2 =0) 2 = i 


So (i) j 42 =. 

00 j 12 =. 

(iii) j U =. 

and (iv) If x 2 - 6x + 34 = 0, x = 


6 


(0-1, 00 1, (iii) —j, (iv) * = 3 ± j5 


The working in (iv) is as follows: 


&* + 34 = 0 ■■, = 6 ± V / ^1 3 1 ) = 6 -^2I 


• ~- 6 ± i 10 
••* T~ 


3±j5 


i.e. x = 3 + j5 or x = 3-j5 

So remember, to simplify powers of j, we take out the highest power of' 
j 4 that we can, and the result must then simplify to one of the four 
results: j, -1, -j, 1. 

Turn on now to frame 7. 


3 
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Complex numbers 

The result x = 3 + j5 that we obtained, consists of two separate terms, 3 
and j5. These terms cannot be combined any further, since the second is 
not a real number (due to its having the factor j). 

In such an expression as x = 3 + j5, 

3 is called the real part of x 
5 is called the imaginary part of x 
and the two together form what is called a complex number. 

So, a Complex number = (Real part) + j(Imaginary part) 

In the complex number 2 + j7, the real part =. 

and the imaginary part =. 


real part = 2; imaginary part = 7 (NOTj7!) 


Complex numbers have many applications in engineering. To use them, 
we must know how to carry out the usual arithmetical operations. 

1. Addition and Subtraction of Complex Numbers. This is easy, as one 
or two examples will show. 

Example 1 (4 + j 5) + (3 - j2). Although the real and imaginary parts 
cannot be combined, we can remove the brackets and total up terms of 
the same kind. 

(4 + jS) + (3 -j2) = 4 + j5 + 3 - j2 = (4 + 3) + j(5 — 2) 

= 7+j3 

Example 2 

(4+j7)-(2-j5) = 4+j7-2+j5 = (4-2)+j(7 + 

= 2 +jl2 

So, in general, ( a + jft) + (c + jd) = (a + c) + j(6 + d) 

Now you do this one: 

(5+j7) + (3-j4)-(6-j3)=. 


5) 
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2+j6 I 

since (5 + j7) + (3 - j4) - (6 - j3) 

= 5 +j7 + 3-j4-6+j3 
= (5 + 3 - 6) + j(7 — 4 + 3) 
= 2+j6 

Now you do these in just the same way: 

(i) (6+j5)-(4-j3) + (2-j7) =. 

and (ii) (3 + j5) - (5 - j4) - (-2 - j3) =. 


0)4+j (ii) j!2 


Here is the working: 

(i) (6 + j 5) (4 — j3) + (2 j7) 

= 6 +j5 -4 +j3 + 2 — j7 
= (6 - 4 + 2) + j(5 + 3 - 7) 

= 4 + j 

(ii) ■ (S+j5)-(5-j4)-(-2-j3) 

= 3+j5~5+j4 + 2+j3 (Take care 
- (3 - 5 + 2) + j(5 + 4 + 3) " ,hsi S" s! * 
= 0 + jl2 = jl2 

This is very easy then, so long as you remember that the real and the 
imaginary parts must be treated quite separately — just like x’s andy’s in 
an algebraic expression. 


On to frame 11. 
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2. Multiplication of Complex Numbers 


11 


Example: (3 + j4) (2 + j5) 

These are multiplied together in just the same way as you would deter¬ 
mine the product (3x + 4y) (2x + 5y). 

Form the product terms of (i) the two left-hand terms 

(ii) the two inner terms 

(iii) the two outer terms 

(iv) the two right-hand terms 

(3 + j4) (2 -j5> , 6+j8 +jlW20 

3 = 6 + j23 - 20 (since j 2 =-l) 

= -14+j23 

Likewise, (4-j5)(3+j2). 


12 


| 22 -j7 | 

for: (4-j5)(3 +j2)= 12-J15 +j8-j 2 10 

= 12-J7 + 10 (j 2 =-l) 

= 22-j7 

If the expression contains more than two factors, we multiply the 
factors together in stages: 

(3+j4)(2-j5)(l-j2) 

= (6+j8-jl5-j 2 20)(l-j2) 

= (6-j7 + 20)(l-j2) 

= (26-j7)(l-j2) 


Finish it off. 

6 
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13 


for: 


12—j59 


(26-j7)(l-j2) 

= 26 - j7 - j52 + j 2 14 
= 26 — j59 — 14= 12 — j59 


Note that when we are dealing with complex numbers, the result of our 
calculations is also, in general, a complex number. 

Now you do this one on your own. 

(5+j8)(5-j8)=. 


14 


Here it is: 


89 


(5 + j8) (5 - j8) = 25 + j40 - j40 - j 2 64 
= 25+64 
= 89 


In spite of what we said above, here we have a result containing no j 
term. The result is therefore entirely real. 

This is rather an exceptional case. Look at the two complex numbers 
we have just multiplied together. Can you find anything special about 
them? If so, what is it? 


When you have decided, turn on to the next frame. 
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They are identical except for the middle sign in the brackets, 
i.e. (5+j8) and (5-j8) 


A pair of complex numbers like these are called conjugate complex 
numbers and the product of two conjugate complex numbers is always 
entirely real. 

Look at it this way - 

(a + b) (a~ b) = a 2 - b 2 Difference of two squares 
Similarly (5 + j8) (5 -j8) = 5 2 -(j8) 2 =5 2 —j 2 8 2 
= 5 2 +8 2 G 2 =-l) 

= 25 + 64 = 89 

Without actually working it out, will the product of (7 - j6) and 
(4+j3)be (i) a real number 

(ii) an imaginary number 

(iii) a complex number 


complex number 


since (7 - j6) (4 + j3) is a product of two complex numbers which are not 
conjugate complex numbers. 

Remember: Conjugate complex numbers are identical except for the 
signs in the middle of the brackets. 

(4 + j5) and (4-j5) are conjugate complex numbers 
(a + )b) and (a - j b) are conjugate complex numbers 
but (6 + j2) and (2 + j6) are not conjugate complex numbers 
(5 — j3) and (-5 + j3) are not conjugate complex numbers 

So what must we multiply (3 - j2) by, to produce a result that is entirely 
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17 

because the conjugate of (3 - j2) is identical to it, except for the middle 
sign, i.e. (3 + j2), and we know that the product of two conjugate com¬ 
plex numbers is always real. 

Here are some examples: 

Example 1 . (3-j2) (3 + j2) = 3 2 — (j2) 2 = 9 — j 2 4 

= 9 + 4=13 

Example 2 (2 + j7) (2 - j7) = 2 2 - G7) 2 = 4 - j 2 49 

= 4+49 = 53 

... and so on. 

Complex numbers of the form (a + j b) and (a - j b) are called 
.complex numbers. 

18 

Now you should have no trouble with these— 

(a) Write down the following products 

(i) (4-j3)(4+j3) 

(ii) (4+j7)(4-j7) 

(iii) (a +jh) (a~]b) 

(iv) (x-jy)(x+jy) 

(b) Multiply (3 — j5) by a suitable factor to give a product that is 
entirely real. 




When you have finished, move on to frame 19. 
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Here are the results in detail. 

(a) (i) (4 -j3) (4 + j3) = 4 2 -j 2 3 2 = 16 + 9 = [ 25 ] 

(ii) (4+j7)(4-j7) = 4 2 -j 2 7 2 =16 +49= | 65 | 

(iii) {a + ]b) (a - j b) -a 2 -) 2 b 2 = | a 2 +b 2 [ 

(iv) (x~iy)(x+)y)=x 2 -] 2 y 2 = | x 2 +y 2 \ 


19 


(b) To obtain a real product, we must multiply (3 - j5) by its conjugate, 

i.e. (3 +j5), giving 

(3 - j5) (3 + j5) = 3 2 - j 2 5 2 = 9 + 25 = p34~] 

Now move on to the next frame for a short revision exercise. 


Revision exercise. 

1. Simplify (i) j 12 (ii) j 10 (iii) 

2. Simplify: 

(i) (5-j 9 )-(2-j6) + (3-j4) 

(ii) (6-j3)(2+j5)(6-j2) 

(iii) (4 ~j3) 2 

(iv) (5-j4)(5 +j4) 

3. Multiply (4 - j3) by an appropriate factor to give a product that is 
entirely real. What is the result? 


When you have completed the exercise, turn on to frame 21. 


20 


10 
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Here are the results. Check yours. 


(i) 

j 12 =(j 4 ) 3 = 

■-m 

00 

jl° = (j 4 )2j2 


(iii) 

j23 =(j 4 )Sj 3 

■)’■[+] 

(0 

(5 j9) — (2 

— j6) + (3 — j4) 


= 5 — j9 - 

- 2 + j6 + 3 — j4 


= (5-2 

+ 3) + j(6 - 9 - 4) 

(ii) 

(6 j3) (2 + 

j5) (6 j 2) 


= (12 - j6 + j30~ j 2 15) (6-j2) 
= (27+j24)(6-j2) 


= 162 + j 144 — j54 + *■ 
(iii) (4-j3) 2 = 16-j24—9 


210 +j90 


(iv) (5-j4)(5+j4) 

= 25-j 2 16 = 25 + 16= [~4T[ 

3. Required factor is the conjugate of the given complex number. 
(4-j3) (4+j3)= 16 + 9= [25] 


All correct? Right. Now turn on to the next frame to continue the 
programme. 
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Now let us deal with division. 

Division of a complex number by a real number is easy enough. 


5—j4 _5 


£=1-67—j 1-33 


But how do we manage with - 


If we could, somehow, convert the denominator into a real number, we 
could divide out as in the example above. So our problem is really, how 
can we convert (4 + j3) into a completely real denominator - and 
this is where our last piece of work comes in. 

We know that we can convert (4 + j3) into a completely real number 
by multiplying it by its c. 


[Conjugate | i.e. the same complex number but with the opposite sign 
in the middle, in the case (4 — j3) 

□ □□□□□□□□□□□□□□□□□□□□□□□□□□□□DO 0:0 0 0 D □ □ 

But if we multiply the denominator by (4 - j3), we 
the numerator by the same factor. 

7 — j4 _ (7 — j4) (4 — j3) _ 28 — j37 — 12 
4+j3 (4+j3)(4-j3) 16 + 9 

if— j§-0 64-jl48 


must also multiply 

16 — j37 
25 


and the job is done. 

To divide one complex number by another, therefore, we multiply 
numerator and denominator by the conjugate of the denominator. This 
will convert the denominator into a real number and the final step can 
then be completed. 


1 + j2 


we shall multiply top and bottom by .. 
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the conjugate of the denominator, i.e. (1 - j2) 


□□□□□□□□□□□a 


If we do that, we get: 


4 ~ j5 _ (4 — j5) (1 ~ j2) _ 4 j 13 10 

l+j2 (l+j2)(l-j2) 1+4 


“6 - j 13 _ -6 .13 


= -l 2-j2 6 

Now here is one for you to do: 
Simplify 


3+j2 
1 —J3 

When you have done it, move on to the next frame. 
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|-Q-3 + jll1 


3 + j2 _ (3+j2)(l+j3) _ 3 + jll ~ 6 
l-j3 (1 - j3) (1 + j3) 1+9 


= 3 + A —= ~0-3 + jl l 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□DP□□□□□□□ 
Now do these in the same way: 


5-j3 


(iii) 


(2+j3)(l-j2) 


3 +j4 


When you have worked these, turn on to frame 26 to check your results. 
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Results: 

0) 


Here are the solutions in detail. 


4 — p _ (4 — j 5) (2 + j) _ 8 — j 6 + 5 
2-j (2-j)(2+j) 4+1 


■k 

{ 


3 + j5 _ (3 +jS) (5 + j3) 15+J34-15 
W 5-j3 (5-j3)(5+j3) 25+9 

-s-m 

cm (2+j3)(l-j2) = 2 -j + 6 _ 8 -j 

(3+j4) 3+j4 3+j4 

, (8-j)(3-j4) 

(3+j4)(3-j4) 

.. _ 24 - j35 - 4 _ 20 - j35 
9+16 25 

F~0-8~jl-4| 

And now you know how to apply the four rules to complex numbers. 


Equal Complex Numbers 

Now let us see what we can find out about two complex numbers which 
we are told are equal. 

Let the numbers be 

a + }b and c + )d 

Then we have 

a +jZ> = c + }d 

Re-arranging terms, we get 

a - c = }{d - b) 

In this last statement, the quantity on the left-hand side is entirely real, 
while that on the right-hand side is entirely imaginary, i.e. a real quantity 
equals an imaginary quantity! This seems contradictory and in general it 
just cannot be true. But there is one special case for which the statement 
can be true. That is when. 
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28 


each side is zero 


can be true only if 


and if 


a-c = 0, i.e. a=c 
d-b = 0, i.e.b=d 


7 -| 


So we get this important result: 

If two complex numbers are equal 

(i) the two real parts are equal 

(ii) the two imaginary parts are equal 

For example, if x + jy = 5 + j4, then we know* = 5 andy = 4 
and if a + )b = 6 — j3, then a =. and b - 
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| a = 6 | 


and 


Be careful to include the sign! 



a □ q □ £> o o Q'sif] □ □ □ □ □ □□□□□□□□□□□□□□□□□□□□ 


Now what about this one? 

If (a + b) + j(a - b) = 1 + j2, find the values of a and b. 

Well now, following our rule about two equal complex numbers, what 
can we say about (a + b) and (a — 6)? 


15 
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+ b = 7 and a - b = 2 


30 


since the two real parts are equal and the two imaginary parts are equal. 

DOOODODDDDaDDDDOODDDOODDOQDCIDDaODDOaOO 

This gives you two simultaneous equations, from which you can deter¬ 
mine the values of a and b. 

So what are they? 
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For 



la = 9 a = 4-5 

lb = 5 b = 2-5 


OnDODDODDODDOOOtiDDDODDOODDOnODOODnOQDD 


We see then that an equation involving complex numbers leads to a 
pair of simultaneous equations by putting 

(i) the two real parts equal 

(ii) the two imaginary parts equal 
This is quite an important point to remember. 


16 
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Graphical Representation of a Complex Number 

Although we cannot evaluate a complex number as a real number, we can 
represent it diagrammatically, as we shall now see. 

In the usual system of plotting numbers, the number 3 could be repre¬ 
sented by a line from the origin to 
the point 3 on the scale. Likewise, 
+3 a line to represent (-3) would be 

2 5” drawn from the origin to the point 

(-3). These two lines are equal in 
length but are drawn in opposite directions. Therefore, we put an arrow 
head on each to distinguish between them. 

A line which represents a magnitude (by its length) and direction (by 
the arrow head) is called a vector. We shall be using this word quite a lot. 

Any vector therefore must include both magnitude (or size) 
and. 
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If we multiply (+3) by the factor (-1), we get (-3), i.e. the factor (-1) 
has the effect of turning the 
180 o vector through 180° 

-3 


-3 -2-10123 


Multiplying by (-1) is equivalent to multiplying by j 2 , i.e. by the factor 
j twice. Therefore multiplying by a 
single factor j will have half the 
3 effect and rotate the vector through 

only.° 

\*1 
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34 


□□□□□□□□□□□□□□□□ 


□□□□□□□□□□□□□□□□□□ 


The factor j always turns a vector through 90° in the positive direction 
ot measuring angles, i.e. anticlockwise. 

3 1A If we now multiply j3 by a 

IT further factor j, we get j 2 3, 

1 Jj3 i.e. (-3) and the diagram agrees 



-3-2-10123 


If we multiply (-3) by a further factor j, sketch the new position of 
the vector on a similar diagram. 


35 


Let us denote the two reference 
lines by XXi and YYj as usual. 


You will see that , 

(i) The scale on the X-axis represents real numbers. 

XX j is therefore called the real axis. 

(ii) The scale on the Y-axis represents imaginary numbers. 

YYj is therefore called the imaginary axis. 

On a similar diagram, sketch vectors to represent 

(0 5, 


(ii) - 


(iii) j2, (iv) -j 


18 
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Results: 


Check that each of your vectors 
carries an arrow head to show 
direction. 


□ □□□□□□□□□□□□□° nDDDDDDDDDDDDDDDDDDDi:1DD 

If we now wish to represent 3 + 2 as the sum of two vectors, we must 
draw them as a chain, the second vector starting where the first one 
finishes. | ( 3 ) M (2) r[ 

6 i 2 3 4 ~5 X 

I 3+2=5 

The two vectors, 3 and 2, are together equivalent to a single vector 
drawn from the origin to the end of the final vector (giving naturally that 
3 + 2 = 5). 

Continue 
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If we wish to represent the complex number (3 + j2), then we add 

together the vectors which repre¬ 



sent 3 and j2. 

Notice that the 2 is now multi¬ 
plied by a factor j which turns that 
vector through 90°. 

The equivalent single vector to 
represent (3 + j2) is therefore the 
vector from the beginning of the 
first vector (origin) to the end of 
the last one. 


This graphical representation constitutes an Argand diagram. 


Draw an Argand diagram to represent the vectors 


(i) Zi = 2 + j3 (ii) z 2 =-3+j2 

(iii) z 3 =4 — j3 (iv) z 4 =^4-j5 


Label each one clearly. 
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Here they are. Check yours. 



Note once again that the end of each vector is plotted very much like 
plotting x and y co-ordinates. 

The real part corresponds to the x-value. 

The imaginary part corresponds to the y-value. 

Move on to frame 39. 


Graphical Addition of Complex Numbers 

Let us find the sum of z, = 5 + j2 and z 2 = 2 + j3 by Argand diagram. If 


we are adding vectors, they must be 



If OP represents the complex 
and b in this case? 


rawn as a chain. We therefore draw 
at the end of z,, a vector AP repre¬ 
senting z 2 in magnitude and 
direction, i.e. AP = OB and is 
parallel to it. Therefore OAPB is a 
parallelogram. Thus the sum of z x 
and z 2 is given by the vector join¬ 
ing the starting point to the end of 
the last vector, i.e. OP. 

The complex numbers Zj and 
z 2 can thus be added together by 
drawing the diagonal of the 
parallelogram formed by z x andz 2 . 
er a + j£, what are the values of a 














Prograi 



0P = z = 7 + j5 

You can check this result by adding (5 + j2) and (2 + j3) algebraically. 


DDDDDDDDDDDODDOODDDDOOOOODDDOOaD D DDDDO 

So the sum of two vectors on an Argand diagram is given by the 
.of the parallelogram of vectors. 



How do we do subtraction by similar means? We do this rather craftily 
without learning any new methods. The trick is simply this: 

zi -z 2 = z t +(-z 2 ) 


That is we draw the vector representing Zi and the negative vector of z 2 
and add them as before. The negative vector of z 2 is simply a vector with 
the same magnitude (or length).as z 2 but pointing in the opposite direction. 



Determine on an Argand diagram (4 + j2) + ( 2 + j3) ( 1 + j6) 
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Polar Form of a Complex Number n Q 

It is convenient sometimes to express a complex number a +jb in a differ- 
ent form. On an Argand diagram, 
let OP be a vector a + j£>. Let 

j ! r = length of the vector and 0 the 

\ b angle made with OX. 


Since z - a + jb, this can be written 

2 = r cos 0 + jr sin 0 i.e. z = r (cos 0 + j sin 0) 

This is called the polar form of the complex number a + jh, where 

r = \/(a 2 + b 2 ) and 0 = tan -1 — 

Let us take a numerical example. 
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Example: To express z = 4 + j3 in polar form. 
First draw a sketch diagram (that always helps) 



So in this case z = 5(cos 36°52' + j sin 36 0 52 , ) 

Now here is one for you to do- 

Find the polar form of the complex number (2 + j3) 
When you have finished, it, consult the next frame. 



We have special names for the values of r and 0. 


z = a + )b = r( cos 0 + j sin 0) 

(i) r is called the modulus of the complex number z and is often 
abbreviated to ‘mod z’ or indicated by |z|. 

Thus ifz = 2+j5,then|z| =V(2 2 + 5 2 )=V(4 +25)=\/29 

(ii) 0 is called the argument of the complex number and can be abbreviated 
to ‘arg z’. 

So if z = 2 + j5, then argz =. 
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argz = 68°12' 


46 


z - 2 + j5. Then argz = 0 = tan -1 = 68°12' 

□ □□□□□□□□□□□ aDDnoDnDn[;)D|;]nnDona|:|nnaaaaD 

Warning. In finding 0, there are of course two angles between 0° and 
360°, the tangent of which has the value | We must be careful to use the 

angle in the correct quadrant. Always draw a sketch of the vector to 
ensure you have the right one. 



e.g. Find argz whenz =-3-j4. 

d is measured from OX to OP. We 
first find E the equivalent acute 
angle from the triangle shown. 
tan£’ = |= 1-333 :.E= 53°7' 
Then in this case, 

d = 180°+fr=233°7' argz = 233°7' 
Now you find arg (-5 + j2) 

Move on when finished. 



In this particular case, 0 = 180° -E 
0 = 158°12' 

□□□□□□□□□□□□□□□□□ DD p DnDaDaDnDDDaDDODoa 


Complex numbers in polar form are always of the same shape and differ 
only in the actual values of r and 0. We often use the shorthand version 
r(0_to denote the polar form. 

e.g. IfZ = -5+j2, r = V(25 + 4) = y/29 = 5-385 and from above 
6 = 158 12' 


The full polar form is z = 5-385 (cos 158°12' + j sin 158°12') and this 
can be shortened to z = 5-385 |158°12' 

Express in shortened form, the polar form of (4 — j 3) 

Do not forget to draw a sketch diagram first. 
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• z = 5(cos 323°8' + j sin 323°8') = 5 |323°8 ' 

□PDDaDDDDDDDDOOOODODODODQODDODDOnDDODD 

Of course, given a complex number in polar form, you can convert it 
into the basic form a + jb simply by evaluating the cosine and the sine 
and multiplying by the value of r. 

e.g. z = 5(cos 35° + j sin 35°) = 5(0-8192 + j0-5736) 
z = 4-0960 + j3-8680 

Now you do this one- o o 

Express in the forma + j b, 4(cos 65° + j sin 65 )_ 



for z = 4(cos 65°+j sin 65 6 )= 4(0-4226 + j0-9063) = 1-6904 +j3-6252 

□ □□□□□□□DDDDDDDCl DODDdDDQOODODDnnaOQD 

If the argument is greater than 90°, care must be taken in evaluating 
the cosine and sine to include the appropriate signs, 
e.g. If z = 2(cos 210° + j sin 210°) the vector lies in the third quadrant. 



Then z = 2(-cos 30° - j sin 30°) 

= 2(-0-8660-j0-5) 

= -1-732 -j 

Here you are. What about this one? 

Express z = 5(cos 140° + j sin 140°) in the form a+]b 
What do you make it? 
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3-8300 + j3-2140 | 

Here are the details - 
cos 140° = -cos 40° 
x sin 140° = sin 40° 

z = 5(cos 140° + j sin 140°) = 5(-cos 40° + j sin 40°) 

= 5(-0-7660+jO-6428) 

=-3-8300+j3-2140 

Fine. Now by way of revision, work out the following. 

(i) Express -5 + j4 in polar form 

(ii) Express 3 1300° in the form a + \b 

When you have finished both of them, check your results with those on 
frame 51. 



Results 



-5 +j4 = 6-403(cos 141°20' + j sin 141°20') = 16-403 |141°20 '~ 
00 3 [300° = 3(cos 300° + j sin 300°) 



cos 300° = cos 60° 
sin 300° = -sin 60° 


Turn to frame 52. 


3 1300° = 3(cos 60° - j sin 60°) 
= 3(0-500-jO-866) 

= [F500 — j2-598| 
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52 We see then that there are two ways of expressing a complex number. 

(i) in standard form: z = a + ]b 

(ii) in polar form: z = r(cos 0 + j sin 0) 

where r = \J{a 2 +b 2 ) 
and 0 = tan -1 1- 

If we remember the simple diagram, we can easily convert from one 
system to the other. o +\b 

Y 



So on now to frame 53. 


53 

Exponential Form of a complex number. 

There is still another way of expressing a complex number which we must 
deal with, for it too has its uses. We shall arrive at it this way: 

Many functions can be expressed as series. For example, 



cos x — l +^i fr+. 

You no doubt have hazy recollections of these series You had better make 
a note of them since they have turned up. 
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If we now take the series for e* and write \9 in place of x, we get 54 

t® 4 + 

J 2! 3! 4! . 


. 1+J9t i£M£\Cp. 

=<■ 44 - 








3! 5! 

= cos 9 + j sin 9 

Therefore, /-(cos 9 + j sin 9) can now be written as re > e . This is called the 
exponential form of the complex number. It can be obtained from the 
polar form quite easily since the r value is the same and the angle 9 is the 
same in both. It is important to note, however, that in the exponential 
form, the angle must be in radians. 

Move on to the next frame. 


55 

The three ways of expressing a complex number are therefore 

(i) z -a +jb 

(ii) z = r(cos 9 + j sin 9) .. .. Polar form 

(iii) z = r .eJ®.Exponential form 

Remember that the exponential form is obtained from the polar form. 

(i) the r value is the same in each case. 

(ii) the angle is also the same in each case, but in the exponential form 
the angle must be in radians. 

So, knowing that, change the polar form 5(cos 60° + j sin 60°) into the 
exponential form. 

Then turn to frame 56. 
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56 


Exponential form 


5(cos 60° + j sin 60°) r - 5 


/. Exponential form is 5 e i 

□ □□□□□□□□□□□□□aDoncmD DDaaannDaDDi:lDaDDD 

And now a word about negative angles 

We know e) 0 = cos 0 + j sin 0 
If we replace 0 by -0 in this result, we get 

ei 0 = cos(-0) + j sin(-0) 

= cos 0 - j sin 0 

So we have 


e-) 0 = cos 0 + j sin 0 
e"j 0 = cos 0 - j sin 0 


Make a note of 
these. 
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I 


There is one operation that we have been unable to carry out with 
complex numbers before this. That is to find the logarithm of a com¬ 
plex number. The exponential form now makes this possible, since the 
exponential form consists only of products and powers. 

For, if we have _ . 


Then we can say 


e -g- If z = 6-42ei 1-57 

then 

In z = In 6-42 + jl-57 
= 1-8594+jl-57 

and the result is once again a complex number. 
And if z = 3-8 e _j0 ' 236 , then In z =. 
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In 2 = In 3-8 -jO-236 = | 1-3350-jO-236 | 

Finally, here is an example of a rather different kind. Once you have seen 
it done, you will be able to deal with others of this kind. Here it is. 
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Express e 1 ^ in the forma + j b 


Well now, we can write 


eH*/* 


as e 1 e - ^ 4 

= e(cos 7r/4 - j sin jt/4) 
_ / 1 . 1 


V2 (1 -» 
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This brings us to the end of this programme, except for the test 
exercise. Before you do that, read down the Revision Sheet that follows 
in the next frame and revise any points on which you are not completely 
sure. 

Then turn on and work through the test exercise: you will find the 
questions quite straightforward and easy. 


But first, turn to frame 60. 
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60 


Revision Summary 

1. Powers of j 

j = VH), j 2 —i. 3 3 =n, i 4 = 1 - 

A factor j turns a vector through 90° in the positive direction. 

2. Complex numbers 


a = real part 
b= imaginary part 


3. Conjugate complex numbers (a +jZ>) and (a-jb) 

The product of two conjugate complex numbers is always real. 
(a+]b)(fl-}b) = a 2 +b 2 

4. Equal complex numbers 

If a +)b =c+)d, then a = c and b = d. 

5. Polar form of a complex number 



!T 


= a+jb 

= r(cos 6 + j sin 0) 

= rli 


r = s/(a 2 +ft 2 ); 0=tan 
also a-r cos0; b = r sin 0 

r = the modulus of z, written ‘mod z’ 
0 = the argument of z, written ‘argz’ 

6 . Exponential form of a complex number 

z =r(cos0 +j sin0) = 
and r(cos 0 — j sin 0) = re 

7. Logarithm of a complex number 

z = rei e In z = lnr +j( 

orif z=/-e" je lnz = lnr-j« 


lurnuer 
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Test Exercise — I 

1. Simplify (i) j 3 , (ii) j 5 , (iii)j 12 , (iv) j 14 . 

2 . Express in the form a +jb 

(i) (4~j7)(2+j3) (ii) (—1 +j) 2 

(iii) (5 +j2) (4 - j5) (2 +j3) (iv) lip- 

3. Express in polar form 

0) 3+jS (ii) -6+j3 (iii) —4 — j5 

4. Express in the forma +jh 

(i) 5(cos 225°+ j sin 225°) (ii) 4 |330° 

5. Find the values of x andy that satisfy the equation 
(x+y)+j(x-j;)= 14-8 +j6-2 

6. Express in exponential form 

0) Zi =10 l37°15' and (ii) z 2 = lp| 322°45' 
Hence find In z x and In z 2 . 

7. Express z = e 1+j,r/2 in the form a + jb. 


Now you are ready to start Part 2 of the work on complex numbers. 



Programme 1 


Further Problems -1 

1. Simplify (i) (5 + j4) (3 + j7) (2 — j3) 

rm (2-33) (3+32) m cos 3x + j sin 3x 
( u ' (4-j3 ) ^ cosjc + j sinx 

2. Express + + ■r- in the form a + \b. 

v 3(4-35) J 

3. If 7 = 2^j3 + frj2 ’ ex P ress z in t ^ e f ° rma + i b - 

4. If z = j-i|, find the real and imaginary parts of the complex number 


5. Simplify (2 + j5) 2 + 5 ^j ^-j(4~j6), expressing the result in the 
format + ]b. 

6. If zj = 2 + j, z 2 = -2 + j4 and J- = ^ evaluate z 3 in the form 
a + j b. If Zi , z 2 , z 3 are represented on an Argand diagram by the 
points P, Q, R, respectively, prove that R is the foot of the perpen¬ 
dicular from the origin on to the line PQ. 

7. Points A, B, C, D, on an Argand diagram, represent the complex 
numbers 9 + 3 ,4 + jl3,-8 + j8, -3 -j4 respectively. Prove that 
ABCD is a square. 

8 . If (2 + j3) (3 - j4) = x + jy, evaluate x and y. 

9. If (a + b) + j (a -b) = (2+ j5) 2 + j(2 - j3), find the values of a and b. 

10. If x andy are real, solve the equation 

jx _ 3x + j4 
1+jy x + 3y 

11 if z = a _ + j. (L where a,b,c,d, are real quantities, show that (i) if z is 
c+]d 
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real then - ~ and (ii) if z is entirely imaginary then-| = 

12. Given that (a + b) + ](a - b) = (1 + j) 2 + j(2 + j), obtain the values of 
a and b. 

13. Express (-1 + j) in the form re jfl , where r is positive and ~n < 6 < n. 

14. Find the modulus ofz = (2 — j) (5 +jl2)/(l +j2) 3 . 

15. If* is real, show that (2 +j)e< 1+ j 3 > JC + (2 - j) e (1 "i 3 is also real. 

16. Given that Z! =/?, + /?+jco£;z 2 = * 2 ;z 3 = ._L_; and 

j J^C 3 

z 4 =R a +^__;andalso thatz,z 3 = z 2 z 4 , express/? andZ, in terms 
of the real constants Ri,R 2 ,R^,C 3 andC 4 . 

17. If z = x + jy , where x andy are real, and if the real part of 

. + |)/( 2 + j) is equal to 1, show that the point z lies on a straight 
line in the Argand diagram. 

18. When z, = 2 +j3, z 2 = 3 -j4, z 3 = -5 + jl2, then z =z, + I 2 ^ 

lfE = Iz, find# when/= 5 +j6. 2 23 

IQ Tf ^ 1 R-2 

—R -- -r »whereo>,Z, and Care real, 

* 

show that 

, _ cr 2 r 3 

co 2 C 2 R\ + 1 

20. If z and 7 are conjugate complex numbers, find two complex 
numbers, z = Zj and z = z 2 , that satisfy the equation 

3zz + 2(z-z) = 39+jl2 

On an Argand diagram, these two numbers are represented by the 
points P and Q. If R represents the number jl, show that the angle 
PRQ is a right angle. 
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Introduction 

In Part 1 of this programme on Complex Numbers, we discovered how to 
manipulate them in adding, subtracting, multiplying and dividing. We also 
finished Part 1 by seeing that a complex numbers + j b can also be 
expressed in Polar Form, which is always of the form r(cos 8 + j sin 8). 
You will remember that values of r and 6 can easily be found from the 
diagram of the given vector. 

f 2 =a 2 +b 2 .-. r=y/(a 2 + b 2 ) 
and tan 0 = ^ .'. 8 = tan -1 £ 

To be sure that you have taken the correct value of 6, always DRAW A 
SKETCH DIAGRAM to see which quadrant the vector is in. 

Remember that 6 is always measured from. 



| OX | 


i.e. the positive axis OX. 


ift© □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 


Right. Just by way of revision and as a warming up exercise, do the 
following: 


Express z =12 -j5 in polar form. 


Do not forget the sketch diagram. It ensures that you get the correct value 
for 8. 

When you have finished, and not before, turn on to frame 3 to check your 
result. 
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Result: 

|~ 13(cos 337°23' + j sin 337°23') ~j 
Here it is, worked out in full, 

r 2 = 12 2 + 5 2 = 144+ 25 = 169 
r= 13 

tan£’= Y 2 = 0-4167 E = 22°37' 
In this case, 6 = 360° - E = 360° - 22°37' 6 = 337°23' 

z =r(cos 0 + j sin 0) = 13fcos 337°23' +j sin 337°23') 

□ □□□□□□□DOnDODODQ D pQQQ[] n Q(]Q DDDODDaDaDn 

Did you get that right? Here is one more, done in just the same way. 

Express -5 - j4 in polar form. 

Diagram first of all! Then you cannot go wrong. 

When you have the result, on to frame 4. 



z = 6-403(cos 218°40' + j sin 218°40') 


Here is the working: check yours. 


r 2 =5 2 +4 2 =25 + 16 = 41 
r = y /41 =6-403 
tan£’ = | = 0-8 ;. £’ = 38°40' 

In this case, 0 = 180°+£’= 218°40' 
So z = -5 - j4 = 6-403(cos 218°40' + j sin 218°40') 

□ □□□□□□□□□□□□□□□ DDDaDnDDoanoaDnDanani _ |i _ i 
Since every complex number in polar form is of the same shape, 
i.e. r(cos 0 + j sin 0) and differs from another complex number simply by 
the values of r and 6 , we have a shorthand method of quoting the result 
in polar form. Do you remember what it is? The shorthand way of writing 
the result above, i.e. 6-403(cos 218°40' + j sin 218°40') is 
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I 6-4031218°40' | 

DODnDDOnDOODDODDDOODDOOODaDaODOaOOODDa 

Correct. Likewise: 

5-72(cos 322° 15' + j sin 322° 15') is written 5-72 | 322°15' 

5(cos 105° + j sin 105°) ” ” S | 105° 

3-4(cos| + j sin|) ” ” 34 

They are all complex numbers in polar form. They are all the same 

shape and differ one from another simply by the values of. 

and. 


| r | and | fl" 


□ □□□□□□□□□□□□□□DnQODOonnni-iciO 
Now let us consider the following example. 

Express z = 4 - j3 in polar form, 
irst the diagram. Fromt his, 



z = 4-j3 = 5(cos 


r = 5 

tan J E’ = ^ = 0-75 E = 36°52 
9 = 360° - 36°52' = 323°8' 

323°8' + j sin 323°8') 


in shortened form, z - 
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7 


In this last example, we have 



z = 5(cos 323°8' + j sin 323°8') 
But the direction of the vector, 
measured from OX, could be given 
as -36°52', the minus sign show¬ 
ing that we are measuring the angle 
in the opposite sense from the 
usual positive direction. 


We could write z = 5(cos [-36°52'] + j sin [-36°52']). But you already 
know that cos[-0] = cos 6 and sin[-0] = -sin 6. 


z = 5(cos 36°52' - j sin 36°52') 

i.e. very much like the polar form but with a minus sign in the middle. 

This comes about whenever we use negative angles. 

In the same way, z = 4(cos 250° + j sin 250°) = 4(cos [-110°] +j sin [-110°]) 


| z = 4(cos 110°-j sin 110°) 


since cos(-l 10°) = cos 110° 
and sin(-l 10°) = -sin 110° 

□ □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□OQ□o o□o 

It is sometimes convenient to use this form when the value of 6 is 
greater than 180°, i.e. in the 3rd and 4th quadrants. 

z = 3(cos 230°+j sin 230°) 

= 3(cos 130° —j sin 130°). 



Similarly, Ex. 2 
Ex. 3 
Ex. 4 
and Ex. 5 


z = 3(cos 300° + j sin 300°) = 3(cos 60° - j sin 60°) 
z = 4<cos 290° + j sin 290°) = 4(cos 70° - j sin 70°) 
z = 2(cos 215° + j sin 215°) = 2(cos 145°-j sin 145°) 
z = 6(cos 310° + j sin 310°) =. 
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z = 6(cos 50° - j sin 50°) 

since cos 310° = cos 50° 
and sin 310° = —sin 50° 


□ □□□□□□□□□□□on nDDDDDDDDDDDDDaaaDaDDDDi:l 

One moment ago, we agreed that the minus sign comes about by the 
use of negative angles. To convert a complex number given in this way 
back into proper polar form, i.e. with a *+’ in the middle, we simply 
work back the way we came. A complex number with a negative sign in 
the middle is equivalent to the same complex number with a positive 
sign, but with the angles made negative. 
e.g. z = 4(cos 30° - j sin 30°) 

= 4(cos [-30°] + j sin [-30°]) 

= 4(cos 330° + j sin 330°) and we are back in the proper polar form. 
You do this one. Convert z = 5(cos 40° - j sin 40°) into proper polar form. 

Then on to frame 10. 


10 

| z = 5(cos 320° + j sin 320°) | 

since z = 5(cos 40° - j sin 40°) = 5(cos [-40°] + j sin [-40° ]) 

= 5(cos 320° + j sin 320°) 

DDODODDODDDnODDOODODDDnOOODODQOOOaODOD 

Here is another for you to do. 

Express z = 4(cos 100° -j sin 100°) in proper polar form. 

Do not forget, it all depends on the use of negative angles. 
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| 2 = 4(cos 260° + j sin 260°) j 

for z = 4(cos 100° -j sin 100°) = 4(cos [-100°] + j sin [-100°]) 
= 4(cos 260° + j sin 260°) 


11 


We ought to see how this modified polar form affects our shorthand 
notation. 

Remember, 5(cos 60° + j sin 60°) is written 5 I 60° 

How then shall we write 5(cos 60° - j sin 60°)? 

We know that this really stands for 
5(cos [-60°] + j sin [-60°]) so we 
could write 5 |-60° But instead of 
using the negative angle we use a 
different symbol i.e. 5 I-60° 
becomes 5 160° 

' S I— 60 * 

Similarly, 3(cos 45° - j sin 45°) = 3 | -45° =. 



12 

This is easy to remember, 

for the sign... L)- resembles the first quadrant and indicates 

measuring angles, '"'N i.e. in the positive direction, 
while the sign \j resembles the fourth quadrant and indicates 
measuring angles J i.e. in the negative direction, 
e.g. (cos 15° + j sin 15°) is written [ 15° 

but (cos 15° — j sin 15°), which is really (cos [-15°] +j sin [-15°]) 
is written I 15° 

So how do we write (i) (cos 120° + j sin 120°) 
and (ii) (cos 135° - j sin 135°) 
in the shorthand way? 
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(ii) 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□aOEEDDODO 
The polar form at first sight seems to be a complicated way of 
representing a complex number. However it is very useful as we shall see. 
Suppose we multiply together two complex numbers in this form. 

Letz! =r l (cos0i + j sin 0 t ) andz 2 = r 2 (cos0 2 + jsin0 2 ) 

Then Z\Z 2 =r 1 (cos0 1 +j sin 0 t ) r 2 (cos 0 2 + j sin0 2 ) 

= ri/- 2 (cos 0i cos0 2 +j sin0! cos0 2 + j cos0i sin0 2 
+ j 2 sin 61 sin0 2 ) 

Re-arranging the terms and remembering that j 2 = -1, we get 

ziz 2 =r 1 r 2 [(cos0 1 cos0 2 -sin0i sin0 2 ) + j(sin0j cos 0 2 
+ cos 0i sin0 2 )] 

Now the brackets (cos 0i cos0 2 —sin0i sin 0 2 ) and(sin 0i cos0 2 
+ cos0i sin0 2 ) 

ought to ring a bell. What are they? 


| 120° 


| 135° 


cos 0i cos0 2 — sin B.\ sin0 2 = cos(0i + 0 2 ) 
sin 0i cos 0 2 + cos 0i sin0 2 =sin(0i +0 2 ) 

DnOOaDDDDODDDODDDDODDDaaoaDDDaDDDQODPD 

In that case, ZiZ 2 =r^r 2 [cos(0, +0 2 )+jsin(0i + 0 2 )] 

Note this important result. We have just shown that 
ri(cos 0i +j sin 0,).r 2 (cos 0 2 + j sin0 2 ) 

= r l r 2 [cos(0i +0 2 )+jsin(0i +0 2 )] 
i.e. To multiply together two complex numbers in polar form, 

(i) multiply the r's together, (ii) add the angles, 0, together. 

It is just as easy as that! 

e.g. 2(cos 30° + j sin 30°) X 3(cos 40° + j sin 40°) 

= 2 X 3(cos [30° + 40 D ] + j sin [30° + 40°]) 

= 6(cos 70° + j sin 70°) 

So if we multiply together 5(cos 50° + j sin 50°) and 2(cos 65° + j sin 65°) 
we get. 
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j 10(cos 115° + j sin 115°) | 

□ □□□□□□□□□□□□□□□□□□ anaDDDanDaanannDDni _ ] 

Remember, multiply the r’s; add the 0’s. 

Here you are then; all done the same way: 


(0 

2(cos 120° 

' + j sin 120°) X 4(cos 20° + j sin 20°) 



= 8(cos 140° +j sin 140°) 

(ii) 

a(cos 0 + j 

sin 0) X h(cos 0 + j sin O) 



= ah(cos[0 + 0] + j sin [0 + 0]) 

(iii) 

6(cos 210° 

+j sin 210°) X 3(cos 80° + j sin 80°) 



= 18(cos 290°+j sin 290°) 

(iv) 

5(cos 50° H 

■ j sin 50°) X 3(cos[-20°] + j sin [-20°]) 


= 15(cos 30° +j sin 30°) 

Have you got it? No matter what the angles are, all we do is 
(i) multiply the moduli, (ii) add the arguments. 

So therefore, 4(cos 35° + j sin 35°) X 3(cos 20° + j sin 20°) 


j 12(cos 55° + j sin 55°) j 

DaoaooDDaDDDDoaoooDaaaDODODooaaaoaDDoo 

Now let us see if we can discover a similar set of rules for Division. 

We already know that to simplify we first obtain a denominator 
that is entirely real by multiplying top and bottom by. 
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I the conjugate of the denominator i.e. 3 -j4 | 

□ □□□□□□DODDDDDODDQClOOODnODOnODOODnOODO 

Right. Then let us do the same thing with 


ri(cos0 t + j sin01) 
r 2 (cos 0 2 + j sin 8 2 ) 

r i(cos 01 + j sin 0i) _/"!(cos 0 X + j si n 0 t ) (cos 0 2 - j sin 0 2 ) 
r 2 (cos 0 2 + j sin 0 2 ) r 2 (cos 0 2 + j sin 0 2 ) (cos 0 2 - j sin 0 2 ) 
_?~ i(cos 0i cos 02 +jsin0i cos02~jcos0i sin0 2 +sin0i sin 0 2 ) 
~T 2 (cos' 1 0 2 + sin z 0 2 ) 

_ ^[(cos 0i cos 0 2 + sin 0i sin 0 2 ) + j(sin 01 cos 0 2 - cos 0i sin 0 2 )] 

= n r 

=li[cos(0i -0 2 ) + j sin(0i -0 2 )] 
r-i 

So, for division, the rule is. 


1 


18 


| divide the r’s and subtract the angle 




That is correct. 


i. 

6(cos 72° + j sin 72°) _ 
2(cos 41° + j sin 41°) 


j sin 31°) 


So we now have two important rules 

If Zi = ri(cos0i + j sin 0i) andz 2 =r 2 (cos0 2 + j sin 0 2 ) 
then (i) z t z 2 = r t r 2 [cos(0i + 0 2 ) + j sin(0i + 0 2 )] 

and (ii) —= —[cos(0i -0 2 )+j sin(0i ~0 2 )] 

22 f 2 

The results are still, of course, in proper polar form. 

Now here is one for you to think about. 

If zi = 8(cos 65° + j sin 65°) andz 2 =4(cos 23° + j sin 23°) 
then (i) ZiZ 2 =.and (ii)— 1 =. 
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ziz 2 = 32(cos 88° + j sin 88°) 

~ = 2(cos 42° + j sin 42°) 

□ □□□□□□□□□□□□□□□□□□ D Q DDDI:|QDDanDaDDDDn 

Of course, we can combine the rules in a single example. 

e g 5(cos 60° + j sin 60°) X 4(cos 30° + j sin 30°) 

2(cos 50" + j sin 50°) 

_ 20(cos 90° + j sin 90°) 

_ 2(cos50“+j sin 50°) 

= 10(cos 40° + j sin 40°) 

What does the following product become? 

4(cos 20° + j sin 20°) X 3(cos 30° + j sin 30°) X 2(cos 40° + j sin 40 


Result: 

24(cos 90° + j sin 90°) 

i.e. (4X3X2) [cos(20 o + 30° + 40°) + j sin(20° + 30° + 40°)] 

= 24(cos 90° + j sin 90°) 

^ O O O O D D D O D O O O Q O D O □□ D O D Q D D Q 0 DDDDODPDDDQ 

Now what about a few revision examples on the work we have done so 
far? 

Turn to the next frame. 
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Revision Exercise 

Work all these questions and then turn on to frame 22 and check your 
results. 

1. Express in polar form, z = -4 + j2. 

2. Express in true polar form, z = 5(cos 55° - j sin 55°) 

3. Simplify the following, giving the results in polar form 

(i) 3(cos 143° + j sin 143°) X 4(cos 57° + j sin 57°) 

10(cos 126° + j sin 126°) 

2(cos 72 u + j sin 72 D ) 

4. Express in the forma + j b, 

(i) 2(cos 30° + j sin 30°) 

(ii) 5(cos 57° - j sin 57°) 

Solutions are on frame 22. Turn on and see how you have fared. 
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r 2 = 2 2 + 4 2 = 4 + 16 = 20 
/. r = 4-472 

tan £’ = 0-5 £" = 26°34’ 

0 = 153°26' 

z =-4 + j2 = 4-472(cos 153°26' +j sin 153°26') 

2. z = 5(cos 55° -j sin 55°) = 5 [cos(-55°) + j sin(-55°)] 

= 5(cos 305° + j sin 305°) 

3. (i) 3(cos 143° + j sin 143°) X 4(cos 57° + j sin 57°) 

= 3 X 4[cos(143° + 57°) + j sin(143° + 57°)] 

= 12(cos 200° +j sin 200°) 

(ii) 10(cos 126° + j sin 126°) 

2(cos 72° + j sin 72°) 

= ~ [cos(126° - 72°) + j sin(126° - 72°)] 

= 5(cos 54° + j sin 54°) 

4. (i) 2(cos 30° + j sin 30°) 

= 2(0-866 + jO-5) = 1 -732 +j 
(ii) 5(cos 57° - j sin 57°) 

= 5(0-5446-j0-8387) 

= 2-7230 —j4-1935 

Now continue the programme on frame 23. 
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23 


Now we are ready to go on to a very important section which follows 
from our work on multiplication of complex numbers in polar form. 

We have already established that - 
if Z\ =ri(cos + j sin 0!) andz 2 = r 2 (cos 0 2 + j sin 0 2 ) 
then z,z 2 = r x r 2 [cos(0i +0 2 )+jsin(0i +0 2 )] 

So if z 3 = r 3 (cos 0 3 + j sin 0 3 ) then we have 

z,z 2 z 3 =r 1 r 2 [cos(0! + 0 2 ) + j sin(0! + 0 2 )] r 3 (cos0 3 + j sin 0 3 ) 


24 


ZiZ 2 z 3 =rir 2 r 3 [cos(0i + 0 2 + 0 3 ) + j sin(0i + 0 2 + 0 3 )] 
for in multiplication, we multiply the moduli and add the arguments. 


□ □□□□□□□□□□□□□□□□□□□□□□□□□□□a [?,□ □□□□□□□ 

Now suppose that Zi, z 2 , z 3 are all alike and that each is equal to 
z = r(cos 0 + j sin 0). Then the result above becomes 

ziz 2 z 3 =z 3 =r.r.r[cos(0 + 0 + 0) +j sin(0 + 0 + 0)] 

= /'’(cos 30 + j sin 30). 

or z 3 = [r(cos 0 + j sin 0)] 3 = r 3 (cos 0 + j sin 0) 3 

= r 3 (cos 30+jsin 30). 

That is: If we wish to cube a complex number in polar form, we just 
cube the modulus (r value) and multiply the argument (0) by 3. 

Similarly, to square a complex number in polar form, we square the 
modulus (r value) and multiply the argument (0) by. 
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K cos 6 + j sin 0)] 2 = r 2 (cos 26 + j sin 26) 


Sip □ □ □ ttSD □□□□□□□□□□□□□□□□□□□□□□□ 

Let us take another look at these results. 

[r (cos 6 + j sin 6)] 2 = r 2 (cos 26 + j sin 26) 
[/•(cos 6 + j sin 6)] 3 = r 3 ( cos 36 + j sin 36) 

Similarly, 

[r (cos 6+ j sin 6 )] 4 = r 4 (cos 46 + j sin 46) 
[/•(cos 0 + j sin 0)] 5 = r s (cos 56 + j sin 56) 

In general, then, we can say 

[/• (cos0 + j sine)]” =. 


□□□□□□ 


25 


26 

[r (cos 6 +j sin 6)] " = r"(cos n6 + j sin nd) 

□ □□□□□□□□□□□□□ DDDDDDDnDaDDaaaannnn( _ ]| _ ]i _ ii _ ] 

This general result is very important and is called DeMoivre’s Theorem 
it says that to raise a complex number in polar form to any power n we 
raise the r to the power n and multiply the angle by n. 

e.g. [4(cos 50° +j sin 50°] 2 = 4 2 [cos(2 X 50°) +j sin(2 X 50°)] 
j = 16 (cos 100° + j sin 100°) 

| and [3 (cos 110° + j sin 110°)] 3 - 27 (cos 330° + j sin 330°) 
j and in the same way, 

[2 (cos 37°+j sin 37°)] 4 =. 


/•"(cos n6 + j sin n.6) 


50 
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16 (cos 148° + j sin 148°) 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

This is where the polar form really comes into its own! For DeMoivre’s 
theorem also applies when we are raising the complex number to a 
fractional power, i.e. when we are finding the roots of a complex number, 
e.g. To find the square root of z = 4(cos 70° + j sin 70°). 

We have Vz = z2 = [4 (cos 70° + j sin 70°)] i i.e. n = j 
= 45(cosy + j sin y ) 

= 2 (cos 35° + j sin 35°) 

It works every time, no matter whether the power is positive, negative, 
whole number or fraction. In fact, DeMoivre’s theorem is so important, 
let us write it down again. Here goes - 

If z = r (cos 9 + j sin 0), then z” =. 
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z = r (cos 0 + j sin 6), then z n = r”(cos nd + j sin nd ) 


for any value of n. 


□□□□□□□□□□□□a 


□□□□□□□□a 


Look again at finding a root of a complex number. Let us find the cube 
Y root of z = 8 (cos 120° +j sin 120°). 

Here is the given complex number 
shown on an Argand diagram, 
z = 8 1120° 

Of course, we could say that 9 was 
‘1 revolution + 120°’: the vector 
would still be in the same position, 
or, for that matter, (2 revs. + 120°), 
(3 revs. + 120°), etc. 
i.e. z = 8 1120° , or 8 | 480° , or 8 |840° , or 8 11200° , etc. and if we now 
apply DeMoivre’s theorem to each of these, we get 
zi = 8^ |ly or 83 j^y or.or.etc. 
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If we simplify these, we get 


zi = 2 [40^ or 2 [l60° or 2 [280° or 2 [ 400° etc. 


If we put each of these on an Argand diagram, as follows, 



we see we have three quite different results for the cube roots of z and 
also that the fourth diagram is a repetition of the first. Any subsequent 
calculations merely repeat these three positions. 

Make a sketch of the first three vectors on a single Argand diagram. 



We see, therefore, that there are 3 cube roots of a complex number. 
Also, if you consider the angles, you see that the 3 roots are equally 
spaced round the diagram, any two adjacent vectors being separated 
by.degrees. 
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That is right. Therefore all we need to do in practice is to find the first of 
the roots and simply add 120° on to get the next and so on. 

Notice that the three cube roots of a complex number are equal in 

modulus (or size) and equally spaced at intervals of -y i.e. 120°. 

Now let us take another example. On to the next frame. 


32 

Example. To find the three cube roots of z = 5(cos 225° + j sin 225°) 

X X 225° 225° 

The first root is given by Z\ = z* = 5 3(cos—y + j sin -y ) 

= 1-71 (cos 75° + j sin 75°) 
zj = 1-71 [75^ 

We know that the other cube roots are the same size (modulus), i.e. 1-71, 
and separated at intervals of ^y , i.e. 120°. 

So the three cube roots are: 

zn = 1-71 | 75° 
z 2 = 1-71 |195° 
z 3 = i -7 1 |315° 

It helps to see them on an Argand diagram, so sketch them on a combined 
diagram. 
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2 square roots, separated by ~ i.e 

3 cube roots, ” » 222 j e 

3 o 

4 fourth roots, » » — ie 

4 Ie 

5 fifth roots, » » 


We find any roots of a complex 
number in the same way. 

(i) Apply DeMoivre’s theorem to 
find the first of the n roots. 

(ii) The other roots will then be 
distributed round the diagram 

at regular intervals of 222 
A complex number, therefore, has 
360° 
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There would be 5 fifth roots separated by 

□ □□□□□□□□□□□□□□□□ Ijq □□□□□□[ 

And now: To find the 5 fifth roots of 12 [300° 


= 12 ^ | 60° 


f?°i.e.72° 
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We now have to find the value of 12^. Do it by logs. 

Let A = 12i Then log A =y log 12 = i(l-0792) = 0-21581 

[ Taking antilogs, A =1-644 J 

The first of the 5 fifth roots is therefore, z t = 1 -644 1 60° 

The others will be of the same magnitude, i.e. 1 -644, and equally 
separated at intervals of 2|2 i.e. 72° 

So the required 5 fifth roots of 12 |300° are 

z i = 1 644 L^2_°, = 1 -644 |132°, z 3 = 1 -644 | 204° 

z 4 = 1 -644 1 276° , z 5 = 1 -644 j 348° 

Sketch them on an Argand diagram, as before. 
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Principal root. Although there are 5 fifth roots of a complex number, we 
are sometimes asked to find the principal root. This is always the root 
whose vector is nearest to the positive OX axis. 

In some cases, it may be the first root. In others, it may be the last 
root. The only test is to see which root is nearest to the positive OX axis. 

In the example above, the principal root is therefore. 
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Principal root z 5 = 1 -644 | 348° 


o □ □ □ □ feRigp □□□□□□□□□□□□□ fihis/p □ □ □ □ □ 


□□□□□□□ 


Good. Now here is another example worked in detail. Follow it. 
We have to find the 4 fourth roots of z = 7(cos 80° + j sin 80°) 
The first root, z x = 7^ | = 7*~ | 20° 

Now find 7^ by logs. Let A = 7^ j 

Then log A =^log 7 = |(0-8451) = 0-2113 and A = 1-627J 
z, = 1-627 | 20° 

The other roots will be separated by intervals of pp = 90° 
Therefore the four fourth roots are — 

zj = 1-627 20^ z 2 = 1-627 1 110° 

z 3 = 1-627 | 200° z 4 = 1-627 1 290° 

And once again, draw an Argand diagram to illustrate these roots. 
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j Principal root: z, = 1-627 |20° j 
since it is the root nearest to the positive OX axis. 

DOaDDDDD nDDDDDaDnnDDDDDDD[]npD[]nnDaDD[]D 

Now you can do one entirely on your own. Here it is. 

Find the three cube roots of 6(cos 240° + j sin 240°). Represent them 
on an Argand diagram and indicate which is the principal cube root. 

When you have finished it, turn on to frame 39 and check your results. 
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□ diati □□□□□□□□ 

Here is the working. 

z = 6 | 240° zt =6^ | =1-817 | 80° 

Interval between roots = = 120° 

Therefore the roots are: 

Zl = 1-817 [_80^ z, =1-817 1200° z, = 1-817 1 320° 

The principal root is the root nearest to the positive OX axis. In this case, 
then, the principal root is z 3 = 1 -817 1 320° 

On to the next frame. 
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Expansion of sin nd and cos nd, where n is a positive integer. 

By DeMoivre’s theorem, we know that 

cos nd + j sin nd = (cos d + j sin d) n 

The method is simply to expand the right-hand side as a binomial series, 
after which we can equate real and imaginary parts. 

An example will soon show you how it is done: 


Ex. 1. To find expansions for cos 3d and sin 3d. 


We have 


cos 3d + j sin 3d = (cos d + j sin d) 3 

= (c + js) 3 where c = cos d 
s = sin d 


Now expand this by the binomial series — like (a + h) 3 so that 
cos + j sin 30 =. 
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jc 3 + j3c 2 s-3cs 2 -js 3 | 

for: cos 30 + j sin 36 = c 3 + 3c 2 Qs) + 3c(js ) 2 + Os ) 3 

= c 3 + j3c 2 s - 3cs 2 - js 3 since j 2 = -1 

= (c 3 — 3cs 2 ) + j(3c 2 s — s 3 ) j 3= ~j 

Now, equating real parts and imaginary parts, we get 

cos 36 =. 

and sin 30 =. 
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If we wish, we can replace sin 2 0 by (1 - cos 2 0) 
and cos 2 0 by (1 - sin 2 0 ) 
so that we could write the results above as 


cos 30 -.(all in terms of cos 0) 

sin 30 =.(all in terms of sin 0 ) 


cos 30 = cos 3 0 - 3 cos 0 sin 2 0 
sin 30 = 3 cos 2 0 sin 0 - sin 3 0 


cos 30 = 4 cos 3 0 - 3 cos 0 
sin 30 = 3 sin 0 - 4 sin 3 0 

since cos 30 = cos 3 0 - 3 cos0 (1 -cos 2 0) 

= cos 3 0 — 3 cos 0 + 3 cos 3 0 
= 4 cos 3 0 - 3 cos 0 

and sin 30 = 3(1 - sin 2 0) sin 0 - sin 3 0 

- 3 sin 0 - 3 sin 3 0 - sin 3 0 
= 3 sin 0 - 4 sin 3 0 

While these results are useful, it is really the method that counts. 

So now do this one in just the same way: 

Ex. 2. Obtain an expansion for cos 40 in terms of cos 0 . 

When you have finished, check your result with the next frame. 
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j cos 40 = 8 cos 4 0 - 8 cos 2 0 + 1 j 

Working: cos 40 + j sin 40 = (cos 6 + j sin 0) 4 

= (c + js) 4 

= c 4 + 4c 3 (js) + 6c 2 (js) 2 + 4c(js) 3 + (js) 4 
= c 4 + j4c 3 s - 6c 2 s 2 - j4cs 3 + s 4 
= (c 4 — 6c 2 s 2 + s 4 ) + j(4c 3 s - 4cs 3 ) 

Equating real parts: 

cos 40 = c - 6c s 2 + s 

= c 4 - 6c 2 (1 -c 2 ) + (1 -c 2 ) 2 
= c 4 - 6c 2 + 6c 4 + 1 - 2c 2 + c 4 
= 8c 4 - 8c 2 + 1 
= 8 cos 4 0 — 8 cos 2 0 + 1 


Now for a different problem. On to the next frame. 


_ _ Expansions for cos"0 and sin”0 in terms of sines and cosines of 
Z|i g miltiples of 6. 

Let z = cos 0 + j sin 0 

then j= z ' 1 = cos 0 - j sin 0 

z +-i= 2 cos 0 and z -y= j 2 sin 0 
Also, by DeMoivre’s theorem, 

z" = cos nO + j sin nO 
and -pj = z~ n = cos nd - j sin nd 

z" +-^ = 2 cos n6 and z” = j 2 sin nd 

z" z” 

Let us collect these four results together: z = cos 0 + j sin 0 


z + 1=2 cos 0 z-| = j 2 sin 0 


z n + y n = 2 cos nd z n - p, = j 2 sin nd 


Make a note of these results in your record book. Then turn on and we 
will see how we use them. 
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Ex. 1. T5 expand cos 3 6 
From our results, z+y=2cos0 

(2 cos 0) 3 = (z + j) 3 


+ 3 z 2 (~) + 3 z(-^y) + 

+ 3z + 3 i + l3 
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Now here is the trick: we re-write this, collecting the terms up in pairs 
from the two extreme ends, thus - 

(2 cos 0) 3 = (z 3 +p) + 3 (z+j) 


And, from the four results that we noted, 
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(2 cos 0) 3 = 2 cos 30 + 3.2 cos 0 
8 cos 3 0 = 2 cos 30 + 6 cos 0 
4 cos 3 0 = cos 30 + 3 cos 0 
cos 3 0 =i(cos 30 + 3 cos 0) 

Now one for you: 

Ex. 2. Find an expansion for sin 4 0 

Work in the same way, but, this time, remember that 
z - j = j 2 sin 0 and z" = j 2 sin n0 

you have obtained a result, check it with the next frame. 
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- 4 cos 20 + 3] 


z ——= j 2 sin 0; z” — pj = j 2 sin nd 
■ G 2 sin 0) 4 = (z -i) 4 


= 0 4 + p) - 4<z 2 + p) + 6 
z” + ^ = 2 cos nd 

■ 16 sin 4 9 = 2 cos 40 - 4.2 cos 20 + 6 
sin 4 0 =-i [cos 40 -4 cos 20 +3] 


They are all done the same way: once you know the trick, the rest is 
easy. 

Now let us move on to something new. 
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Loci Problems 

We are sometimes required to find the locus of a point which moves 
in the Argand diagram according to some stated condition. Before we 
work through one or two examples of this kind, let us just revise a 
couple of useful points. 

You will remember that when we were representing a complex 
number in polar form, i.e., z =a +jb =r( cos 0 + j sin 0), we said that 

(i) r is called the modulus of z and is written ‘mod z’ or | z| and 

(ii) 0 ” ” ” argument of z ” ” ” ‘arg z’ 

Also, r - V(u 2 + b 2 ) and 0 = tan -1 jpj 


o that | z | = x/( fl2 + b 2 ) and arg z = tan 1 


Similarly, if z = x + \y, then |z| = . 

and arg z = 
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If z = x + jy, 


\l z \- V(* 2 +y 2 ) and argz = tan 1 (— j 


Keep those in mind and we are now ready to tackle some examples. 
Ex. 1. If z = x + jy, find the locus defined as | z j = 5. 

Now we know that in this case, | z | = >/(* 2 +y 2 ) 



That was easy enough. Turn on for Example 2. 


Ex. 2. lfz=x+jy, find the locus defined as arg z = ^ 
In this case, arg 2 = tan 1 |ZJ tan 1 jZj = 'L 



v, 


All locus problems at this stage are fundamentally of one of these 
kinds. Of course, the given condition may look a trifle more involved, 
but the approach is always the same. 


Let us look at a more complicated one. Next frame. 
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Ex. 3. If z = x + jy, find the equation of the locus - 


Since z = x + jy, 

z+l=x+jy+l=(x+l)+jy =r l | 0 t 
z-1 =x+jy-l = (x-l)+jy =r 2 | 0 2 

■ z+ 1 - r ' I 01 =D. 

" z-l r 2 | e 2 ~r 2 



| z + 1 | = n = M = Vf(jc + l ) 2 +y 2 ] 

|z-l| r 2 |z 2 | VtO’c — l) 2 +^ 2 ] 

• V[(x+ 1) 2 +J 2 1 = . 
"V[(*-i ) 2 +y 2 ]~ z 


(x + i ) 2 

(x-iy 


All that now remains is to multiply across by the denominator and tidy 
up the result. So finish it off in its simplest form. 
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We had 


So therefore 


(* + i ) 2 + y 2 ., 

(je-l)'-* +y 2 

(x+l)*+y 2 =4{(x-l) 2 +y 2 } 
x 2 + 2 xy + 1 +y 2 = 4(x 2 - 2x + 1 + y 2 ) 
= 4x 2 - 8x + 4 + 4y 2 
:. 3x 2 -l0x + 3 + 3y 2 =0 


This is the equation of the given locus. 

Although this takes longer to write out than either of the first two 
examples, the basic principle is the same. The given condition must be 
a function of either the modulus or the argument. 


Move on now to frame 54 for Example 4. 
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Ex. 4. If z - x + jy, find the equation of the locus arg (z 2 ) = 

z-X + \y = r|_0_ argz = 0 = tari" 1 jj^J 

tan 0 =- 
x 

By DeMoivre’s theorem, z 2 = r 2 [20 
arg (z 2 ) = 20 
tan 20 = tan(") = -1 

. 2 tan 0 

" 1 -tan 2 0 ~ 1 
2 tan 0 = tan 2 0 - 1 

But tan 0 =— 1 

X " X X 2 

2xy =7 2 ~ * 2 J 2 = x 2 + 2xy 

In that example, the given condition was a function of the argument. 
Here is one for you to do: 

If z = x + jy, find the equation of the locus arg(z + 1) =-j 
Do it carefully; then check with the next frame. 
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Here is the solution set out in detail. 

If z =x + jy, find the locus arg(z + l)=y. 

z=x+iy :. z+ 1 = x+jy + 1 = (x + l)+jy 

arg(z + l) = ,aif‘j -f 

-■jfi-.ani.V3 
W3(x+l) 

And that is all there is to that. 

Now do this one. You will have no trouble with it. 

If z = x + ]y, find the equation of the locus | z - 11 = 5 
When you have finished it, turn on to frame 56. 


55 
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56 Here it is: z =x +jy;given locus] z - 1 j=5 


z-\=x+]y-l={x-Y)+\y 
U-l| =\/Kx-l) 2 +y 2 ] =5 
• (x-1) 2 + y 2 = 25 
x 2 -2x+ 1 +y 2 =25 
x 2 -2x +y 2 = 24 
Every one is very much the same. 


This brings us to the end of this programme, except for the final test 
exercise. Before you work through it, read down the Revision Sheet 
(frame 57), just to refresh your memory of what we have covered in this 
programme. 

So on now to frame 57. 
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Revision Sheet 

1. Polar form of a complex number 

z =a + \b - r {cos 0 +j sin 0) =r | 0 

r = mod z = | z | = yja 1 + b 2 
0 = argz = tari~ 1 |Aj 


2. Negative angles 


z =r(cos [-0] + j sin [-0]) 

cos [-0] = cos 0 
sin [-0] = -sin 0 
z = r(cos 0 - j sin 0) = r (IT 


3. Multiplication and division in polar form 
If z i = 'i z 2 = r 2 

then 2 ,z 2 = r t r 2 I 0, +0 2 


4. DeMoivre’s theorem 

If z = f (cos 0 + j sin 0), then z n = r"(cos nO + j sin nd) 

5. Exponential form of a complex number 

z-a+]b .standard form 

= r(cos 0 + j sin 0) .polar form 

= rei d [0 in radians].... exponential form 
Also ei e = cos 0 + j sin 0 

e"i e = cos0 - j sin 0 

6. Logarithm of a complex number 

z = rE> 6 \nz = \nr+\0 

7. Loci problems 

If Z= *+.P, |z| = V (* 2 + y 2 ) 

arg z = tan' 1 |Z_J 


57 


That's it! Now you are ready for the Test Exercise on Frame 58. 
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Test Exercise-II 


1. Express in polar form, z = -5 - j3. 

2. Express in the forma +]b, (i) 2 1156°, (ii) 5 | 37°. 

3. Ifzj = 12(cos 125° + j sin 125°) and 

z 2 = 3(cos72° +j sin72°), find (i) z x z 2 and (ii) — giving 
z 2 

the results in polar form. 


4. If z = 2(cos 25° + j sin 25°), find z 3 in polar form. 

5. Find the three cube roots of 8 (cos 264° + j sin 264°) and state which 
of them is the principal cube root. Show all three roots on an Argand 
diagram. 

6. Expand sin 40 in powers of sin 6 and cos 6. 

7. Express cos 4 0 in terms of cosines of multiples of 6. 

8. If z = x + jy, find the equations of the two loci defined by 

(i) | z — 4| = 3 (ii) arg(z + 2) =^- 


67 



Complex numbers 2 


Further Problems-II 

1. If z - x + ]y , where x and y are real, find the values of x and y when 


2. In the Argand diagram, the origin is the centre of an equilateral 
triangle and one vertex of the triangle is the point 3 + j>/3. Find 
the complex numbers representing the other vertices. 

3. Express 2 + j3 and 1 -j2 in polar form and apply DeMoivre’s 
theorem to evaluate—. Express the result in the form a + jh 
and in exponential form. 

4. Find the fifth roots of-3 + j3 in polar form and in exponential form. 

5. Express 5 + j 12 in polar form and hence evaluate the principal value 
ofV(5+jl2) , giving the results in the form a + j b and in form re ie . 

6. Determine the fourth roots of-16, giving the results in the form 
a+]b. 

7. Find the fifth roots of-1, giving the results in polar form. Express 
the principal root in the form r ei e . 

8. Determine the roots of the equation * 3 + 64 = 0 in the form 
a +)b, where a and b are real. 

9. Determine the three cube roots ofgiving the results in 

modulus/argument form. Express the principal root in the form 
a + \b. 


10. Show that the equation z 3 = 1 has one real root and two other roots 
which are not real, and that, if one of the non-real roots is denoted 
by u, the other is then w 2 . Mark on the Argand diagram the points 
which represent the three roots and show that they are the 
vertices of an equilateral triangle. 
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11. Determine the fifth roots of (2 — j5), giving the results in 
modulus/argument form. Express the principal root in the form 
a + ]b and in the form r ei 0 . 

12. Solve the equation z 2 + 2(1 + j)z + 2 = 0, giving each result in the 
form a + ]b, with a and b correct to 2 places of decimals. 

13. Express e 1_ i 7r / 2 in the form a + ]b. 

14. Obtain the expansion of sin 16 in powers of sin 6 . 

15. Express sin 6 * as a series of terms which are cosines of angles that 
are multiples of x. 

16. If z = x + jy, where x and y are real, show that the locusj + ^ | = 2 
is a circle and determine its centre and radius. 

17. If z =x + jy, show that the locus argj^—is a circle. Find its 
centre and radius. 

18. If z = x + ]y, determine the Cartesian equation of the locus of the 
point z which moves in the Argand diagram so that 

|z + j2| 2 + | z-j2| 2 =40 

19. If z =x + jy, determine the equations of the two loci: 



20. If z = x + jy, determine the equations of the loci in the Argand 
diagram, defined by 

(1) l4^rh 2 ’ and (ii) 

21. Prove that 

(i) if | Zi + z 2 1 =\Zi ~z 2 \ , the difference of the arguments of 
Zj and z 2 is —. 
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(ii) if arg {^ 7 ^} = T then 1^*1 “ 1**1 

22. If z = jc + jy, determine the loci in the Argand diagram, defined by 

(i) |z+j2l 2 -\z -j2| 2 =24 

(ii) \z+]k\ 2 +\z-]k | 2 = \0k 2 (k> 0) 
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Introduction 

When you were first introduced to trigonometry, it is almost certain that 
you defined the trig, ratios — sine, cosine and tangent - as ratios between 
the sides of a right-angled triangle. You were then able, with the help of 
trig, tables, to apply these new ideas from the start to solve simple right- 
angled triangle problems.and away you went. 

You could, however, have started in quite a different way. If a circle 
of unit radius is drawn and various constructions made from an external 
point, the lengths of the lines so formed can be defined as the sine, 
cosine and tangent of one of the angles in the figure. In fact, trig, func¬ 
tions are sometimes referred to as ‘circular functions’. 

This would be a geometrical approach and would lead in due course 
to all the results we already know in trigonometry. But, in fact, you did 
not start that way, for it is more convenient to talk about right-angled 
triangles and simple practical applications. 

Now if the same set of constructions is made with a hyperbola instead 
of a circle, the lengths of the lines now formed can similarly be called the 
hyperbolic sine, hyperbolic cosine and hyperbolic tangent of a particular 
angle in the figure, and, as we might expect, all these hyperbolic functions 
behave very much as trig, functions (or circular functions) do. 

This parallel quality is an interesting fact and important, as you will 
see later for we shall certainly refer to it again. But, having made the 
point, we can say this: that just as the trig, ratios were not in practice 
defined geometrically from the circle, so the hyperbolic functions are not 
in practice defined geometrically from the hyperbola. In fact, the defini¬ 
tions we are going to use have apparently no connection with the hyper¬ 
bola at all. 

So now the scene is set. Turn on to Frame 1 and start the programme. 
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You may remember that of the many functions that can be expressed 
as a series of powers of x, a common one is e x . 


If 


e x = 1 + x 

replace x by -x, we get 

e x = 1 - x 


+ x 4 

2! + 3! + 4! + 


and these two functions e* and e x are the foundations of the definitions 
we are going to use. 

(i) If we take the value of e x , subtract e~*, and divide by 2, we form 
what is defined as the hyperbolic sine of x. 

e x — e~ x 

- 2 — = hyperbolic sine of x 

This is a lot to write every time we wish to refer to it, so we shorten it to 
sinh x, the h indicating its connection with the hyperbola. We pronounce 
it‘shine x’. 

e x ~e~ x . 

-2— = S11, hx 

e y — g -y 

So, in the same way,-^-would be written as. 


j sinhy j 

DDDDnoaODnaODODDDDDHODOODDODODDDODOano 

In much the same way, we have two other definitions: 

00 — 2 g = hyperbolic cosine ofx 

= cosh x [pronounced ‘cosh x’] 

/...n c x -e x 

v ul J gX + e -x ~ hyperbolic tangent of x 

= tanh x [pronounced ‘than x’] 

We must start off by learning these definitions, for all the subsequent 
developments depend on them. 

So now then; what was the definition of sinhx? 

sinh x =. 
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Make a copy of these in your record book for future reference when 
necessary. 



We started the programme by referring to e x and e~ x as series of 
powers of x. It should not be difficult therefore to find series at least for 
sinh x and for cosh x. Let us try. 

(i) Series for sinh x 

X 1 .i.~4.* 2 X* 3 4. ;, ‘ :4 + 

e - 1+ * + 2T + 3! + 4T + ••• 

-X - 1 J.* 2 

e * = 1 — x + 2! — 31 + 4 { 

If we subtract, we get 


2 3! 5! • 

(ii) If we add the series for e x and e~ x , we get a similar result. 
What is it? 

When you have decided, turn on to Frame 5. 
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Coshx = 1 + ^ T +- TT + 


5 


□□□□□□□□□□□□□□□□□□□□□□□□□□□a 


e x = 1 


+£! + £! + f!+ 

2! 3! 4! •• 




= cosh x = 1 


+ 2! + 4! + 


Move on to Frame 6. 


So we have: 


sinh 


x 


5! 7! + 


Note: All terms positive: sinh x has all the odd powers, 
coshx has all the even powers. 

We cannot easily get a series for tanh x by this process, so we will leave 
that one to some other time. 

Make a note of these two series in your record book. Then, cover up 
what you have done so far and see if you can write down the definitions 
of: 


(i) sinh x =. 

(iii) tanh x = 


(ii) coshx =. 

. No looking! 


6 
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All correct? Right. 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

Graphs of Hyperbolic Functions 

We shall get to know quite a lot about these hyperbolic functions if we 
sketch the graphs of these functions. Since they depend on the values of 
e x and e~ x , we had better just refresh our memories of what these graphs 


look like. 

! y = e x and.y = e" x cross the jy-axis 

y- 6 */ at the point y = 1 (e° = 1). Each 

/ graph then approaches the x-axis 

/ / as an asymptote, getting nearer 

/ and nearer to it as it goes away to 

c infinity in each direction, without 

'—- actually crossing it. 

*1 

x So, for what range of values of x 

are e x and e" x positive? 


Q | e x and e _x are positive for all values of x j 

Correct, since the 

□□□□□□□□□□ 

_4""^ 

graphs are always above the x-axis. 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

At any value of x, e.g. x = x t , 

Y y _ g xi cosh x = —j—> i- e - the value of 

* / cosh x is the average of the values 

/, of e x and e -x at that value of x. 

/ [ This is given by P, the mid point 

^ tp ofAB. 

If we can imagine a number of 


0 11 we plot their mid-points, we shall 

obtain the graph of y = cosh x. 

Can you sketch in what the 
graph will look like? 

- 1 
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(i) cosh o = 1 

(ii) the value of cosh x is never less than 1 

(ill) the curve is symmetrical about they-axis, i.e. 

cosh(-x) = cosh x 

(iv) for any given value of coshx, there are two values of x, equally 
spaced about the origin, i.e. x = ±a. 

Now let us see about the graph ofy = sinh x in the same sort of way. 





The corresponding point on the graph ofy = sinhx is thus obtained 
by standing the ordinate BP on the x-axis at C, i.e. P,. 

Note that on the left of the origin, BP is negative and is therefore 
placed below the x-axis. 

So what can we say about y = sinhx? 



From the graph of> = sinhx, we see 

(i) sinh 0=0 

(ii) sinh x can have all values from to +°° 

(iii) the curve is symmetrical about the origin, i.e. 

sinh(-x) = -sinh x 

(iv) for a given value of sinh x, there is only one real value of x. 

If we draw y = sinhx andy = coshx on the same graph, what do we g 



Note that y = sinhx is always outsider = coshx, but gets nearer to 

s x increases . . ^ ^ 

i.e. as x , sinh x cosh x 

And now let us consider the graph of y = tanhx. 


Turn 



Hyperbolic Ft 



We see (i) tanh 0 = 0 

(ii) tanh x always lies between y = -1 and y = 1 

(iii) tanh(-x) = -tanh x 

(iv) as x -*■ «>, tanh x -*■ 1 
as x -* tanh 

Finally, let us now sketch all three graphs on one diagram so that we can 
compare them and distinguish between them. 



One further point to note: 


At the origin, y = sinh x andy = tanh x have the same slope. The two 
graphs therefore slide into each other and out again. They do not cross 
each other at three distinct points (as some people think). 

It is worth while to remember this combined diagram: sketch it in your 
record book for reference. 
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Evaluation of Hyperbolic Functions 

The values of sinh x, cosh x and tanh x for some values of x are given in 
the tables. But for other values of x it is necessary to calculate the value 
of the hyperbolic functions. One or two examples will soon show how 
this is done. 

Example 1. To evaluate sinh 1 -275 

Now sinhx = |(e x ~ **) •• sinh 1 -275 = W' 2 ™ - e' 1 -27S )• We now 
have to evaluate e 1 27S . Note that when we have done that, e is 
merely its reciprocal and can be found from tables. Here goes then. 

Let A = e 1 ' 275 In A = 1-275 and from tables of natural logs we 
now find the number whose log is 1-275. 

This is 3-579 .'. A = 3-579 (as easy as that!) 

So e 1 ' 275 =3-579 and e’ 1 ' 275 = = 0-2794 


;. sinh 1 -275 = ^3-579 - 0-279) 

= 5(3-300) = 1 -65 
:. sinh 1-275 = 1-65 

In the same way, you now find the value of cosh 2-156. 
When finished, move on to frame 18. 


18 | cosh 2-156 = 4-377~[ 

pDDDDDDDOPDDOODDDDDaDDDIiaOaDaDaODDDODD 

Here is the working: 

Example 2. cosh 2-156 = i(e 2 ' 156 + e' 2 ' 156 ) 

Let a = e 2 ' 156 In A = 2-156 :. A = 8-637 and \ = 0-1158 
:. cosh 2-156 = ^(8-637+ 0-116) 

= |(8-753) = 4-377 
.'. cosh 2-156 = 4-377 

Right, one more. Find the value of tanh 1 -27. 

When you have finished, move on to frame 19. __ 
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tanh 1-27 = 0-8539 


19 


"Working: 
Example 3. 


In A = 1 -27 A = 3-561 and 4 = 0-2808 
A 

3-561 -0-281 = 3-280 
tanh 1-27 3 . 561 +0 . 28 i 3-842 

tanh 1-27 = 0-8539 


□ □ □ □ 


0-5159 

0-5845 

1-9314 


So, evaluating sinh, cosh and tanh is easy enough and depends mainly 
on being able to evaluate e k , where k is a given number — and that is most 
easily done by using natural logs as we have seen. 

And now let us look at the reverse process. So on to frame 20. 


Inverse Hyperbolic Functions 

Example 1. To find sinh' 1 1 -475, i.e. to find the value of x such that 
sinhx = 1-475. 

Here it is: sinh x = 1 -475 .'. %{e x - e"*) = 1 -475 

:. e x —— = 2-950 
e 

Multiplying both sides by e x : (e x ) 2 - 1 = 2-95(e JC ) 

(e x ) 2 - 2-95(e x )— 1=0 

This is a quadratic equation and can be solved as usual, giving 
^ = 2-95 ± V(2-95 2 + 4) _ 2-95 ± V(8-703 + 4) 

2 2 
_ 2-95 ± Vl 2-703 _ 2-95 ±3-564 
2 2 


20 


6-514 

2 


- = 3-257 or -0-307 


But e x is always positive for real values of x. Therefore the only real solu¬ 
tion is given by e* = 3-257. 


/. x = In 3-257= 1-1809 


x = 1-1809 

Exercise 2. 

Now you find cosh -1 2-364 in the same way. 
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For: To evaluate coshf 1 2-364, letx = cosh" 1 2-364 

/. cosh* = 2-364 6 ! C = 2-364 e x 4-728 

2 e* 

(e*) 2 — 4-728(e*) +1=0 
e x = 4-728 ^(22-36-4) Vl8 . 36 = 4 . 285 

= 4(4-728 ±4-285) = |(9-013) or 4(0-443) 
e* = 4-5065 or 0-2215 
-•- x = In 4-5065 or In 0-2215 

= 1-5056 or 2-4926 i.e. -1-5074 
x =±1-507 

Before we do the next one, do you remember the exponential defini¬ 
tion of tanh x? Well, what is it? 


cosh -1 2-364 = ±1-507 


22 


e x - e x 

tanh x = —= -=■ 

e+e 

That being so, we can now evaluate tanh -1 0-623. 

Let x = tanh -1 0-623 tanh x = 0-623 

• e *~.g = 0-623 
• e x _ e -x = 0-623(e JC + t x ) 

(1 - 0-623) e* = (1 + 0-623) e -x 
0-377 e x = 1 -623 e x 
1-623 

? 0-2103 

• / f xva_ 1-623 1-5763 

0-377 2) 0-6340 

/. e x = 2-075 0 3170 

x = In 2-075 = 0-7299 
tanh -1 0-623 = 0-730 

Now one for you to do on your own. Evaluate sinh -1 0-5. 
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1 sinhf 1 0-5 = 0-4810 [ 

ododododo a a aa a a a a oaonqonoaoo 
Check your working. 

Let x = sinh -1 0-5 sinh x = 0-5 

—~x—— = 0-5 -Ve*-I=l 

2 e 

(e x ) 2 " 1 = e* 

(e x ) 2 — ( e *) — 1 = 0 
X _ 1 ±V0 +4)_ 1 ±\/5 
6 2 ' 2 
_ 3-2361 of - 1-2361 

= 1-6181 or —0-6181 
x = ln 1-6181 =0-4810 
sinh -1 0-5 = 0-4810 

And just one more! Evaluate tanh -1 0-75. 


23 

□DDDOODD 


e x =-0-6181 
gives no real 
value of x. 


| tanh" 1 0-75 = 0-97311 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□tn 
Let x = tanh -1 0-75 .’. tanh x = 0-75 



e* - e - * = 0-75(e x + e~*) 
(1 - 0-75) e*=(l +0-75) e* 
0-25 e* = 1-75 e'* 


(e x y 


_ 1-75 
0-25 


7 


e* = ±V7 = ±2-6458 

But remember that e x cannot be negative for real values of x. 
Therefore e* = 2-6458 is the only real solution. 


-•- x = In 2-6458 = 0-9731 


tanh -1 0-75 = 0-9731 


24 
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Log. Form of the Inverse Hyperbolic Functions 
Let us do the same thing in a general way. 

To find tanh _1 x in log. form. 

As usual, we start off with: Let y = tanh -1 x .'. x = tanh y 



e^(l ~x) = e~ y (l +x)= y(\ +x) 


1 —x 


So that 


_ , (1 +x 

.. 2y = ln | 

y = tanh -1 x = y In 1 
tanh' 1 0-5=iln|^|J 


= j In 3 = 4(1 -0986) =0-5493 


And similarly, tanh -1 (-0-6) = .. 


26 


tanh -1 (-0-6) = -0-6932 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

unh-'«=iln{lifj 


U+0-6/ 

= \ In 0-25 
= 4(3-6137) 

= 1-3863) ~ 

= -0-6932 

Now, in the same way, find an expression for sinhr'x. 
Start off by saying: Lety = sinh _1 x x = sinh y 

" e ~~T~ = x •• e ^-e-^2x 

(e^) 2 — 2x(e y ) -1=0 


2-5 0-9163 
10 2-3026 


.e^-- = 2x 
Now finish it off. 
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Result: jsinh l x = ln{jc + \/(x 2 +1)}J 

□ □ □ □ □ dfifta □□□□□□□□□□□□□□□□€? OQ odd □□□□□□□□ 

For (e- v ) 2 - 2x(e y ) -1=0 

y _2x± V(4x 2 +.4) _ 2x ± 2y/(x 2 + 1) 

6 2 2 

= W(* 2 + 1) 

e y =x +y/(x 2 + 1) or e y =x-\/(x 2 + 1) 

At first sight, there appear to be two results, but notice this: 

In the second result, VC* 2 + 1) >x 

e y = x- (something> x) i.e. negative. 

Therefore we can discard the second result as far as we are concerned 
since powers of e are always positive. (Remember the graph of e*.) 

The only real solution then is given by e y =x + \/(x 2 + 1) 
y = sinh" 1 * = ln{.x + \J(x 2 +1)} 


27 


Finally, let us find the general expression for cosh' 1 *. 

, e y + e~ y 

et y = cosh x x = cosh y =?—-— 

t y + y - 2x :■ <? y ? - 2t(e y ) + 1=0 

e y =x + \/(x 2 - 1) and e y = x - V(* 2 _ D 
Both these results are positive, since \J(x 2 - 1) <x. 

However, x + ^.2 _ ^ x + ^*2 _ ^ ■ x -^/(x 2 - 1) 

So our results can be written 


e y =x+ y/(x 2 - 1) and e y = — 


V(x 2 -1) 


28 


e y =x+ \J(x 2 - 1) or {* + s/{x 2 - l)}' 1 
• y = ln{x + V(-* 2 — 1)} or —In(x + \J(x 2 — 1) } 
cosh -1 x = ± ln{x + V(* 2 - 0} 

Notice that the plus and minus signs give two results which are symmetri¬ 
cal about they-axis (agreeing with the graph ofy = cosh x). 
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Here are the three general results collected together. 

sinh -1 x = In j;jc +yf(x 2 + 1)J 
cosh" 1 * = ±ln{* + y/(x 2 - 1)| 

tanh^x'ilnjj-ij} 


Add these to your list in your record book. They will be useful. 
Compare the first two carefully, for they are very nearly alike. Note 
also that (i) sinh -1 x has only one value. 

(ii) cosh" 1 x has two values. 


So what comes next? We shall see in frame 30. 


30 


Hyperbolic Identities 

There is no need to recoil in horror. You will see before long that we 
have an easy way of doing these. First of all, let us consider one or two 
relationshi is based on the basic definitions. 


(1) The first set are really definitions themselves. Like the trig, ratios, 
we have reciprocal hyperbolic functions: 

(i) coth x (i.e. hyperbolic cotangent) = — 

(ii) sech* (i.e. hyperbolic secant) = - 

(iii) cosech x (i.e. hyperbolic cosecant) = 

These, by the way, are pronounced (i) coth, (ii) sheck and (iii) co-sheck 
respectively. 

These remind us, once again, how like trig, functions these hyperbolic 
functions are. 

Make a list of these three definitions: then turn on to frame 31. 


89 



Hyperbolic Functions 


(2) Let us consider 


31 


tanh x = 


sinh x 
coshx 


{Very much like 

tan 0 = 


cos 0 


(3) Cosh x = |(e x + e' x ); sinh x = £(e x - e' x ) 

Add these results: cosh x + sinh x = e x 

Subtract: cosh x - sinh x - e x 

Multiply these two expressions together: 

(cosh x + sinh x ) (cosh x - sinh x) = e x .e" x 
cosh 2 * - sinh 2 * = 1 

jin trig., we have cos 2 0 + sin 2 0 = 1, so there is a difference in 1 
l sign here. ) 

On to frame 32. 


(4) We just established that cosh 2 * - sinh 2 * = 1. QH 

tv -a u u2 i sinh 2 * 1 Ofc 

Divide by cosh x: 1- - —r? - 

cosh^x cosh* 

1 - tanh 2 * = sech 2 * 

sech 2 * = 1 - tanh 2 * 

{Something like sec 2 6 = 1 + tan 2 0, isn’t it?} 

(5) If we start again with cosh 2 * - sinh 2 * = 1 and divide this time by 
sinh 2 *, we get 

cosh 2 * j _ 1 

sinh 2 * sinh 2 * 

coth 2 * - 1 = cosech 2 * 
cosech 2 * = coth 2 * - 1 

j In trig., we have cosec 2 0 = 1 + cot 2 0, so there is a sign difference l 
l here too. J 

Turn on to frame 33. 
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We have already used the fact that 

cosh x + sinh x = e x and cosh x - sinh x 


If we square each of these statements, we obtain 

(0 . 

(ii) . 


34 


So if 


cosh 2 * + 2 sinh* cosh* + sinh 2 * = e 2X 
cosh 2 * — 2 sinh* cosh* + sinh 2 * = e~ 2x 

subtract as they stand, we get 

4 sinh * cosh * = e 2x - e~ 2X 

e 2X _ e -2* 

2 sinh * cosh * =---= sinh 2* 

sinh 2* = 2 sinh * cosh * 


If however we add the two lines together, we get 


35 


2(cosh 2 * + sinh 2 *) = e 2x + e 2X 

e 2X + e -2X 

cosh 2 * + sinh 2 * =-^- = c°sh 2* 


cosh 2* = cosh 2 * + sinh 2 * 

We already know that cosh 2 * - sinh 2 * = 1 

cosh 2 * = 1 + sinh 2 * 

Substituting this in our last result, we have 

cosh 2* = 1 + sinh 2 * + sinh 2 * 
cosh 2* = 1 + 2 sinh 2 * 


Or we could say cosh 2 * - 1 = sinh 2 * 

cosh 2* = cosh 2 * + (cosh 2 * - 1) 
cosh 2* = 2 cosh 2 * — 1 

Now we will collect all these hyperbolic identities together and com¬ 
pare them with the corresponding trig, identities. 

These are all listed in the next frame, so turn on. 
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Trig. Identities 

(1) 

cot* = 

1 /tan * 


sec* = 

1/cos* 


cosec * 

= 1/sin* 

(2) 

cos 2 * + 

sin 2 * = 1 


sec 2 * = 

1 + tan 2 * 


cosec 2 * 

= 1 + cot 2 * 

(3) 

sin 2x = 

: 2 sin * cos * 


cos 2* = cos 2 * - sin 2 * 
= 1-2 sin 2 * 

= 2 cos 2 * — 1 


Hyperbolic Identities 
coth* = 1/tanh* 
sech* = 1/cosh* 
cosech* = 1/sinh* 
cosh 2 * — sinh 2 * = 1 
sech 2 * = 1 - tanh 2 * 
cosech 2 * = coth 2 * - 1 
sinh 2* = 2 sinh * cosh * 
cosh 2x = cosh 2 * + sinh 2 * 
= 1+2 sinh 2 * 

= 2 cosh 2 * - 1 


If we look at these results, we find that some of the hyperbolic 
identities follow exactly the trig, identities: others have a difference in 
sign. This change of sign occurs whenever sin 2 * in the trig, results is 
being converted into sinh 2 * to form the corresponding hyperbolic 
identities. This sign change also occurs when sin 2 * is involved without 
actually being written as such. For example, tan 2 * involves sin 2 * since 

tan 2 * could be written as CQS i x - The change of sign therefore occurs 

with tan 2 * when it is being converted into tanh 2 * 
cot 2 * ” ” ” ” ” ” coth 2 * 

cosec 2 * ’ ” ” ” ” ” cosech 2 * 

The sign change also occurs when we have a product of two sinh terms, 
e.g. the trig, identity cos(A + B) = cos A cos B - sin A sin B gives the 
hyperbolic identity cosh(A + B) = cosh A cosh B + sinh A sinh B. 

Apart from this one change, the hyperbolic identities can be written 
down from the trig, identities which you already know. 

For example: 


tan 2x - - z becomes 


tanh 2* = 


2 tanh * 
1 + tanh 2 * 


So providing you know your trig, identities, you can apply the rule 
to form the corresponding hyperbolic identities. 
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Relationship between Trigonometric and Hyperbolic Functions 

From our previous work on complex numbers, we know that: 

e^ 0 = cos 0 + j sin 0 
and e 38 = cos 0 — j sin 0 
Adding these two results together, we have 

ei° + e' j0 =. 


38 

So that, 


2 cos 0 



which is of the form -— x replaced by (j$) 
.'.cos 0 =. 


39 


40 


| coshj0 j 

Here, then, is our first relationship. 

cos 0 = cosh jd 

Make a note of that for the moment: then on to frame 40. 


If we return to our two original statements 

e 36 = cos0 +j sin 6 
e 36 = cos0 - j sin0 

and this time subtract, we get a similar kind of result 
ei 0 - e'j 0 =. 


41 


So that, 


| 2j sin 0 | 
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sinh j0 


So, sinh j0=j sin 0 
Make a note of that also. 


So far, we have two important results: 

(i) cosh j0 = cos 0 

(ii) sinh j0 = j sin 0 

Now if we substitute 0 = jx in the first of these results, we have 
cos jx = cosh(j 2 x) 

= cosh(-x) 

cos jx = cosh x [since cosh(-x) = cosh x] 

Writing this in reverse order, gives 

cosh x = cos jx Another result to note. 


43 


Now do exactly the same with the second result above, i.e. put 0 = jx 
in the relationship j sin 0 = sinh j0 and simplify the result. What do you get? 


44 

j sinhx = sin jx 

For we have: j sin 0 = sinh j0 

j sin jx = sinh(j 2 x) 

= sinh(-x) 

=-sinhx [since sinh(-x) =-sinhx] 

Finally, divide both sides by j, and we have 


Now on to the next frame. 
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Now let us collect together the results we have established. They are 
so nearly alike, that we must distinguish between them. 


sin j x = j sinh x 

sinh jx = j sin x 

cosjx = coshx 

cosh jx = cos x 


and, by division, we can also obtain 

| tan j jc = j tanh x | tanh jx = j tan x | 

Copy the complete table into your record book for future use. 


46 


Here is 


application of these results: 


Example 1. Find an expansion for sin(x + jy). 

Now we know that 

sin(A + B) = sin A cos B + cos A sin B 
sin(x + jy) = sin x cos jy + cos x sin jy 
so using the results we have listed, we can replace 

cos jy by. 

and sin jy by. 


47 

So that 
becomes 


| cos jy = cosh y | sin jy = j sinh y | 

sin(x + jy) = sin x cos jy + cos x sin jy 
sin(x + jy) = sin x coshy + j cos x sinh y 


Note: sin(x + jy) is a function of the angle (x + jy), which is, of course, 
a complex quantity. In this case, (x + jy) is referred to as a Complex 
Variable and you will most likely deal with this topic at a later stage of 
your course. 

Meanwhile, here is just one example for you to work through. 

Find an expansion for cos(x - jy). 


Then check with frame 48. 
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| cospc - jy) = cos x cosh y + j sin x sinh y j 

Here is the working: 

cos(A - B) = cos A cos B + sin A sin B 
cos(x - jy) = cos x cos \y + sin x sin jy 
But cos jy- cosh y 
and sin jy = j sinh>> 
cos(x - j^) = cos x cosh y + j sin x sinh y 



All that now remains is the test exercise, but before working through 
it, look through your notes, or revise any parts of the programme on 
which you are not perfectly clear. 

Then, when you are ready, turn on to the next frame. 
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Test Exercise - III 

1. If L = 2C sinh find L when H = 63 and C = 50. 

2. If v 2 = 1 -8 L tanh^j^, find v when d = 40 and L = 315. 

3. On the same axes, draw sketch graphs of (i)j> = sinh x, (ii) y = coshx, 
(iii)j> = tanhx. 


4. 

5. 

6 . 
7. 


Simplify 


1 + sinh 2A + cosh 2A 
1 - sinh 2A - cosh 2A 


Calculate from first principles, the value of 
(i) sinh" 1 1-532 (ii) cosh -1 1-25 

If tanh x =-j, find e 2x and hence evaluate x. 
The curve assumed by a heavy chain or cable is 


If C = 50, calculate (i) the value of.y when* = 109, 

(ii) the value ofx when = 75. 

8. Obtain the expansion of sin(x - jy) in terms of the trigonometric and. 
hyperbolic functions of x and y. 
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Further Problems - III 


1. Prove that cosh 2xr = 1 + 2 sinh 2 x. 

2. Express cosh 2x and sinh 2x in exponential form and hence solve, 
for real values of x, the equation 

2 cosh 2x - sinh lx = 2 


3. If sinh* = tany, show that x = In (sec y + tan 7). 

4. If a = c cosh x and b = c sinh x, prove that 

(a + b) 2 e 2x = a 2 - b 2 

5. Evaluate (i) tanh" 1 0-75, (ii) cosh' 1 2. 

6. Prove that tanh -1 | ^ | j = In x. 

7. Express (i) cosh and (ii) sinh in the form a+]b, giving a 
and b to 4 significant figures. 


8. Prove that (i) sinh(x + y) = sinh x cosh y + cosh x sinh y 
(ii) cosh(x +y) = cosh x coshy + sinh * sinh y 
Hence prove that 


tanh(x +y) = 


tanhx + tanhy 
1 + tanhx tanhy 


9. Show that the co-ordinates of any point on the hyperbola 

^2 “p = 1 can be represented in the form* = a cosh u,y = b sinh 

10. Solve for real values of x 

3 cosh 2x - 3 + sinh lx 


11 . 

12. 


Prove that 


1 + tanh x 
1 - tanh x 


It r - tanh j, prove that sinhx =j~ 2 and coshx 
solve the equation 

7 sinhx+ 20 coshx = 24 
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13. If x - In tanj^+-^ j, find e* and e x , and hence show that 
sinhx = tan 6. 

14. Given that sinh _1 x = lnjx + \J{x 2 + 1)|, determine sinff' (2 + j) in 
the form a +}b. 


15. 


16. 


If tanjyj = tan A tanh B, prove that 


1 + cos 2A cosh 2B 

Prove that sinh 36 = 3 sinh 6+4 sinh 3 0. 


17. If x + j y = tan -1 (e a+ i*), show that tan 2x = ■ C °f and that 


tanh 2 y 


. sin b 
cosh a' 


18. If X=4( j S ‘ - 1 u U [ + - S ‘ n ), calculate X whena = 0-215 and t = 5. 

2 | cosh at - cosat I 

19. Prove that tanh' 1 ! x 2 , 1 = In —. 

\x 2 + a 1 ) a 


20. 


Given that sinh^x 
of x, 


= ln{x + s/ix 2 + 1)}, show that, for small values 


sinh -1 x —x 


x 3 

6 


3x s 
40 ‘ 
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Determinants 

You are quite familiar with the method of solving a pair of simultaneous 

equations by elimination. 

e.g. To solve 2x + 3y + 2 = 0 ... (i) 

3x + 4y + 6 = 0 ... (ii) 

we could first find the value of* by ^iminating v. To do this, of course, 
we should multiply (i) by 4 and (ii) by 3 to make the coefficient of y the 
same in each equation. 


So 

8*+ 12 :y+ 8 = 0 

9x + 12^ + 18 = 0 

Then, by subtraction, we get x + 10 = 0, i.e. x = -10. By substituting back 
in either equation, we then obtain^ = 6. 

So finally, 

x =—10, y = 6 

That was trivial. You have done similar ones many times before. In just 
the same way, if 


a \X +b r y +di = 0 ... (i) 
a 2 x + b^y + d 2 =0 ... (ii) 

then to eliminate y we make the coefficients ofj' in the two equations 
identical by multiplying (i) by. and (ii) by. 

CM 

| (i)byZ> 2 and (ii)bybi | 

Correct, of course. 

So the equations 


a 1 x + biy + di = 0 
a 2 x + b-iy + d 2 = 0 

become 

a i b 2 x + bybjy + b 2 d\ = 0 
a 2 biX + b^b-tf + bid 2 = 0 

Subtracting, we get 

(tfi& 2 -a 2 bi)x + b 2 di ~bid 2 =0 

so that 

( a ib 2 ~a 2 bi)x = bid 2 — b 2 di 

Then 

x= . 
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In practice, this result can give a finite value for x only if the 
denominator is not zero. That is, the equations 
aix + brf+di =0 
a 2 x + biy + d 2 = 0 

give a finite value for x provided that {d\b 2 -a 2 b i) f 0 . 

Consider these equations: 

3x + 2y - 5 = 0 
4x + 3y — 7 = 0 

In this case, a x =3, b 2 = 2, a 2 = 4, b 2 = 3 

a\b 2 ~a 2 b\ = 3.3 - 4.2 

= 9-8=1 

This is not zero, so there fwill I be a finite value ofx. 

I will not] 



The expression a^b 2 ~a 2 b\ is therefore an important one in the solu¬ 
tion of simultaneous equations. We have a shorthand notation for this. 

I d\ bi 

&\b 2 ~d 2 b\ = 

| d 2 b 2 

For jJ to represent a l b 2 -a 2 b\ then we must multiply the terms 
diagonally to form the product terms in the expansion: we multiply 
fll and then subtract the product 

I 



e-g- 

So 


3 7 = 3 
5 2 ~ 2 


= 3.2 - 5.7 = 6 - 35 = -29 


6 5 _ 6 _ 5 

12 2 1 
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DDDDDDDDD 


is called a determinant of the second order (since it has two 

I a 2 b 2 \ 

rows and two columns) and represents a y b 2 ~ a 2 b \. You can easily 
remember this as 

Just for practice, evaluate the following determinants: 

14 21 17 41 12 11 

(i) | 5 31' <a) L 3r Hi - 3 I 

Finish all three: then turn on to frame 6. 


6 


(0 4 2 =4.3-5.2 = 12-10 = [Tl 
|s 31 1 — 1 

(ii)| 2 4 |= 7.3-6.4 = 21-24= PJ] 

(hi) 2 1 =2(-3)-4.1 =-6-4 =1-10 I 

14 - 31 1 - 1 


OODODDODDDDODDDDDDDDDDOODDnOODOOD 


O D □ □ 


Now, in solving the equations f a 2 x + b x y + di =0 
( a 2 x + b±y + d 2 = 0 

we found that x = —^— ^2^1 and the numerator and the denominator 
«io 2 — a 2 bi 

can each be written as a determinant. 


b 1 d 2 -b 2 d 1 = 
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If we eliminate. 
ioty, we obtain 



hi di 


fli hi 


b 2 d 2 \ 


a 2 b 2 


from the original equations and find an expression 

a\d 2 -a 2 di 
fli b 2 -a 2 bi 


So, for any pair of simultaneous equations 


aix + biy + di=0 
a 2 x + biy + d 2 =0 


we have 


. bidj-bjdj 

aib 2 -a 2 bi 


and y 


a\d 2 -a 2 d\ 
a^b 2 ~a 2 b x 


Each of these numerators and denominators can be expressed as a 
determinant. 

So, x =. and y =. 


7 



We can combine these results, thus: 

x _ ~y 1 

bi di| lai di| |«i hi 

b 2 d 2 1 I a 2 d 2 I I a 2 b 2 

Make a note of these results and then turn on to the next frame. 
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( a x x +bty+di =0 
I a 2 x + b^y + d 2 = 0 


I b 2 d 2 1 | a 2 d 2 1 I a 2 b 2 \ 

Each variable is divided by a determinant. Let us s( 
them from the original equations. 


: how we can get 


(i) Consider . 


. Let us denote the determinant in the denominator 


\b 2 d 2 | 

To form Ai from the given equations, omit the jc-terms and write down 
the coefficients and constant terms in the order in which they stand. 

| a x x + b x y + d x =0 . \b x d x \ 


(ii) Similarly for 


, let A 2 


d i| 

\a 2 d 2 1 

To form A 2 from the given equations, omit the >>-terms and write down 
the coefficients and constant terms in the order in which they stand. 

I a x x + b x y+d x = 0 \a x d x \ 

gives A 2 = 

\a 2 x + b 2 y+d 2 = 0 \a 2 d 2 \ 


(iii) For the expression 


1 

a x b i 


, denote the determinant by Aq. 


|a 2 b 2 I 

To form Aq from the given equations, omit the constant terms and write 
down the coefficients in the order in which they stand 
[ a x x +b x y +d x =0 I a x b x I 

I g ives 

1 a 2 x + btf + d 2 = 0 | a 2 b 2 \ 

2L y - J 

At A 2 Aq 

Now let us do some examples, so on to frame 10. 


Note finally that 
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Example 1. To solve the equations f 5x + 2y + 19 = 0 
|3x + 4y + 17 = 0 

The key to the method is 

= :2 = JL 

Ai A 2 Ao 

To find A 0 , omit the constant terms 
15 21 

Ao= =5.4-3.2 = 20-6=14 
3 4 

1 1 ••• Ao = 14 ... (i) 

Now, to find A!, omit the x-terms. 

•• A, =. 


L A '. i - 4 2 J 

12 191 

for A, = =34-76 =-42 ... (ii) 

! 4 171 

Similarly, to find A 2 , omit the y-terms 
15 191 

A 2 = =85-57 = 28 ... (iii) 

13 171 

Substituting the values of Ai, A 2 , A 0 in the key, we get 

=IZ = J_ 

-42 28 14 

from which x =. and y =. 


-42 „ 

28 




Now for another example. 

Example 2. Solve by determinants ( 2x + 3y - 14 = 0 
[3x-2y+ 5 = 0 

First of all, write down the key: 

x_ _—y 1 

Aj A 2 Ao 

(Note that the terms are alternately positive and negative.) 
12 3| 

Then A° = I _ 2 | = —4 — 9 =—13 ... (i) 

Now you find Ai and A 2 in the same way. 
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13 


For we have 


A, =-13; A 2 =-52 


2x + 3y — 14 = 0 
3x-2y + 5 = 0 



= 15 - 28 = -13. /. Aj =-13 


A 2 


2 -14 |-| 2 |_| ~ 14 

3 5 r I 5l I 3 


= 10-(-42) =52 A 2 = 52 


So that 


and 


x —y _ 1 
Ai A 2 'Aq 

A, =-13; A 2 =52; A 0 =-13 



Do not forget the key 


JL -IZ - J_ 
Ai A 2 Aq 


14 


with alternate plus and minus signs. 
Make a note of this in your record book. 

Here is another one: do it on your own. 
Example 3. Solve by determinants 


[ 4x - 3y + 20 = 0 
\3x + 2y~ 2 = 0 
First of all, write down the key. 

Then off you go: find Ao, Ai and A 2 and hence determine the values 
ofxandy. 

When you have finished, turn on to frame 15. 
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x--2\ y = 4 


Here is the working in detail: 

( 4x - 3y + 20 = 0 
( 3x + 2y - 2 = 0 
I 4 -3 
2 

1-3 201 


* =JL 

Ai A 2 Ao 


8 “ (“9) = 8 + 9=17 


15 


= Ai = 

Ao 


=—=-4 y = 4 


•Q □ □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

Now, by way of revision, complete the following: 


0) 
00 | 

(iii) 

(iv) 


5 _2 | 

■3 -41 


Here are the results. You must have got them correct. 

(i) 20-42 = -22 

(ii) -20-6 =-26 

(iii) ac-bd 

(iv) ps-rq 

For the next section of the work, turn on to frame 17. 


16 
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Determinants of the third order 

A determinant of the third order will contain 3 rows and 3 columns, thus: 
a x b\ 
a 2 b 2 

c 3 ] 


Each element in the determinant is associated with its MINOR, which 
is found by omitting the row and column containing the element concerned. 

: «i! b t c, I 


b 2 c 2 

e.g. the minor of a, is obtained 

b 3 c 3 


CL 2 C2 

the minor of b x is obtained 

a 3 c 3 


! a 2 I b 2 
! a 3 \ b 3 


I a 2 b 2 \ ; ui b 1 

the minor of is obtained ---- 

|a 3 b 3 | a 2 b 2 

So, in the same way, the minor of a 2 is. a 3 b 3 


18 

Minor of a 2 is 

b x c t 

b 3 c 3 


since, to find the minor of a 2 , we simply 
taming a 2 , i.e. ; j Cj 

ignore the row and column con- 

; | a i ; b 2 C 2 ; 




19 

Minor of b 3 = 

a x c x 1 
a 2 c 2 1 



i.e. omit the row and column containing b 3 . 

fli i bi \ 


a 3 ; b 3 


c 3 ; Now on to frame 20. 
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Evaluation of a third order determinant 


To expand a determinant of the third order, we can write down each 
element along the top row, multiply it by its minor and give the terms 
a plus or minus sign alternately. 


a i b i Ci 
a 2 b 2 c 2 
a 3 b 3 c 3 


a 1 b 2 c 2 -bi a 2 
b 3 c 3 a 3 


c 2 +cj a 2 
c 3 a 3 


b 2 

b 3 


Then, of course, we already know how to expand a determinant of the 


second order by multiplying diagonally, 




Example 1. 


1 3 2 
4 5 7 

2 4 8 


l| 5 71 — 314 71 + 214 5| 

14 81 12 81 \7 41 

1(5.8 - 4.7)- 3(4.8 - 2.7) + 2(4.4 - 2.5) 
1(40-28)-3(32- 14)+ 2(16- 10) 
1(12)-3(18)+ 2(6) 

12-54+ 12 =-30 


20 


Here is another. 
Example 2. I 


2 

6 

9 


36 7 -2 4 7+54 6| 
9 2 2 2 2 91 


= 3(12 - 63)- 2(8 - 14) + 5(36 - 12) 
= 3(—51)-2(—6) + 5(24) 

= -153 + 12+ 120 = -21 


Now here is one for you to do. 
Example 3. Evaluate 


2 

4 

8 


7 5 
6 3 
9 1 


Expand along the top row, multiply each element by its minor, and 
assign alternate + and - signs to the products. 

When you are ready, move on to frame 22. 


21 


no 
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Result 


For 


_ 216 31 — 714 31+514 6| 

19 11 18 ll 18 9l 

= 2(6 - 27) - 7(4 - 24) + 5(36 - 48) 
= 2(-21)-7(-20) + 5(-12) 

= -42 + 140 - 60 = 38 


We obtained the result above by expanding along the top row of the 
given determinant. If we expand down the first column in the same way, 
still assigning alternate + and — signs to the products, we get 

_ 216 31—417 51 +8 17 5| 

19 11 k 11 16 3| 

= 2(6 - 27) - 4(7 - 45) + 8(21 - 30) 

= 2(-21)-4(-38) + 8(-9) 

= -42 + 152-72 = 38 
which is the same result as that which we obtained before. 


2 7 5 
4 6 3 
8 9 1 


We can, if we wish, expand along any row or column in the same way, 
** multiplying each element by its minor, so long as we assign to each 
product the appropriate + or- sign. The appropriate ‘place signs’ are 
given by + _ + _ 4 


The key element (in the top left-hand corner) is always +. The others are 
then alternately + or -, as you proceed along any row or down any column. 
So in the determinant 1 , ^ 


the “place sign” of the element 9 is .. 
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tzi 


24 


since in a third order determinant, the ‘place signs’ are 

+ Remember that the top left-hand element 

“ + I always has a + place sign. The others 

I + - + I follow from it. 


Now consider this one 


3 7 2 
6 8 4 
1 9 5 


If we expand down the middle column, we get 


3 7 2 
6 8 4 
1 9 5 


-7 6 4 
1 5 


13 2 -9 3 2 
11 5 6 4 


Finish it off. Then move on. 


| -78 | 


25 


-716 41+813 21-913 2| 

!l 51 ll 51 \6 41 

= -7(30-4)+ 8(15-2)-9(12- 12) 
= -7(26)+ 8(13)-9(0) 

= -182 + 104 = -78 


So now you do this one: 


by expanding along the bottom row. 


When you have done it, turn to frame 26. 
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26 


E 


and remember 


One more: 
Evaluate 


= 5|3 41-712 41 + 212 31 
11 31 16 31 16 11 

= 5(9 - 4) - 7(6 - 24) + 2(2 - 18) 
= 5(5) - 7(—18) + 2(—16) 

= 25 + 126-32 = 119 


7 3 1 
4 6 9 


by expanding along the middle r( 


27 

Result 


For 


H 

1 2 8 — 712 81+311 81- 111 2| 

7 3 1= |6 91 14 91 14 6| 

4 6 9 

= -7(18-48)+ 3(9-32)- 1(6-8) 
= —7(—30) + 3(—23) — l(-2) 

= 210-69 + 2= 143 


DDDDOODDDnDODODDDnDnDnDODDDOnDDDDOODDO 

We have seen how we can use second order determinants to solve 
simultaneous equations in 2 unknowns. 

We can now extend the method to solve simultaneous equations in 
3 unknowns. 


So turn on to frame 28. 
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Simultaneous equations in three unknowns 
Consider the equations 

{ a t x + b x y + Cjz + £?! = 0 

a 2 x + £>iy. + C 2 Z + dz = 0 
a-iX + biy + c 3 z+ d 3 = 0 

If we find x,y and z by the elimination method, we obtain results that 
can be expressed in determinant form thus: 



JL=^=J-=li 

Ai A 2 A 3 A 0 


28 


where Ai = the det. of the coefficients omitting the x-terms 
A 2 = ” ” ” ” ” ” ” jy-terms 


jy-terms 
” z-terms 
” constant terms. 


Notice that the signs are alternately plus and minus. 
Let us work through a numerical example. 

Example 1. Find the value of x from the equations 

{ 2x + 3y~ z~ 4 = 0 
3x+ >» + 2z - 13 = 0 
x + 2y-Sz+ll=0 


First the key: 


x _-y _ z _-l 
Ai Aj A 3 Aq 


x —1 

To find the value of x, we use — = —, i.e. we must find Ai and A 0 . 

Ai Aq 

(i) to find A 0 , omit the constant terms. 



2 3-1 

3 1 2 

1 2 -5 


211 21—313 21— II 3 1| 

12-51 ll -5l I 1 21 


= -18 + 51-5 = 28 
(ii) Now you find Ai, in the same way. 
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A! =-56 


3-1-4 

1 2 -13 

2 -5 11 


= 3(22-65)+ 1(11 +26)-4(-5-4) 
= 3(—43) + 1(37) — 4(—9) 

= -129 + 37 + 36 
= -129+ 73 =-56 


= -1_ 
Ao 


• * - -1 
' -56 28 


Note that by this method we can evaluate any one of the variables, 
without necessarily finding the others. Let us do another example. 
Example 2. Find y, given that 

+ y — 5z + 11 = 0 
- y + z — 6 = 0 
[ Ax + 2y - 3z + 8 = 0 
First, the key, which is. 


30 


= zy =-l ■ 

A t A 2 A 3 ‘ 


To findy, w 


ZZ-Zl 

A 2 Ao 

Therefore, we must find A 2 and Ao • 

The equations are '(2*+ y-5z+ll=0 
J x- y+ z- 6=0 
{4x + 2y-3z+ 8 = 0 
To find A 2 , omit the y-terms. 

-5 111 
: 11 1 —6 = 


. A 2 = 


1 _ 61+ 51 1 ~6 j + 1111 1 I 

-3 81 I 4 81 14-31 

= 2(8 - 18) + 5(8 + 24) + 11(—3 - 4) 
= -20 + 160-77 = 63 
To find A 0 , omit the constant terms 

Aq =. 


115 









Determinants 


I fl »- 21 l 


for 


So we have 


21-1 11—111 11—511 -II 

I 2 —31 U —31 14 2\ 

-3 I 

= 2(3-2)- 1(—3 — 4) — 5(2 + 4) 


= 2 + 7 — 30 = ~21 
~y _ ~l . _ A 2 _ 63 

A 2 Ao "■ v A« -21 

■■r-3 


31 


The 

0) 


important things to remember are 
The key: r- = ? = 7“ 


;Z 1_ 

Ao 


with alternate + and - signs. 

(ii) To find Ai, which is associated with x in this case, omit the x-terms 
and form a determinant with the remaining coefficients and con¬ 
stant terms. Similarly for A 2 , A 3 , A 0 . 

Next frame. 


Here is a short revision exercise on the work so far. 


Revision Exercise 

Find the following by the use of determinants. 


1. 


2 . 


3. 


x + 2y-3z- 3 = 0 ] 

2*- y - 2-11=0 V 

3x +2y + z+ 5 = 0 J 


3x - 4y + 2z + 8 = 0 "j 
x + 5y- 3z+ 2 = 0 > 
5x + 3y- z+ 6 = 0 J 


Fjndy. 


Findx and z. 


{ 2x-2y~ z- 3 = 0 j 
< 4x+5y-2z+ 3=0 > 
{ 3x+4y-3z+ 7 = 0 J 


Findx,y and z. 


When you have finished them all, check your answers with those given in 
the next frame. 


32 
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Here are the answers: 


1. y = —4 

2. x=-2; z = 5 

3. x = 2; j>=- 1; z 


3 


If you have them all correct, turn straight on to frame 52. 

If you have not got them all correct, it is well worth spending a few 
minutes seeing where you may have gone astray, for one of the main 
applications of determinants is in the solution of simultaneous equations. 


If you made any slips, move to frame 34. 


34 


The answer to question No. 1 in the revision test was | y = -4 | 

Did you get that one right? If so, move on straight away to frame 41. 
If you did not manage to get it right, let us work through it in detail. 

The equations were ( x + 2y~3z~ 3 = 0 
i 2x- y- z- 11=0 
(3x + 2y+ z + 5 = 0 

Copy them down on your paper so that we can refer to them as we go 
along. 

The first thing, always, is to write down the key to the solutions. In 
this case: 

— = ... = ... = ... 

To fill in the missing terms, take each variable in turn, divide it by the 
associated determinant, and include the appropriate sign. 

So what do we get? 

On to frame 35. 
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36 

| form a determinant of the coefficients omitting those of the y-terms. | 

So 1-3 -3 | 

A 2 = 2 -1 -11 
3 1 5 I 

Expanding along the top row, this gives 

11—1 -111—(-3)12 -ll| + (-3)|2 -1 I 
2 I 1 51 13 51 b ll 

We now evaluate each of these second order determinants by the usual 
process of multiplying diagonally, remembering the sign convention that 






- Progn 



for A 2 = 1(—5 + 11) + 3(10 + 33) - 3(2 + 3) 

= 6+ 3(43)-3(5) 

= 6 + 129- 15= 135- 15 = 120 
" = 120 

We also have to find A 0 , i.e. the determinant of the coefficients omit¬ 
ting the constant terms. 

So j.; 


38 



If we expand this along the top row, we get 
Ao=. 








Determinants 


r Ap=-3o i 

for Ao - 1(—1 + 2) - 2(2 + 3) — 3(4 + 3) 

= 1(1)-2(5)-3(7) 


40 


Ao =-30. 


y = -4 

Every one is done in the same way. 

Did you get No. 2 of the revision questions correct? 

If so, turn straight on to frame 51. 

If not, have another go at it, now that we have worked through No. 1 
in detail. 

When you have finished, move to frame 41. 


The answers to No. 2 in the revision exercise were 



Did you get those correct? If so, turn on right away to frame 51. If not, 
follow through the working. Here it is: 

No. 2 The equations were 


{ 3x — 4y + 2z + 8 = 0 
x + 5y-3z + 2 = 0 
5x +3y- z + 6 = 0 


Copy them down on to your paper. 
The key to the solutions is: 


41 


Aj . 

Fill in the missing terms and then turn on to frame 42. 
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x_ _~y _ z _ -l 
Aj A 2 A 3 Aq 


We have to find x and z. We shall use 


and 


x = _J_ 

A t Ao 

_Z =Z 1_ 

A 3 Ao 


x 


_Aj_ 

Ao 


A^ 

Ao 


So we must find Ai, A 3 and Ao • 

(i) To find Ai, form the determinant of coefficients omitting those of 
the x-terms. 


43 

-4 2 8 

A t = 5-3 2 

3-16 

Now expand along the top row. 

_—4]—3 21-215 21+815 -31 
1 ~ 1-1 61 13 61 13 -l| 


Finish it off: then on to frame 44. 







for A, = —4(—18 + 2) - 2(30 - 6) + 8(—5 + 9) 

= -4(—16)- 2(24) + 8(4) 

= 64-48 + 32 = 96-48 = 48 
Aj = 48 

(ii) To find A 3 , form the determinant of coefficients omitting the z-terms. 



Expanding this along the top row gives 
A 3 =. 



On to frame 4 7. 
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since 


(iii) Now 



A 3 = 3(30 - 6) + 4(6 - 10) + 8(3 - 25) 
= 3(24) + 4(—4) + 8(—22) 

= 72-16-176. 

= 72-192 = -120 

.'. A 3 =-120 

want to find Ao - 

-I": 


48 



Now expand this along the top row as we have done before. Then 
evaluate the second order determinants which will appear and so find the 
value of A 0 . 

Work it right through: so that 

Ao =. 


123 





Determinants 


3|5 -31+411 -3|- 


13 —11 


-l! 


21 1 5 I 

I 5 31 


= 3(—5 + 9) + 4(-l + 15) + 2(3 - 25) 
= 3(4) +4(14)+ 2(-22) 

= 12 + 56-44 
= 68 - 44 = 24 

A 0 = 24 


So we have: 

Also we know that 


A t =4 


A 3 =-120, Ao=24 


A 0 A 0 

. and z =. 
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Well, there you are. The method is the same every time - but take 
care not to make a slip with the signs. 

Now what about question No. 3 in the revision exercise. Did you get 
that right? If so, move on straight away to frame 52. 

If not, have another go at it. Here are the equations again: copy them 
down and then find *,y andz. 

2x-2y- z-3 = 0 
4x + 5y — 2z + 3 = 0 
3x + 4y — 3z + 7 = 0 

When you have finished this one, turn on to the next frame and check 
your results. 
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Answers to No. 3 



Here are the main steps, so that you can check your own working. 


fL = Z2L = JL - zl 
Aj A2 A3 Ao 





All correct now? 


2 -2 -1 

Ao = 4 5 -2 = -27 

3 4-3 

.£ =-_L • v = -^i = -i± = 9 

A, Ao ' A 0 -27 

x=2 

ZL=-±_ • v = ^2-=iZ. = -i 

A 2 Ao " ' Ao -27 

>>=-1 

_z = __l_ . __ A 3 _ 81 __ 0 

A 3 Ao •' Z Ao -27 


to frame 52 then for the next section of the work. 
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Consistency of a set of equations 

Let us consider the following three equations in two unknowns. 


52 


3x— >> — 4 = 0 (i) 

lx + 3y - 8 = 0 (ii) 

y -4 = 0 (iii) 

If we solve equations (ii) and (iii) in the usual way, we find that x = 1 and 

y = 2. 

If we now substitute these values in the left-hand side of (i), we obtain 
3x-y-4 = 3-2~4 = -3 (and not 0 as the equation states). 

The solutions of (ii) and (iii) do not satisfy (i) and the three given 
equations do not have a common solution. They are thus not consistent. 
There are no values of x and y which satisfy all three equations. 

If equations are consistent, they have a. 


53 


I common solution | 

Let us now consider the three equations 

3x+ .y —5 = 0 (i) 

2x + 3y - 8 = 0 (ii) 
x~2y + 3= 0 (iii) 

The solutions of (ii) and (iii) are, as before, x = 1 andy = 2. Substituting 
these in (i) gives 

3x+y—5 = 3 + 2—5 = 0 

i.e. all three equations have the common solution x = 1 ,y = 2 and the 
equations are said to be c. 
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Now we will take the general case 



a x x + biy +di=0 

(0 


a 2 x + b 2 y + d 2 - 0 

(ii) 


a 3 x + b 3 y + d 3 - 0 

(iii) 

If we solve equations (ii) and (iii), 



i.e. 1 a 2 x + b±y + d 2 = 0 



\ a 3 x + b& + d 3 = 0 


we get 

x _—y_ 1 

Aj A 2 A 0 


where 

I b 2 d 2 1 |a 2 d 2 \ 

Ar=l X A 2 = , Ao 

1 b 3 d 3 j [a 3 d 3 \ 

_\a 2 l 

l«3 l 


so that 

If these results also satisfy equation (i), then 

i.e. fli-Ai-fei-A 2 +drA 0 = 0 

I b 2 d 2 I \a 2 d 2 \ I a 2 l 

i.e. a , -&J + “i 

I b 3 d 3 \ la 3 d 3 1 |a 3 l 


a 2 b 2 d 2 
a 3 b 3 d 3 


which is therefore the condition that the three given equations are 
consistent. 

So three simultaneous equations in two unknowns are consistent if the 
determinant of coefficients is. 
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| zero | 


Example 1. Test for consistency 


For the equations to be consistent 


= 21 4 

l-i -iol 


2x + y- 5 = 0 
jc + 4 y + 1=0 
3.x - y~ 10 = 0 
2 1 - 
1 4 

3 -1 - 

H- 1 ! 1 ii-5ji 

3 -101 13 


= 2(-40 + 1)- 1( — 10 — 3) 5(—1 - 12) 
= 2(—39) —(-13)- 5(-13) 

= -78+ 13 +65 =-78+ 78 = 0 
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The given equations therefore.consistent. 

(are/are not) 


56 


•. 31 2 -ftl-114 -ft, +214 Jl 
1-1 3Jfcl 12 3*1 12-11 

3(6 k -k)- 1(12 k + 2Ar) + 2(-4 - 4) = 0 
15A:-14fc-16 = 0 :.fc-16 = 0 k- 16 

Now one for you, done in just the same way. 

Example 3. Given ( x + (k +\)y + 1 = 0 
i 2kx + 5y - 3 = 0 
[ 3x + ly +1=0 

Find the values of k for which the equations are consistent. 


1 are 1 

Example 2. Find the value of k for which the equations are consistent. 


' 3x + y + 2 = 0 

3 1 2 

4x + 2 y- k = 0 For consistency, 

4 2 ~k 

| 2x- y + 3fc = 0 

2 -1 3k 
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The condition for consistency is that 

' 1 k +1 


.15-3 -(*+1) 2k 
7 1 I 3 


-3|+1 2k 
ll 3 


(5 + 21)-(fc+l)(2fc + 9) + (14fc- 15) = 0 
26 — 2k 2 — 11& — 9 + 14&- 15 = 0 
-2k 2 + 3k + 2 = 0 

2k 2 -3k-2 = 0 (2k + l) (k - 2) = 0 

k = 2 or fc = 4 


Finally, one more for you to do. 

Example 4. 

Find the values of k for consistency when 


' x + y- k = 0 
kx - 3y + 11 = 0 
2x + 4y - 8 = 0 


58 


For 


k = 1 or I 

1 1 ~k 

k -3 11 =0 

2 4-8 

11-3 11 I- l|Jt 11 |-JfcU —3 I _ 

I 4 -8 I 1.2 -8 I I 2 4 I ~ 

.-. (24 - 44) - (-8* - 22) - k(4k + 6) = 0 
-20 + 8A: + 22 - 4k 2 - 6k = 0 
-4k 2 + 2k + 2 = 0 

:. 2k 1 -*-1=0 (2Ar + 1) (k~ 1) = 0 
.". k - 1 or k = - j 
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Properties of determinants 

Expanding a determinant in which the elements are large numbers can be 
a very tedious affair. It is possible, however, by knowing something of the 
properties of determinants, to simplify the working. So here are some of 
the main properties. Make a note of them in your record book for future 
reference. 
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1. The value of a determinant remains unchanged if rows are changed to 
columns and columns to rows. 

I «, a 2 I _| a x bi I 
I bi b 2 \ J a 2 b 2 I 

2. If two rows (or two columns) are interchanged, the sign of the 
determinant is changed. 

I a * b t] _ _ ] fl i bl I 

I 0i &i| \a 2 b 2 1 


3. 


If two rows (or two columns) are identical, the value of the deter¬ 
minant is zero. | a I 

\ a 2 a 2 \ 


4. If the elements of any one row (or column) are all multiplied by a 
common factor, the determinant is multiplied by that factor. 

ka x kbi | k\a x bi 
a 2 b 2 | \a 2 b 2 

5. If the elements of any one row (or column) are increased (or decreased) 
by equal multiples of the corresponding elements of any other row (or 
column), the value of the determinant is unchanged. 

«i +kb i b\ I Itfi bi 
a 2 + kb 2 b 2 \ j a 2 b 2 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

NOTE: The properties stated above are general and apply not only to 
second order determinants, but to determinants of any order. 

Turn on now to the next frame for one or two examples. 
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Example 1. Evaluate I 427 4291 

I 369 371 I 

Of course, we could evaluate this by the usual method 
(427) (371)-(369) (429) 

which is rather deadly! On the other hand, we could apply our knowledge 
of the properties of determinants, thus: 


| 427 429 I _ I 427 429 - 427 I 
I 369 371 P I 369 371 - 369 I 

_1 427 2 I 

1369 2 1 

= I 58 0 I 

1369 2 I 


(Rule 5) 


(Rule 5) 


= (58)(2)-(0) = 116 


Naturally, the more zero elements we can arrange, the better. 
For another example, move to frame 61. 


g%M Example 2. Evaluate 

bl 


Next frame. 


1 2 2 
4 3 5 

4 2 7 

1 0 . 2 
4-2 5 

4-5 7 

1 0 0 
4 -2 -3 
4 -5 -1 
-2 -3 
-5 -1 


column 2 minus column 3 will 
give us one zero 


column 3 minus twice (column 
1) will give another zero 


Now expand along the top row 


I We could take a factor (-1) from 
the top row and another factor 
(-1) from the bottom row. 
(-1)(-1)|2 31 
\5 l| 


: 1(2-15) = -13 
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Example 3. Evaluate 


4 2 2 
2 4 2 
2 2 4 


You do that one, but by way of practice, apply as many of the listed 
properties as possible. It is quite fun. 

When you have finished it, turn on to frame 63. 


62 


The answer is | 32 | , but what we are more interested in is the method 
of applying the properties, so follow it through. This is one way of doing 
it; not the only way by any means. 


63 


4 2 2 

2 4 2 

2 2 4 

8 2 11 

1 2 1 

1 1 2 

8 2 0 1 

1 1 1 

1 -1 2 


We can take out a factor 2 from 
each row, giving a factor 2 3 , i.e. 
8 outside the determinant. 


column 2 minus column 3 will 
give one zero in the top row. 


column 1 minus twice (column 
3) will give another zero in the 
same row. 


8 0 0 1 
-1 1 1 
-3 -1 2 
81 -1 1 I 

1-3 -1 I 

8 1 _1 1 I 

1-4 0 I 

-81 i II 
I 4 0 I 


Expanding along the top row will 
now reduce this to a second order 
determinant. 


Now row 2 + row 1 


= -8 (-4) = 32 


132 





Programme 4 


64 Here is another type of problem. 
Example 4. Solve the equation 


5 x+ 1 1 

-3-4 x-2 


= 0 


In this type of question, we try to establish common factors wherever 
possible. For example, if we add row 2 and row 3 to row 1, we get 
| (jc + 2) 0 + 2) 0 + 2) 

5 x + l 1 
-3 -4 x-2 

Taking out the common factor 0 + 2) gives 


= 0 


0 + 2)1 


1 1 


1 

+1 1 


1-3-4 x-21 

Now if we take column 1 from column 2 and also from column 3, what 
do we get? 

When you have done it, move on to the next frame. 


65 


We now have 


0 + 2)1 


1 


0 


5 x —4 -4 
-3 -1 - x + l I 

Expanding along the top row, reduces this to a second order determinant. 
0 + 2)|x — 4 -4 I 


-1 


Hi 


If we now multiply out the determinant, we get 

0 + 2) [0-4)0+ 1) —4] =0 
0 + 2) O 2 — 3x — 8) = 0 
A x + 2 = 0 or x 2 - 3x - 8 = 0 
which finally gives x = -2 or x = ^ 

Finally, here is one for you to do on your own. 
Example 5. Solve the equation 

5 x 

x + 2 2 1 I = 0 

-3 2x1 

Check your working with that given in the next frame. 
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Result: 


1±V6 


Here is one way of doing the problem: 
5 x 

x + 2 2 

-3 2 

x + 4 x + 4 x + 4! 

x + 2 2 1 

-3 2 x 

1 11 

x + 2 2 1 


x +1 1 1 

-x - 3 2 - x x 
(x + 4)I x+1 1 | _ 


-5 2-x 


-o 


Adding row 2 and row 3 
to row 1, gives 


Take out the common 
factor (x + 4) 


Take column 3 from 
column 1 and from 
column 2 


This now reduces to 
second order 


Subtract column 2 from 
column 1 


We now finish it off 


(x + 4) (2x - x 2 + 5) = 0 
x + 4 = 0 or x 2 - 2x - 5 = 0 

x = 1 + \/6 


which gives x = -4 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 


You have now reached the end of this programme on determinants 
except for the Test Exercise which follows in frame 67. Before you work 
through it, brush up any parts of the work about which you are at all 
uncertain. If you have worked steadily through the programme, you 
should have no difficulty with the exercise. 


66 
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67 Test Exercise - IV 

Answer all the questions. Take your time and work carefully. There is 
no extra credit for speed. 

Off you go then. They are all quite straightforward. 


□□□□□□□□□ 


□□□□□□□□□□□□□□□□□□□a 


Evaluate 

(a) 

1 1 2 

(b) 

1 2 3 



2 1 1 


3 1 2 



1 2 1 


2 3 1 


2. By determinants, find the value of x, given 

{ 2x + 3y- z- 13 = 0 
x ~2y + 2z + 3 = 0 
3x+ y+ z - 10 = 0 

3. Use determinants to solve completely 

- 3y + 4z - 5 = 0 
+ ;y+ z - 3 = 0 
+ 3y + 5z - 1 = 0 

4. Find the values of k for which the following equations are consistent 
+ 5y + k = 0 
+ y- 5=0 
I (k+l)x+2y~ 10 = 0 


5. Solve the equation 


x+ 1 


Now you can continue with the next programme. 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 
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Further Problems - IV 


1. Evaluate 

0) 

3 

5 

7 

00 

1 428 861 



11 

9 

13 


2 535 984 



15 

17 

19 


3 642 1107 

2. Evaluate 

(0 

25 

3 

35 

(ii) 

155 226 81 



16 

10 

-18 


77 112 39 



34 

6 

38 


74 111 37 


3. Solve by determinants 

Ax- 5y + 7z =-14 
9x + 2y + 3z = 47 
x- >--5z = 11 

4. Use determinants to solve the equations 

4x~3y + 2z= -7 
6x + 2y - 3z = 33 
2x~4y- z = —3 


5. Solve by determinants 

3x + 2jy - 2z = 16 
4x + 3>> + 3z = 2 
2x- y + z =-l 

6. Find the values of X for which the following equations are consistent 

5x + (X +1)>’ -5 = 0 
(X-l)x + 7j> + 5 = 0 

3x + 5y +1=0 

7. Determine the values of k for which the following equations have 
solutions other than x=y = 0 

4x — (k— 2)y — 5 = 0 
2x + — 10 = 6 

(fc+l)x - 4 y- 9 = 0 
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8. (a) Find the values of k which satisfy the equation 
k 1 0 
1 * 1=0 
0 1 k 


(b) Factorise 


1 1 1 
a b c 
a 3 b 3 c 3 


9. Solve the equation 


x 2 3 

2 x + 3 6 = 0 

3 4 x+6 


10. Find the values of x that 

x 

3 

2 

11. Express 1 1 


satisfy the equation 
3+x 2+x 
-3 -1 =0 

-2 -2 
1 1 

b> c 2 


I (b + c) 2 (c + af (a + bf I 
as a product of linear factors. 

12. A resistive network gives the following equations. 

2(/ 3 — / a ) + 5(/ 3 — /i) =24 

(/ 2 -/ 3 ) + 2/ 2 +(i 2 -ii)= 0 

5(z’i — z 3 ) + 2(/j — i-i) + z'i = 6 


Simplify the equations and use determinants to find the value of i 2 
correct to two significant figures. 

13. Show that (a + b + c) is a factor of the determinant 
b+c a a 3 
c+a b b 3 
a +b c c 3 

and express the determinant as a product of five factors. 
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14. Find values of k for which the following equations are consistent. 

x + (1 + k)y + 1=0 
(2 + k)x + 5y - 10 = 0 
x + 1y + 9 = 0 


15. Express 


1 + x 2 yz 1 
1 +y 2 zx 1 
1 + z 2 xy 1 


as a product of four linear factors. 


16. Solve the equation 


x +1 x + 2 3 

2 x + 3 x + 1 = 0 
x+3 1 x+2 


17. Ifx,.y, z, satisfy the equations 

(?Mi + M 2 )x - = W 

-M 2 x + 2M 2 >»+(M 1 -M 2 )z = 0 
-M 2 ^+(^Mj + M 2 )z = 0 
evaluate x in terms of W, Mi and M 2 . 

18. Three currents, z,, z 2 , i 3 , in a network are related by the following 

equations. 2^ + 3/ 2 + 8z 3 = 30 

6z'i - j'j + 2z 3 = 4 
3;'i - 12/ 2 + 8z 3 = 0 

By the use of determinants, find the value of ij and hence solve com¬ 
pletely the three equations. 

19. If k(x -a) + 2x-z = 0 

k(y - a) + 2y - z = 0 
k(z ~a)~x -y + 2z = Q 

show that x = + 

k 2 + 4k + 2 


20. Find the angles between 0 — 0 and 0 — n that satisfy the equation 
1 + sin 2 0 cos 2 9 4 sin 20 

sin 2 0 1 + cos 2 0 4 sin 20 =0 

sin 2 0 cos 2 0 1 + 4 sin 20 
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Introduction: scalar and vector quantities 

Physical quantities can be divided into two main groups, scalar quantities 
and vector quantities. 

(a) A scalar quantity is one that is defined completely by a single number 
with appropriate units, e.g. length, area, volume, mass, time, etc. Once the 
units are stated, the quantity is denoted entirely by its size or magnitude. 

(b) A vector quantity is defined completely when we know not only its 
magnitude (with units) but also the direction in which it operates, e.g. 
force, velocity, acceleration. A vector quantity necessarily involves 
direction as well as magnitude. 

So, (i) a speed of 10 km/h is a scalar quantity, but 

(ii) a velocity of ‘10 km/h due North’ is a.quantity. 


vector 


A force F acting at a point P is a vector quantity, since to define it 
! completely we must give 

(i) its magnitude, and also 

(ii) its. 


I direction | 

So that: 

(i) A temperature of 100°C is a.quantity. 

(ii) An acceleration of 9-8 m/s 2 vertically downwards is a. 

quantity. 

(iii) The weight of a 7 kg mass is a.quantity. 

(iv) The sum of £500 is a.quantity. 

(v) A north-easterly wind of 20 knots is a.quantity. 
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| (i) scalar, (ii) vector, (iii) vector, (iv) scalar, (v) vector 

Since, in (ii), (iii) and (v), the complete description of the quantity 
includes not only its magnitude, but also its. 


4 


| direction | 

Vector representation 

A vector quantity can be represented graphically by a line, drawn so that: 

(i) the length of the line denotes the magnitude of the quantity, 
according to some stated vector scale, 

(ii) the direction of the line denotes the direction in which the vector 
quantity acts. The sense of the direction is indicated by an arrow 
head. 

e.g. A horizontal force of 35 N acting to the right, would be indicated by 


a line->-and if the chosen vector scale were 1 cm = 10 N, 

the line would be.cm long. 



DED 

The vector quantity AB is referred 

to as _ 

AB or a 

The magnitude of the vector 
quantity is written |ABl , or| a"|, 
or simply AB, or a (i.e. without 
the bar over it). 


Note that BA would represent a vector quantity of the same magnitude 
but with opposite sense. 



On to frame 7. 


6 
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Two equal vectors 

If two vectors, a and b, are said to be 
equal, they have the same magnitude 
and the same direction. 


If a = b, then (i) a = b (magnitudes equal) 

(ii) the direction of a = direction of b, i.e. the two vectors 
are parallel and in the same sense. 

Similarly, if two vectors a and b are such that b = ~a, what can we say 
about (i) their magnitudes, 

(ii) their directions? 

N 



(i) Magnitudes are equal. 

(ii) The vectors are parallel but opposite in sense. 


if b =-a, then 



Types of vectors 

(i) A position vector AB occurs when the point A is fixed. 

(ii) A line vector is such that it can slide along its line of action, e.g. a 
mechanical force acting on a body. 

(iii) A free vector is not restricted in any way. It is completely defined 
by its magnitude and direction and can be drawn as any one of a set 
of equal-length parallel lines. 

Most of the vectors we shall consider will be free vectors. 


So on now to frame 10. 




Vectors 


Addition of vectors 

The sum of two vectors, AB and BC, is defined as the single or equivalent 
or resultant vector AC 

i.e. AB + BC = AC 
or a + b = c 

A 'SB 

To find the sum of two vectors a and b, then, we draw them as a chain, 
starting the second where the first ends: the sum c is then given by the 
single vector joining the start of the first to the end of the second. 



10 


r 


If p = a force of 40 N, acting in the direction due East 
q = a force of 30 N, » » ” ” due North 

then the magnitude of the vector sum r of these two forces will be .. 


11 



r 2 =p 2 +q 2 
= 1600 + 900 = 2500 
r = V2500=50N 


P 

The sum of a number of vectors a + b + c + d + . 
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Now suppose that in another case, we draw the vector diagram to find the 
sum of a ’ b, c, d, e, and discover that the resulting diagram is, in fact, a 
closed figure. 

D 

What is the sum of the vectors 
a, b, c,d,&, in this case? 

c Think carefully and when you have 
decided, move on to frame 13. 


A 


Sum of the vectors = 0 


For we said in the previous case, that the vector sum was given by the 
single equivalent vector joining the beginning of the first vector to the 
end of the last. 

But, if the vector diagram is a closed figure, the end of the last vector 
coincides with the beginning of the first, so that the resultant sum is a 
vector with no magnitude. 

Now for one or two examples. , 

Example 1. Find the vector sum AB + BC + CD + DE + EF. I 

Without drawing a diagram, we can see that the vectors are arranged 
in a chain, each beginning where the previous one left off. The sum is 
therefore given by the vector joining the beginning of the first vector to j 

the end of the last. _ I 

.'. Sum = AF j 

In the same way, 

AK + KL + LP + PQ =. 



145 





Vectors 



Right. Now what about this one? 

Find the sum of AB - CB + CD - ED 


We must beware of the negative vectors. Remember that -CB = BC, i.e. 
the same magnitude and direction but in the opposite sense. 

Also -ED = DE 


.'. AB- CB + CD - ED = AB + BC + CD + DE 
= AE. 

^frJow you do this one: 

W Find the vector sum AB + BC - DC - AD 
r When you have the result, move on to frame 15. 


14 


f For: 


AB + BC-OC-AD = AB + BC + CD + DA 


15 


and the lettering indicates that the end of the last vector coincides with 
the beginning of the first. The vector diagram is thus a closed figure and 
therefore the sum of the vectors is 0. 

Now here are some for you to do: 

(i) PQ + QR + RS + ST = . 

(ii) AC + CL-ML = . 

(iii) GH + HJ +JK + KL+LG = . 

(iv) AB + BC + CD + DB = . 

When you have finished all four, check with the results in the next frame. 


I 
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16 


17 


Here are the results: 


(i) PQ +QR +RS + ST = PT 

(ii) AC + CL-ML = AC + CL+LM = AM 

(iii) GH + HJ +JK + KL+LG = 0 

[Since the end of the last vector coincides with the 


beginning of the first.] 

(iv) AB + BC + CD +T5B = AB 

The last three vectors form a closed 
figure and therefore the sum of these. 


> 


three vectors is zero, leaving only AB 
to be considered. 


Now on to frame 1 7. 


Components of a given vector 

Jus t as 5B + BC + CD +DE can be replaced by AE, so any single vector 
PT can be replaced by any number of component vectors so long as they 
form a chain in the vector diagram, beginning at P and ending at T. 


1 


/ PT = a +7T +c + d 


Example 1. 

ABCD is a quadrilateral, with G and H the mid-points of DA and BC 
respectively. Show that AB + DC = 2 GH 




We can replace vector AB by any 
chain of vectors so long as they start 
at A and end at B 


A 


e could say 
AB = AG + GH + HB 


Similarly, we could say 
DC =. 
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| DC = DG + GH + HC 


18 



AB = AG + GH + HB 
DC = DG + GH + HC 


AB + DC = AG + GH + HB + DG + GH + HC 
= 2GH + (AG + DG) + (HB + HC) 


Now, G is the mid point of AD. Therefore, vectors AO and DG are equal 
in length but opposite in sense. 


! 


Next frame. 


DG = -AG 
Similarly HC = -HB 

AE + DC = 2 GH + (AG - AG) + (HB - HB) 
= 2GH 


19 


Example 2. 

Points L, M, N are mid points of the sides AB, BC, CA, of the triangle 
ABC. Show that 

(i) AB + BC + CA = 0 

(ii) 2 AB + 3 BC + CA = 2 LC 

(iii) AM + BN + CL = 0. 


r 




(i) We can dispose of the first part 
straight away without any trouble. 
We can see from the vector diagram 
that AB + BC + CA = 0 since these 
three vectors form a. 
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20 


| closed figure | 

Now for part (ii). - 

To show that 2AB + 3BC + CA = 2LC 



8 M C B B m C 

From the figure 

AB = 2AI; BC= BL + LC; CA = CL + LA 
2AB + 3BC + CA = 4AL + 3BL + 3LC + CL+LA 
Now BL = -AL; CL = -LC; LA = -AL 


Substituting these in the previous line, gives 
2AB + 3BC + CA =. 


21 | 2W | 

For 2 AB + 3 BC + CA = 4 AL + 3 BL + 3 LC + CL + LA 
= 4AL-3 AL + 3LC-LC-At 
= 4AL-4AL + 3LC-LC 
= 2LC 

Now part (iii) 

To prove that AM + BN + CL = 0 

From the figure in frame 20, we can say 

AM = AB + BM 
BN = BC +CN 


Similarly CL = 


22 


So 


I CL = CA + AL | 

AM + BN + CL = AB + BM + BC + CN + CA + AL 
= (AB + BC + CA) + (BM + CR + AL) 

= (AB + BC + CA) + £(BC + CA + AB) 

= .Finish it off. 


i 

i 

i 
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| AM + BN + CL = 0 | 

Since AM + BN + CL = (AB + BC + CA) + KBC + CA + AB) 
Now AB + BC + CA is a closed figure Vector sum = 0 
and BC + CA + AB is a closed figure Vector sum = 0 
AM + BN + CL = 0 

Here is another. 

Example 3. 


ABCD is a quadrilateral in which P and Q are the mid points of th< 
diagonals AC and BD respectively. 

Show that AB + AD + CB + CD = 4 PQ 

First, just draw the figure: then move on to frame 24. 


24 


To prove that AB + AD + CB + CD = 4 PQ 

Taking the vectors on the left-hand side, one at a time, we c 
AB= AP + PQ + QB 
AD = AP + PQ + QD 

CB =. 

CD =. 


I CB = CP + PQ + QB ; CD = CP + PQ + QD 
Adding all four lines together, we have 

AB + AD + CB + CD = 4 PQ + 2 AP + 2 CP + 2QB + 2QD 
= 4 PQ + 2 (AP + CP) + 2(QB + QD) 
Now what can we say about (AP + CP)? 
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| AP + CP = 0~] 


Since P is the mid point of AC AP = PC 

CP = -PC = -AP 
■\ AP + CF= AP-AP=0. 
In the same way, (QB + QD) =. 


27 _ , 

QB + QD = 0 

Since Q is the mid point of BD QD = -QB 

QB + QD = QB-QB = 0 
AB+AD+CB+CD=4PQ+0+0 
= 4PQ 


28 


Here is one more. 

Example 4. 

Prove by vectors that the line joining the mid-points of two sides of a 
triangle is parallel to the third side and half its length. 


Let D and E be the mid-points of AB 
and AC respectively. 



DE = DA + AE 


Now express DA and AE in terms of BA and AC respectively and see if 
you can get the required results. 

Then on to frame 29. 
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Here is the working. Check through it. 

DE = DA + AE 


29 


= BA + yAC 
= i(BA +AC) 

/. DE = iBC 

.'. DE is half the magnitude (length) of BC and acts in the same direction, 
i.e. DE and BC are parallel. 

Now for the next section of the work: turn on to frame 30. 


Components of a vector in terms of unit vectors 


30 


p The vector OF is defined by its 

magnitude ( r ) and its direction (0). 
5 It could also be defined by its two 

components in the OX and OY 
x directions. 

i.e. OP is equivalent to a vector a"in the OX direction + a vector b in the 
OY direction. 

i.e. OP = a (along OX) + b (along OY) 

If we now define i to be a unit vector in the OX direction, 
then a=aT 

Similarly, if we define / to be a unit vector in the OY direction, 
then b = bj 
So that the vector OP can be written a S 
r = ai + b j 

where i and / are unit vectors in the OX and OY directions. 

Having defined the unit vectors above, we shall in practice omit the 
bars over the i and /, in the interest of clarity. But remember they are 
vectors. 
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To find zi + z 2 , draw the two vectors in a chain. 



i.e. total up the vector components along OX, 
and ” ” ” ” ” ” OY 

Of course, we can do this without a diagram: 

If zi = 3 / + 2/ and z 2 = 4/' + 3/ 
z, + z 2 = 3/ + 2/ + 4/ + 3/ 

= li + 5/ 

And in much the same way, "zi -"zi =. 



z 2 z 3 = (4i + 3 f) - (3/ + 2/) 


= 4/ + 3/— 3/— 2/ 

= li + 1/ 

Similarly, if z"i = 5i — 2/; "z 2 = 31 + 3/; z 3 =4i'-l/, 

then (i) zi + z 2 + z 3 =. 

and (ii) Zi — z 2 — z 3 =. 

Men you /lave the results, turn on to frame 33. 
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Here is the working: 

(0 h +z : 


0)12i ; (ii) —2/ — 4/ 



AB = 


AB = 2/— 7/ 


OA + AB = OB (from the diagram) 

ab = oB-oa 

- (Si — 2j) — (3/ + 5j) = 2i — 7/ 


33 


+ z 3 = 5 /' — 2 / + 31 + 3/+4i- 1/ 

= (5 + 3 + 4)/ + (3 — 2 - 1)/ 

= 12/ 

(ii) Zj - z 2 - z 3 = (5/- 2/>- (3/ + 3/) - (4/- 1/) 
= (5 - 3 - 4)/ + (-2 — 3 + 1)/ 

= - 2/-4/ 

Now this one. 

If OA = 3/ + 5/ and OB = 5/-2/, findAB. 
As usual, a diagram will help. Here it is: 


First of all, from the diagram, write 
down a relationship between the 
vectors. Then express them in terms 
of the unit vectors. 


34 


[ 

1 



The axes of reference are defined by 
the ‘right-hand’ rule. 

OX, OY, OZ form a right-handed set 
if rotation from OX to OY takes a 
right-handed corkscrew action along 
the positive direction of OZ. 


35 


Similarly, rotation from OY to OZ gives right-hand corkscrew action 
along the positive direction of. 
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j = ” ” ” OY ” 

k= ” ” ” OZ 

Then OP = ai + bj + ck 

Also OL 2 = a 2 + b 2 and OP 2 = OL 2 + c 2 

OP 2 = a 2 +b 2 +c 2 

So, if r = ai + bj + cfc, then r = V(^ 2 + + ^ 2 ) 

This gives us an easy way of finding the magnitude of a vector expressed 
in terms of the unit vectors. 

Now you can do this one: 

If PQ = 4 i + 3j+2k, then |pq| =. 


37 


For, if 


11 PQl = x/29 = S-38S~| 

PQ = 4/ + 3/ + 2k 
|pq|= V(4 2 + 3 2 + 2 2 ) 

= V(16 + 9 + 4) = y/29 = 5-385 


Now move on to frame 38. 
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Direction cosines 

The direction of a vector in three dimensions is determined by the angles 
which the vector makes with the three axes of reference. 


38 



cos /? 
cos 7 


cos 2 a + cos 2 /? + cos 2 7 = 1 
If / = cos a 

m = cos/? then l 2 +m 2 +n 2 = l 
n = cos 7 

Note: [/, m, n]_ written in square brackets are called the direction cosines 
of the vector OP and are the values of the cosines of the angles which the 
vector makes with the three axes of reference. 

So for the vector r=ai + bj + ck 


i = t ; 


n= y\ n and, of course r - yj(a 2 + b 2 +c 2 ) 


So, with that in mind, find the direction cosines [/, m, n] of the vector 
T=3i-2j+6k 

Then to frame 39. 


7= 3i—2j + 6k 

a = 3,b =-2, c = 6 r=V( 9 + 4 + 36) 
:. r = x/49 = 7 


39 


/= 4 ; 


Just as easy as that! 


On to the next frame. 
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Scalar product of two vectors 

If A and B are two vectors, the scalar product of A and B is definedas 
A B cos 6 , where A and B are the magnitudes of the vectors A and B, and 
6 is the angle between them. 



The scalar product is denoted by 
A.B (sometimes called the ‘dot 

product’, for obvious reasons) 


.'. A.B = AB cos 6 

= AX projection of B on A 
or B X ” ” A ” B 


In either case, the 
result is a scalar 
quantity. 
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m 

since, in this case, a.b = a.b .cos 90° = a.b.O = 0 

So, the scalar product of any two vectors at right-angles to each other is 

always zero. 

And in this case now, with two vectors in the same direction, 0 = 0°, 

0 

- so a.b =. 


42 


since a.b. = a.b.cos 0° = a.b.\ =a.b 

Now suppose our two vectors are expressed in terms of the unit vectors. 
Let A=flj/ + bij+ Cik 

and B = a 2 i + b 2 j + c 2 k 

Then A.B = (a t i + b 2 j + Cik).(a 2 i + b 2 j + c 2 k ) 

= a^a-ji.i + aib 2 i.j + aiC 2 i.k + b x a 2 j.i + b 2 b 2 ].j 
+ bic 2 j.k + c x a 2 k.i + Cib 2 k.j + c 2 c 2 k.k 
This will simplify very soon, so do not get worried. 

For i.i = 1.1.cos 0° = 1 

i.i = 1; j.j = 1; k.k= 1.(i) 

Also i.j = 1.1 cos 90° = 0 

J./-0; j.k = 0; *./ = 0.(ii) 

So, using the results (i) and (ii), we can simplify the expression for A.B 
above to give 

A.B =. 


43 
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| A.B = flig 2 +b 1 b 2 + c t c 2 I 
A.B = tfia 2 l + ayb 2 0 +aic 2 0 + bya 2 0 + byb 2 1 + 6iC 2 0 

+ CyO, 2 0 + CjZ? 2 0 + CjC 2 l 

A.B =aia 2 + byb 2 + CyC 2 


i.e. we just sum the products of coefficients of the unit vectors along 
corresponding axes. 

e.g. If A = 2i + 3/ + 5£ and B = 4/ + 1 j + 6A: 
then A.B =2.4+ 3.1+5.6 

= 8 + 3 +30 =41 /. A.B =41 

One for you: If P= 3i- 2/+ lit; Q = 2i + 3/-4fc, 
then P.Q =. 
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EH 


P.Q = 3.2 + (-2).3 + l(-4) 
= 6-6-4 


Now we come to: 

Vector product of two vectors 

The vector product of A and B is written A X B (sometimes called the 
‘cross product’) and is defined as a vector having the magnitude A B sin d , 
where 6 is the angle between the two given_vectors. The product_vector 
acts in a direction perpendicular to A and B in such a sense that A, B, and 
(AXB) form a right-handed set — in that order 


(AxB) 


|(A X B)|= AB sin 0 


If0= 0°,then|(A X B)|= .. 
{ and if 6 =90°,thenJ(AXB)|=.. 


Note that B X A reverses the direction 
of rotation and the product vector 
would now act downward, i.e. 

(B X A) = —(A X B) 
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e = 0°,| (A X B) |= 0 
9 = 90°,| (A X B) |= A B 


46 


If A and B are given in terms of the unit vectors, then 

A = a y i + bij+ c y k and B = a 2 i + b 2 j + c 2 k 

Then A X B = (aji + b t j + Cik ) X (a 2 i + b 2 f + c 2 k ) 

-a^iXi + aib 2 iXj + a x c 2 i\k + b^flXi 
+ b 1 b 2 jXj +J) 1 c 2 jXk + c t a 2 kXi + c x b 2 kXj 
+ CiC 2 kX k 


iXi = jXj = kXk - 0 .(i) 

Also iXj= 1.1 .sin 90° = 1 in direction OZ, i.e. iX j = k 
• i X j = k ) 

lXk= i > .(ii) 

kXi= j j 


And remember too that 


iXj= -(jX i) 1 
j X k= ~(k X /) > 
kXi = -(iXk) J 


since the sense of 
rotation is reversed. 


Now with the results of (i) and (ii), and this last reminder, you can 
simplify the expression for A X B. 

Remove the zero terms and tidy up what is left. 


Then on to frame 4 7. 
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| AX B = (6iC 2 -fr 2 c 1 )/ + (fl 2 c 1 -g 1 c 2 )/+(giZ> 2 -c 2 fci)fc | 

for AX B = aia 2 0 + dib^k + + bia 2 (-k) + bib 2 0 

+ b x c 2 i + c,fl 2 ; + c x b 2 (-/') + CiC 2 0 
= (b l c 2 -b 2 Ci)i + (a 2 Ci _ arc 2 )/ + (fli^ 2 -a 2 bi)k 
Now we could rearrange the middle term slightly and rewrite it thus: 
A X B = (b x c 2 - b 2 Ct)i- (a t c 2 -a 2 Ci)j + ( a 1 b 2 -a 2 bx)k 


and you may recognize this pattern as the expansion of a determinant. 

So we now have that: 

if A =aii + bij + Cik and TT =a 2 i + b 2 j + c 2 k 

then AX B = I z j k 

ai bi 
I a 2 b 2 c 2 

and that is the easiest way to write out the vector product of two vectors. 
Note: (i) the top row consists of the unit vectors in order, i, f, k 

(ii) the second row consists of the coefficients of A 

(iii) the third row consists of the coefficients of B. 

Example. If P = 2/ + 4/ + 3 k and Q"= 1 i + 5/ - 2k first write down 
the determinant that represents the vector product P X Q. 
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PX Q = 

/ j k 



2 4 3 

1 5 -2 



And now, expanding the determinant, we get 
FX Q= .. 
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[ PX Q=-23/ + 7/ + 6fc | ^0 

PXQ = / j k 

2 4 3 

1 5 -2 

= i 14 3|-/|2 3 1+ A:| 2 4 I 

|s -2| 11 -2 J 11 5 j 

= /(- 8 - 15) - /(—4 - 3) + fc(10 - 4) 

= -23/ + 7/ + 6k 

So, by way of revision, 

(i) Scalar product (‘dot product’) 

A.B = A B cos 6 a scalar quantity. 

(ii) Vector Product (‘cross product’) 

A X B = vector of magnitude A B sin 6, acting in a direction 
to make A, B, (A X B) a right-handed set. 


/' 


b 2 

And here is one final example on this point. 

Example. Find the vector product of P and Q, where 

P = 3/ - 4/ + 2k and Q = 2/ + 5 j - Ik. 


for 


| PX Q = -6/ + 7/ + 23Jfc | 

P X Q = / j k 

3-4 2 
2 5-1 

= *1—4 2I-/J 3 2 |+ Ar13 —4 I 

I 5 -lj j 2 —1 j \2 5 I 
= i(4 - 10) —/(—3 - 4) + A(15 + 8) 

= - 6 / + lj + 23 k On to frame 51. 


50 
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Angle between two vectors 

Let A be one vector with direction cosines [/, m, n] 

” B be the other vector with direction cosines [/m , n'\ 

We have to find the angle between these two vectors. 

Let OPand_OP' b eunit vectors 
parallel to A and B respectively. 
Then P has co-ordinates (/, m, n ) 
n-n) and P" ” ” ( l',m',ri) 

-<') 


Then (PP') 2 = (/- l’f +(m- m'f + (n- n') 2 

= / 2 - 2+ 1' 2 +m 2 - 2.m.m + m' 2 + r 2 - 2nri + n' 2 
= (l 2 + m 2 +n 2 ) + (l' 2 + m' 2 +n' 2 ) - 2 (//' + mm + nri) 
But ( l 2 + m 2 + n 2 ) = 1 and (/' 2 + m' 2 +n' 2 ) = 1 as was proved earlier. 
(PP') 2 = 2-2(//'+mm' + nn ).(i) 



Also, by the cosine rule, 

(pp ') 2 = op 2 + op ' 2 - 2.op.op: cos e 

= 1 + 1 - 2.1.1.cos 6 I OP and OP' are J 

= 2 — 2 cos 6 .(ii) \ unit vectors 1 

So, from (i) and (ii), we have: 

(Wf = 2-2(11' + mm' + nn’) 
and (PP') 2 = 2 - 2 cos 0 

/. cos 0 = . 


52 

i.e. just sum the products of the corresponding direction cosines of the 
two given vectors 

So, if [/, m, n] = [0-5,0-3, -04] 

and [l',m',n'\ = [0-25,0-6,0-2] 

the angle between the vectors is 6 = . 


>s 6 = ll' + mm +nri 










Vectors 


| 0 = 77 ° [ 

for, we have 

cos 8 = 11' + mm + nri 

= (0-5) (0-25) + (0-3) (0-6) + (-0-4) (0-2) 
= 0-125 + 0-18 - 0-08 

= 0-308 - 0-08 = 0-225 

6 = 77 ° 

NOTE: For parallel vectors, 0=0° tl' + mm + nri = 1 
For perpendicular vectors, 0 = 90°, II' + mm' + nri = 0 
Now an example for you to work: 

Find the angle between the vectors 

P = 2i + 3j + 4k and Q = 4/ - 3 j + 2k 
First of all, find the direction cosines of P. You do that. 
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\/29 


2 3 _ 4 

m = ” = V29 
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for r = |P I =V(2 2 + 3 2 + 4 2 ) = V(4 + 9 + 16) = x/29 

• / =_ = . 2 — 
r x/29 
_b_ 3 
m r V29 
_c _ 4 

n 

’[vfe- vs- ^5] 

Now find the direction cosines [/', m , «'] of Q in just the same way. 
When you have done that, turn on to the next frame. 
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V29 ’ V29 ’ 


\Jl9 


/= |Q| = V(4 2 + 3 2 + 2 2 ) = V(16 + 9 + 4) = V29 


" [\/29 ’ \/29 ’ V29 J 

We already know that, for P, 

'[n/29’ n/29 ’ V 29 ] 

So, using cos 0 = //' + mm + nn', you can finish it off and find the angle 
0. Off you go. 
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COS0 = 

\/29 ‘ V29 V29' \/29 n/29 • V29 

_ __9_ _8_ > 

29 29 29 

= ^ = 0-2414 6 = 76°2' 


57 


iVow on to frame 57. 


Direction ratios 

If OP = ai + bj + ck, we know that 

|op| = r = \/a 2 +b 2 +c 2 
and that the direction cosines of OP are given by 


We can see that the components, a,b,c, are proportional to the direction 
cosines, /, m, n, respectively and they are sometimes referred to as the 
direction ratios of the vector OP. 


Note that the direction ratios can be converted into the direction cosines 
by dividing each of them by r (the magnitude of the vector). 


Now turn on to frame 58. 
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Here is a short summary of the work we have covered. Read through it. 
Summary 

1. A scalar quantity has magnitude only ; a vector quantity has both 
magnitude and direction. 

2. The axes of reference, OX, OY, OZ, are chosen so that they form a 
right-handed set. The symbols i, j, k denote unit vectors in the direc¬ 
tions OX, OY, OZ, respectively. 

UOP = ai + bj +ck, then|Op| = r = yj(a 2 +b 2 +c 2 ) 

3. The direction cosines [/, m, n] are the cosines of the angles between 
the vector and the axes OX, OY, OZ respectively. 

For any vector l =y, n ~J 

and l 2 +m 2 +n 2 = 1. 

4. Scalar product (‘dot product’) 

A.B = A B cos 0 where 6 is angle between A and B. 

If A = ait + bij+ c x k and B = a 2 i + b 2 j + c 2 k 
then A.B =aia 2 + + CiC 2 

5. Vector product (‘cross product’) 

A X ¥ = (A B sin 6) in direction perpendicular to A and B, so that 
A, B, (A X B) form a right-handed set. 

i i k 

ai b i c i 

a 2 b 2 c 2 

6 . Angle between two vectors 

cos 0 = //' + mm + nn 

For perpendicular vectors, //' + mm + nn = 0. 

All that now remains is the Test Exercise. Check through any points that 
may need brushing up and then turn on to the next frame. 


Also A X B = 
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Now you are ready for the Test Exercise below. Work through all the 
questions. Take your time over the exercise: the problems are all straight¬ 
forward so avoid careless slips. Diagrams often help where appropriate. 

So off you go. 


Text Exercise — V 

1. If OA = 4/ + 3/, OB = 6i - 2j, OC = 2 i-j, find AB, BC and CA, and 
deduce the lengths of the sides of the triangle ABC. 

2. If A = 2 i + 2j-k and B = 3i- 6 j + 2k, find (i) A.B and (ii) A X B. 

3. Find the direction cosines of the vector joining the two points 
(4,2,2) and (7,6, 14). 

4. If A = 5/+ 4/ + 2k, B = 4i- 5/ + 3k, and C = 2i-j ~ 2k, where i,j, 
k, are the unit vectors, determine 

(i) the value of A.B and the angle between the vectors A and B. 

(ii) the magnitude and the direction cosines of the product vector 
(A X"B) and also_the angle which this product vector makes 
with the vector C. 


Vectors 


Further Problems - V 

1. The centroid of the triangle OAB i s den oted by G. If 0 is the origin 
and OA = 4/ + 3 j, OB = 6/—/, find OG in terms of the unit vectors, 
i and/ 

2. Find the direction cosines of the vectors whose direction ratios are 
(3,4, 5) and (1, 2,-3). Hence find the acute angle between the two 
vectors. 

3. Find the modulus and the direction cosines of the vectors 

3 i + 7;'- 4k, i~ 5j-Sk, and 6i~ 2/ + 12k. Find also the modulus 
and the direction cosines of their sum. 

4. If A = 2 i + 4j -3k, and B = i + 3} + 2k, determine the scalar and 
vector products, and the angle between the two given vectors. 

5. If OA = 2 i + 3■/- k, OB = i - 2 j + 3k, determine 

(i) the value of OA.OB 

(ii) the product OA X OB in terms of the unit vectors 

(iii) the cosine of the angle between OA and UB 

6 . Find the cosine of the angle between the vectors 2 / + 3 j- k and 
3 /- 5/ + 2k. 

7. Find the scalar product (A.B) and the vector product (A X B), when 

(i) A = i + 2/- k, B = 2/ + 3 j + k 

(ii) A = 2r + 3f+ 4k, B = 5i~2j+k 

8 . Find the unit vector perpendicular to each of the vectors 2/ — / + k 
and 3i + 4j — k, where i, j, k are the mutually perpendicular unit 
vectors. Calculate the sine of the angle between the two vectors. 

9. If A is the point (1,-1,2) and B is (— 1, 2, 2) and C is the point 
(4, 3, 0), find the direction cosines of BA and B€, and hence show 
that the angle ABC = 69°14'. 

10. If A = 3 i—j + 2k, B = i + 3 j— 2k, determine the magnitude and 
direction cosines of the product vector (A X B) and show that it is 
perpendicular to a vector C = 9/ + 2;+ 2k. 
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11. A, B, C are vectors defined by A = 8 i + 2 j-3k,B = 3 i- 6/+ 4k, and 
C = 2z — 2/ — k, where i, j, k are mutually perpendicular unit vectors. 

(i) Calculate A.B and show that A and B are perpendicular to each 
other 

(ii) Find themagnitude and the direction cosines of the product 
vector (A Xll) 

12. If the position vectors of P and Q are i + 37 k and 5 i - 2j + 4k 
respectively, find PQ and determine its direction cosines. 

13. Ifposition vectors, OA, OB, OC, are defined by OA = 2 i- j + 3k, 

OB = 3i + 2/ - 4k, OC = ~i + 3 j - 2k, determine 

(i) the vector AB 

(ii) the vector BC 

(iii) the vector product AB X BC 

(iv) the unit vector perpendicular to the plane ABC 
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Standard Differential Coefficients 

Here is a revision list of the standard differential coefficients which you 
have no doubt used many times before. Copy out the list into your note¬ 
book and memorize those with which you are less familiar — possibly 
Nos. 4, 6, 10, 11, 12. Here they are: 



y=f(x) 

dy 

dx 

1 . 

x n 

nx n ~ l 

2 . 

e x 

e x 

3. 

e kx 

ke kx 

4. 

a x 

a x . In a 

5. 

lnx 

1 



x 

6 . 

l°g a x 

1 

x. In a 

7. 

sin* 

cos X 

8 . 

cos* 

- sin* 

9. 

tan x 

sec 2 x 

10 . 

cotx 

- cosec 2 x 

11 . 

sec or 

sec x.tan x 

12 . 

cosec x 

- cosec x. cot x 

13. 

sinh x 

coshx 

14. 

cosh* 

sinhjc 


The last two are proved on frame 2, so turn on. 







Differentiation 


The differential coefficients of sinh x and cosh x are easily obtained 
by remembering the exponential definitions, and also that 


zffi*** and = - 


(i) y = sinh x y ~ - 


dy _ e* - (—e x ) _ e* -t 


(ii) y = cosh x 



" dx 


(cosh x) = sinh x 


Note that there is no minus sign involved as there is when differen¬ 
tiating the trig, function cos x. 

We will find the differential coefficient of tanh x later on. 

Move on to frame 3. 


Let us see if you really do know those basic differential coefficients. 
First of all cover up the list you have copied and then write down the 
differential coefficients of the following. All very easy. 


1. 

X 5 

11. 

cos X 

2. 

sinx 

12. 

sinhx 

3. 

e 3JC 

13. 

cosec x 

4. 

lnx 

14. 

a 3 

5. 

tanx 

15. 

cot X 

6. 

2* 

r 16. 

a x 

7. 

secx 

17. 

x- 4 

8. 

coshx 

18. 

lo&x 

9. 

logioX 

19. 

\/x 

10. 

e* 

20. 

gX/2 


When you have finished them all, turn on to the next frame to check your 
results. 
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Here are the results. Check yours carefully and make a special note of 
any where you may have slipped up. 


1. 5* 4 

2 . cos* 

3. 3e 3 * 

4. 1 /* 

5. sec 2 * 

6. 2 X In 2 

7. sec *.tan * 

8 . sinh* 

9. l/(x In 10) 
10 . e x 


11 . — sin * 

12 . cosh* 

13. — cosec*.cot* 

14. 0 

15. - cosec 2 * 

16. a x In a 

17. —4*~ s 

18. 1 /(* In a) 

19. **'* = l/(2V-x) 

20 . W h 


If by chance you have not got them all correct, it is well worth while 
returning to frame 1, or to the list you copied, and brushing up where 
necessary. These are the tools for all that follows. 


When you are sure you know the basic results, move on. 


Functions of a function 

Sin * is a function of * since the value of sin * depends on the value of 
the angle *. Similarly, sin(2* + 5) is a function of the angle (2* + 5) since 
the value of the sine depends on the value of this angle. 

i.e. sin(2* + 5) is a function of (2* + 5) 

But (2* + 5) is itself a function of *, since its value depends on *. 

i.e. (2* + 5) is a function of * 

If we combine these two statements, we have 

sin(2* + 5) is a function of (2* + 5) 

” ” ” ” ” a function of * 

Sin(2* + 5) is therefore a function of a function of * and such expressions 
are referred to generally as functions of a function. 

So e 81 "-*’ is a function of a function of. 
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□ 


since e sm y depends on the value of the index sin y and sin y 
depends on y. Therefore e sin y is a function of a function of y. 


□ cp|£□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

We very often need to find the differential coefficients of such func¬ 
tions of a function. We could do them from first principles: 

Example 1. Differentiate with respect to x, y = cos(5x — 4). 

Let u = (5x - 4) y = cos u = -sin u = -sin(5x - 4). But this 
gives us ^, not ~. To convert our result into the required coefficient 


dy dy du . , dy , , . , . . , du , . 

we use ~ = — . — , i.e. we multiply ~ (which we have) by ^ to obtain 

^(which we want);^-is found from the substitution u = (5x-4), 



••• £ {cos(5x- 4)}=—sin(5x - 4) X 5 = -5 sin(5x - 4) 

So you now find from first principles the differential coefficient of 
y _ e sin x (^s b e f ore; p Ut u = s j n x ) 


6 


r{e sin x } = cos x. e sin 


For: y = e sln x . Put u = sin x y = e“ .'. — = < 
du 

_ ,dy dy du , du 
But -f- = -f- -j— and = c< 
dx du dx dx 


" dx 


.{e sinx }= 


This is quite general. 

Ify =/(«) and u = F(x), then^- = ^ i.e. ify = In F, where F 
is a function of x, then 

dy =: dy_ dF = \_<tf 
dx dF dx F dx 

So, ify = In sin x ^ = . C os jc = cot x 

dx sinx 

It is of utmost important not to forget this factor 


dF 


so beware! 
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Just two more examples: 

dy 9 

(i) y = tan (5* - 4) Basic standard form is y = tan x, = sec x 

In this case (5x - 4) replaces the single x 

= sec 2 (5x - 4) X the diff. of the function (5x - 4) 

= sec 2 (5x - 4) X 5 = 5 sec 2 (5x - 4) 

(ii) y = (4x - 3) s Basic standard form isy = x 5 , ~= 5x 4 
Here, (4x - 3) replaces the single x 

5(4x - 3) 4 X the diff. of the function (4x - 3) 

= 5(4x - 3) 4 X 4 = 20(4x — 3) 4 
So, what about this one? 

If y = cos(7x + 2), then^ =. 


y = cos(7x + 2) 


~~1 sin(7x + 2) 


Right, now you differentiate these: 


1. y = (4x — 5) 6 

2. y = e 3 ~ x 

3. y = sin2x 

4. y = cos(x 2 ) 

5. y = ln(3 — 4 cosx) 

The results are on frame 10. Check to see that yours are correct. 
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Differentiation 


1. y - {4x — 5) 6 ^ = 6(4x-5) s .4 = 24(4x-5) s 

2. y = e 3 ' 


10 


3. y - sin 2x 


dx 
dv 

= cos 2x.2 = 2 cos 2x 
dx 

dy = _ 


y = cos(x 2 ) ^- = -sin(x 2 ).2x = -2x sin(x 2 ) 

dy _ 1 M ^ _ 4 sin x 


5. / = ln(3 - 4 cos x) - 


■ (4 sin x) = 


dx 3 — 4 cos x 3-4 cos x 

□ □□□□□□□□□□□□□□□□□□□□□□□ □□□□□□□□□□□ 
Now do these: 

6 y _ e sin2x 

7. ,y = sin 2 x 

8 . y = In cos 3x 

9. y = cos 3 (3x). 

10 . y = log 10 (2x-l) 

Take your time to do them. 

When you are satisfied with your results, check them against the results in 
frame 11. 


Results: 

6 . y = e sln 2X 

,7.y = sin 2 x 

8 . y = lncos3x 

9. y = cos 3 (3x) 


dy 

dx 


e sin 2* 2 cos lx — 2 cos 2x.e Sil 
^ = 2sinxcosx = sin2x 


% ~ cos 3x *“ 3 sin 3jc ) = ~ 3 tan 3x 

■j- -3 cos 2 (3x).(-3 sin 3x) =-9 sin 3x cos 2 3x 


10. j' =logi 0 (2x - 1) 


dx (2x-l)lnl0 (2x — 1) In 10 


11 


All correct? Now on with the programme. Next frame please. 
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Of course, we may need to differentiate functions which are products 
or quotients of two of the functions. 


1. Products 

If y- uv, where u and v are functions of x, then you already know 
that 

dy _ dv du 
dx “dx V dx 

e.g. Ify = .x: 3 .sin 3x 

then ^ = x 3 . 3 cos 3x + 3x 2 sin 3x 

dx 

= 3* 2 (x cos 3x + sin 3 jc) 


Every one is done the same way. To differentiate a product 

(i) put down the first, differentiate the second; plus 

(ii) put down the second, differentiate the first. 

So what is the differential coefficient of e 2x In 5x1 


13 


g = e«(I + 21n5*) 


for y = e 2x In 5x, i.e. u = t 2x 


-f- = e 2x — ■ 5 + 2 e 2x In 5* 
dx 5x 

= e 2x (i + 2 In 5x) 


dy 

Now here is a short set for you to do. Find ~ when 


1 . y-x 2 tan x 

2. y = e s *(3x + 1) 

3. y=jccos2x 

4. y = x 3 sin 5x 

5. y = jc 2 In sinh x 


When you have completed all five move on to frame 14. 


Ill 





Differentiation 


Results: 

1. y=x 2 t?Lnx ^ =x 2 sec 2 x + 2x tan* 

dx 

= x(x sec 2 * + 2 tan x) 

2. y = e s *(3x +1) |£ = e s *.3 + 5e sx (3x + 1) 

= e s *(3 + 15* + 5) = e 5X (8 + 15*) 

3. >’=*cos2* ^ = *(-2 sin 2*) + 1 .cos 2* 

= cos 2* - 2* sin 2* 

- dy 

4. y = sin 5x /. -g- = jc 3 5 cos 5x + 3x 2 sin 5x 

= x 2 (5x cos 5* + 3 sin 5*) 
dy 1 

5. y =x 2 In sinhx --- cosh* + 2x In sinh^r 

dx sinh* 

= *(* coth * + 2 In sinh *) 

So much for the product. What about the quotient? 

Next frame. 

2. Quotients 

In the case of the quotient, if u and v are functions of *, andy =. 



then 

dy. 

_ V dx U dx 




dx 

V 2 

Example 1. 

Ify 

_ sin 3* 

!*y= 

(* + 1) 3 cos 3* - sin 3x.l 

* + l ’ 

dx 

(* + l) 2 

Example 2. 

Ify 

in * 

= e 2* > 

dy = 

dx 

e 2X In*. 2e 2x 


e 2 * (i — 2 In *) 
e 4x 

j — 2 in x 
e 2X 

If you can differentiate the separate functions, the rest is easy. 

You do this one. If y = --- s — ^ =. 

* dx 


14 


15 
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d_ ( cos 2* \ _ * 2 (~2 sin 2x) - cos 2* .2* 

dxl x 2 > x 4 

_ —2*(* sin 2* + cos 2*) 

_ — 2(* sin 2x + cos 2x) 


For.y =uv, 

dy dv , 

~ = u — + 
dx dx 

du 

V dx . 

.0) 


du 

dv 


for y=T 

dy dx 

U dx 

.00 

V 2 



Be sure that you know these. 


You can prove the differential coefficient of tan x by the quotient 
method, for if y = tan x, y = 


A. / cos 2x \ _ _2 (* sin 2 jc + cos 2x) 
dxXAc 1 I ' P 


Then by the quotient rule, ^ =.(Work it through in detail) 
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. dy _ cos x. < 
" dx 


_ 1 2 

= —^ = sec* 

In the same way we can obtain the diff. coefft. of tanh x 

_ sinh x dy _ cosh*.cosh x - sinh x.sinh x 


y = tanh x = 


cosh* 


dx ■ cosh 2 * 

_ cosh 2 * - sinh 2 * 
cosh 2 * 

= —= sech 2 * 

^ cosh * 

^ (tanh *) = sech 2 * 

Add this last result to your list of differential coefficients in your note-book. 
So what is the diff. coefft. of tanh(5* + 2)? 


179 


I 








Differentiation 


J^|tanh(5x + 2)j= | 5 sech 2 (5x + 2) | 
for we have: If ^jtanh*J = sech 2 * 

then jtanh + 2)} = sech 2 (5x + 2) X diff. of (5x + 2) 

= sech 2 (5x + 2) X 5 
= 5 sech 2 (5x + 2) 

Fine. Now move on to frame 19 for the next part of the programme. 
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19 

Logarithmic differentiation 

The rules for differentiating a product or a quotient that we have revised 
| are used when there are just two-factor functions, i.e. uv or When there 

are more than two functions in any arrangement top or bottom, the diff. 
coefft. is best found by what is known as ‘logarithmic differentiation’. 

It all depends on the basic fact that J^-jlnand that if x is 

replaced by a function F then ^ jin f| = ~ Bearing that in mind, 

let us consider the case where y = —, where u, v and w — and alsoy - 
are functions of x. 

First take logs to the base e. 

In y = In u + In v - In w 

Now differentiate each side with respect to x, remembering that u,v,w 
andy are all functions of x. What do we get? 
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1 dy _ 

1 du ( 1 dv 

1 dw 

y' dx 

u dx v dx 

w dx 


dy 

So to get ~ by itself, we merely have to multiply across by y. Note that 
when we do this, we put the grand function that y represents. 

dy _ mv du + 1 dv _ 1 dw \ 
dx w\udv v dx w dx / 


This is not a 
actual terms 
with. 

Let us do 


formula to memorize, but a method of working, since the 
on the right-hand side will depend on the functions you start 


x- sin x 
lf r ~£5T2 x 1 


The first step in the process is 


21 


To take logs of both sides 


In y = ln(x 2 ) + In (sin x) - In (cos 2x) 

. 1 dF 


y dx x 2 sin x cos 2x 

= —+ cot x + 2 tan 2x 


F dx 
■(-2 sin 2x) 


• fjT = x s fo* /j_+ C ot x + 2 tan 2x) 
dx cos 2x lx / 

This is a pretty complicated result, but the original function was also 
somewhat involved! 

You do this one on your own: 

dy _ 


If y = x 4 e 3x tan x, then -3— = 
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Differentiation 


dy 4 3 y 4 
— = x e tanxi- - 
dx '■x 


3 + - 


tan x 


22 


Here is the working. Follow it through. 

y = x* e 3x tan x In y = ln(x 4 ) + ln(e 3x ) + In (tan a:) 

■x ■ 3e 3 * + —• sec 2 x 


1 dy _ 1 
y dx x 4 ' 


= -+3 + 
x 

■ d y=v 


tanx 

:.^-=x 4 e 3x tanx (—+ 3 + 


There it is. 

Always use the log. diff. method where there are more than two func¬ 
tions involved in a product or quotient (or both). 

Here is just one more for you to do. Find-^, given that 


x 3 cosh 2x 


dy _ e 4x 
dx x 3 cosh 2x 


4---2tanh2x 


Working. Check yours. 

- e 4 * 

y x 3 cosh 2x 

• i 1 

" y dx e^ 
= 4- 


In y = ln(e 4 *) - ln(x 3 ) - ln(cosh 2x) 

-4e 4x --4-3x 2 -—~ -2sinh2x 
x cosh 2x 

2 tahh 2x 


. dy _ e 4 * 

" dx x 3 cosh 2x 


(4-|-2tanh2xJ 


Well now, before continuing with the rest of the programme, here is a 
revision exercise for you to deal with. 

Turn on for details. 
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Revision Exercise on the work so far. 
Differentiate with respect to x: 

1. (i) In 4x (ii) In (sin 3x) 

2. e 3x sin 4x 

j sin 2x 
2x + 5 

4 ( 3x + 1) cos 2x 

e 2x 

5. x s sin 2x cos 4x 


When you have finished them all (and not before) turn on to frame 25 
to check your results. 
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Differentiation 


Solutions 
1. (i) y = ln4x :.'%L=±.4 = 


dy^ 4= J_ 
dx 4x 


(ii) y = In sin 3x 


• —= —J—.3 c 

die sin 3x 

= 3 cot 3x 


2. 7 = e 3 * sin 4x 


• & = 
" die 


’* 4 cos 4x + 3e 3x sin 4x 
,x (4 cos 4x + 3 sin 4x) 


_ sin 2x . dy _ (2x + 5) 2 cos 2x - 2 sin 2x 
' y 2x + 5 " dx {fix + 5) 2 

(3x + 1) cos 2x 
4 - ^ = --- 

In y = ln(3x + 1) + ln(cos 2x ) - ln(e 2 *) 

: -(-2 sin 2x) - -4r 2e w 


. 1 dy _ 1 

' y dx 3x + 1 


■s 2x ' 


- 2 tan 2x - 2 


3x+ 1 

^ _ (3x + l)cos 2x f 3 


25 


5. jy = x 5 sin 2x cos 4x 

In y- ln(x 5 ) + ln(sin 2x) + ln(cos 4x) 

. 1 dy 1 4 2 cos 2x 1 , . . . . 

..-5 • 5x + — : —^— + - 7— (-4 sin 4x) 

y dx X s sin 2x cos 4x 

=— + 2 cot 2x - 4 tan 4x 


- = x 5 sin 2x cos 4x —+ 2 cot 2x - 4 tan 4x 


So far so good. Now on to the next part of the programme on frame 26. 
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Implicit functions 

If y = x 2 - 4x + 2, y is completely defined in terms of x and y is called an 
explicit function of x. 

When the relationship between x andy is more involved, it may not be 
possible (or desirable) to separate y completely on the left-hand side, 
e.g. xy + sin y = 2. In such a case as this, y is called an implicit function 
of x, because a relationship of the formy =/(x) is implied in the given 
equation. 

It may still be necessary to determine the differential coefficients ofy 
with respect to x and in fact this is not at all difficult. All we have to 
remember is that y is a function ofx, even if it is difficult to see what it 
is. In fact, this is really an extension of our ‘function of a function’ 
routine. 

x 2 + yi = 25, as it stands, is an example of an.function. 


Once again, all we have to remember is that y is a function of x. So, if 
x 2 +y 2 = 25, let us find 

dx 

If we differentiate as it stands with respect to x, we get 


2x 


?y = 


dx 


Note that we differentiate y 2 as a function squared, giving ‘twice times 
the function, times the diff. coefft. of the function’. The rest is easy. 


. dy . dy _ x 

.. y-f-=-x .. ~T- = — 

dx dx y 

As you will have noticed, with an implicit function the differential coef¬ 
ficient may contain (and usually does) both x and. 






Difference 


Let us look at one or two examples. 

Example 1. If x 2 +y 2 - 2x - 6y + 5 = 0, find^ and^ at x = 3,>> = 2. 
Differentiate as it stands with respect to x. 

2x + 2y^—2~6^-=0 
* dx dx 

(2^-6)^ = 2-2x 

• dy _ 2-2x _\-x 
dx 2y —6 y— 3 

• at (3 2) d y- l ~ 3 -^- 2 

” * H3 ’ 2) dx 2-3 -1 2 

d 2 y d'l- X] 0>-3)(-l)-d-») g 

Then dx 2 dx[y-3\ (y~3) 2 

(3-y)-(l-x)| 

(y- 3) 2 

..(») g- E-glg.-” 2 -^-5 
At (3,2) §r 2 ’ = 5 

Now this one. If x 2 + 2xy + 3y 2 = 4, find-^. 

Away you go, but beware of the product term. When you come to 2xy 
treat this as (2x)(y). 


2x + 2x-j- + 2j> + 6y-^-~ 0 
dx * dx 

(2x + 6.y)g=-(2x + 2.y) 

. dy_ (2x + 2y) _ (. x+y ) 
dx (2x + 6 y) (x + 3y) 

md now, just one more: 

If x 3 +y 3 +3xy 2 = 8, find % „ . w , 


Turn to frame 30 for the solution. 
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Solution in detail: 


x 3 +y 2 + 3xy 1 = 8 

3x 2 + 3y 2 + 3x. 2y ^~+ 3y 2 = 0 


(y 2 + 2xy)^ = -(x 2 +y 2 ) 

■ (* 2+ y 2 ) 

dx (y 2 + 2xy) 

That is really all there is to it. All examples are tackled the same way. 
The key to it is simply that ‘y is a function of and then apply the 
‘function of a function’ routine. 


Now on to the last section of this particular programme, which starts on 
frame 31. 


31 

Parametric equations 

In some cases, it is more convenient to represent a function by expressing 
x and y separately in terms of a third independent variable, e.g. y = cos 2 1, 
x = sin t. In this case, any value we give to t will produce a pair of values 
for x and y, which could if necessary be plotted and provide one point of 
the curve of y = f(x). 

The third variable, e.g. t, is called a parameter, and the two expressions 
for x and y parametric equations. We may still need to find the differen¬ 
tial coefficients of the function with respect to x, so how do we go 
about it? 

Let us take the case already quoted above. The parametric equations 
of a function are given as_y = cos 2 1, x = sin t. We are required to find 

. dy , d 2 y 
expressions for-^r and 

Turn to the next frame to see how we go about it. 



Differentiation 


y = cos 2 1, x = 
From y = cos 2 1, we can get - 


dt 


iin t. Find -f- and 
dx 

-2 sin 2 1 


d 2 y 


From x = sin t, we can get cos 
rfy _ dy dt 
dx d 

^ = -2 sin 2t 


dx 


dy = 


1 

cos t 

t cos t _ 


-4 sin t 


■ d2 y - 


dx 2 - 

Let us work through another one. What about this? 

The parametric equations of a function are given as 
y = 3 sin 9 ~ sin 3 0, x = cos 3 0 

<\ dy nnH 

Turn on to frame 34. 


Find ~ and - 


32 


That was easy enough. Now how do we find the second diff. coefft.? We 
cannot get it by finding and ^^-from the parametric equations and 
joining them together as we did for the first diff. coefft. That method 
could only give us something called which has no meaning and is 
certainly not what we want. So what do we do? 

On to the next frame and all will be revealed! 


To find the second differential coefficient, we must go back to the 
very meaning of 

U. £*-/(£) ./(-4»in,) 
dx 7 dxXdxl dx\ > 

But we cannot differentiate a function of t directly with respect to*. 

Therefore we say -^-(-4 sin r) =~(-4 sin A4~ • 
dx \ > dt! / dx 


33 
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y = 3 sin 0 - sin 3 0 Q = 3 cos 0 - 3 


x = COS' 

a\ 

= —3 cos 2 # sin 

dy dy dO 

^= 3c ° s ni- sin: l d). 

3 cos 3 # 


-3 cos 2 # sin # 



= -cot # 


dx 2 dx\ / dd\ ) dx 

.-(-w) _ 3eo 

V'-' 


d 2 y _ -1 

dx 2 3 cos 2 # sin 3 # 


e for you to do in just the same way. 
If 2~ 3 i „_3 + 2r 


Men you /iave done it, move on to frame 35. 


35 


dy = }_ 
dx 5 


' dt ‘ 


1 +t 
dx_~3 


(1+r) (-3)-(2-30 
TT+0 2 
dy _ (1 + 0 (2) - (3 + 20 
• dt (T+7P 

-3t-2 + 3t _ -5 
■(i+0 2 


dt (TT7F 

dy_2 + 2t-3-2t _ -1 

dt (T+0 2 (TT7F 
dy _dy dt -1 (1 + tf _J_ . dy _J_ 

dx dt dx (1 +0 2 “5 5 dx _5_ 

And now here is one more for you to do to finish up this part of the work. 
It is done in just the same way as the others. 

If x = a(cos # + # sin #) and y = a(sin # - 0 cos #) 

finH dy d *y 
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Differentiation 


Here it is, set out like the previous examples. 
x = «(cos 0 + 0 sin 0) 


y = a(sin 0 - 0 cos 0 


I sin 0 - cos 0) = a 0 sin 0 


dx dd dx 


dx 


d 2 y _ g? 
lx 1 * dx 




= ^( tan6l ) = ^( tan 

= sec 2 0. -5- 


36 


. d 2 y _ i 

" ~dx r a 0 cos 3 0 


You have now reached the end of this programme on differentiation, 
much of which has been useful revision of what you have done before. 
This brings you to the final Test Exercise so turn on to it and work 
through it carefully. 

Next frame please. 
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Test Exercise — VI 

Do all the questions. Write out the solutions carefully. They are all quite 
straightforward. 

1. Differentiate the following with respect to x: 

(i) tan 2x (ii) (5x + 3) 6 (iii) cosh 2 x 

(iv) log, 0 (x 2 —3x— 1) (V) ln cos 3x (vi) sin 3 4x 


(vii) e 2 * sin 3x 


(viii)f; 


(ix) ! 


cos 2x 


2y If x 2 +y' J - 2x + 2y - 23, find ^ and at the point where 
V' x=-2, y = 3. 


V 


3. Find an expression for when 


x 3 +y 3 +4 xy 2 = 5 


1 ^ and ^ i 


simplest forms. 
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Further Problems - VI 

1. Differentiate with respect to x: 


I < 1 )ln ( c^-Si* )il 00 !n(sec^ + tanx) Ojp-sin'* cos’* 
2. Find ~ when 




V 

OO^-tafe 


3. If y is a function of x, and, 


e f 


j' + l 

show that ^ = x( 1 - x) ^ 
4. Find when x 3 +y 3 - 3xy 2 = 8. 


.,5. Differentiate: (i)y = e sln25 * (ii)y = ln { coshx + | j 

(iii)^ = ln{e^(^) 3/4 } 

6. Differentiate: (i) = x 2 cos 2 x (ii)j' = ln|x 2 V(l ~x 2 ) 


(iii) y = 


(*-l) 3 


7. If (x - y) 3 = A(x + y), prove that (2x + y) ^ = x + 2y. 
If x 2 -xy +y 2 = 7, find ^ and ^£5- at x = 3,y = 2. 
•*-9. If x 2 + 2xy + 3 y 2 = 1, prove that (x + 3j) 3 + 2 = 0. 

10. Ifx = In tany andj> = tan 0 - 0, prove that 

^5 = tan 2 0 sin 0 (cos 0 + 2 sec 0) 
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11. If y - 3 e 2 * cos (2x: - 3), verify that ~ 4 —+ 8y = 0 

ax dx 

12. The parametric equations of a curve are x = cos 20, y = 1 + sin 20. 

dS and cbc^ at 6 = ^ 6 ' Find also tIle e q ua tion of the curve as 
a relationship between x and y. 

13. If y={* + V(l+* 2 )) 3/2 , show that 

40 + = Q 

14. Find-^ [f x = a cos 3 0,y =a sin 3 0. 

15. If* = 3 cos 6 - cos 3 0,y=3 sin 6 - sin 3 0, express^- and in terms 

offl. dx & 

16. Show that y = e -2 mx sin 4mx is a solution of the equation 

17. Ify = secx,prove that + >’ 4 

18. Prove that x = A e kt sin pt, satisfies the equation 

g+2*f + <p’ + *>-0 

19. Ify = e kt (A cosh qt + B sinh qt) where A, B, q and k are constants, 
show that 

. , 4 sinh x— 3 , , dy 5 

20. If sinh y = ~ —, show that ~ = - . , , — 

4 + 3 sinh x dx 4+ 3 sinh* 
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Equation of a straight line 

The basic equation of a straight line is = mx + c, 

where m = slope = ~ 

bx dx 

c = intercept on real y-axis 
Note that if the scales of x and y 

are identical,-^ = tan 6 
dx 

e.g. To find the equation of the straight line passing through P(3,2) and 
Q(-2,l), we could argue thus: 


x, Oj x 

Line passes through P, i.e. when x = 3,y = 2 2 = m3+ c 

Line passes through Q, i.e. when x = -2,y = 1 1 = m(~2) + c. 

So we obtain a pair of simultaneous equations from which the values 
of m and c can be found. Therefore the equation is. 




2 We find m = 1/5 and c = 7/5. Therefore the equation of the line is 

x , 7 . rz T~| 

^=j+y, i.e. | 5y=x + 7 | 

Sometimes we are given the slope, m, of a straight line passing through 
a given point (xi,Ti) an< l we are required to find its equation. In that 
case, it is more convenient to use the form 

y~y\ =m(x-*i) 

For example, the equation of the line passing through the point (5,3) 

with slope 2 is simply.which simplifies to. 

Turn on to the next frame. 
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| y -3 = 2(x-5) | 
i.e.y — 3 = 2x — 10 ' \y = 2x-l\ 

□ □□□□□□□□□□□□□□□□□□□Q D Q DDDDDnnnaDaDnaD 

Similarly, the equation of the line through the point (-2,-1) and 
having a slope ^ is 

’■y + 1 =^(* + 2 ) 

2y + 2 =x + 2 



So, in the same way, the line passing through (2,-3) and having 
slope (-2) is. 


| y = i~2x\ 

y-(-3) = -2(x-2) 
y + 3 = ~2x + 4 y=l-2x 


□□□□□□□ooDDaQoaaDQaDnDoaQODDDDQQOQQ 


Right. So in general terms, the equation of the line passing through 
point (jc! ) with slope m is. 

Turn on to frame 5. 


□ □ □ 

the 
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y ~y x = m (x —Xi) I It is well worth remembering. 


□ □ □ q-.-ial □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 
So for one last time: 

If a point P has co-ordinates (4,3) and the slope m of a straight line 
through P is 2, then the equation of the line is thus 
y ~ 3 = 2(x - 4) 

= 2x - 8 

y =2x ~ 5 

The equation of the line through P, perpendicular to the line we have 
just considered, will have a slope m x , such that m = -1 

i.e. mi = And since m = 2, thenThis line passes through 
(4,3) and its equation is therefore 

y-3 = -l(x-4) 

= —jc/2 + 2 

y = -^+5 2 ^ = 10 -* 


If m and mi represent the slopes of two lines perpendicular to each 
other,then m mi =—1 or mi =-i 
Consider the two straight lines 

2y = 4x - 5 and 6y = 2-3x 

If we convert each of these to the form y = m x + c, we get 

(i) y = 2x —| and (ii) y = - i* + j 

So in (i) the slope m = 2 and in (ii) the slope mi = - y 

We notice that, in this case, mi = - — or that mm, = -1 
m 

Therefore we know that the two given lines are at right-angles to each 
other. 

Which of these represents a pair of lines perpendicular to each other: 

(i) y = 3x - 5 and 3y = x + 2. 

(ii) 2y = x - 5 and y = 6 - x. 

(iii) y ~ 3x - 2 = 0 and 3y + x + 9 = 0. 

(iv) Sy~x = 4 and 2y + 10* + 3 = 0. 
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Result: 

j~ (iii) and (iv) j 

□□□□□□□□□□□□□□□□□□□□□□ DnaDDDODaDnDDDan 
For if we convert each to the form>’ = mx + c, we get 
(i) y = 3x-5 and y=~ + j 

m = 3 ; rrii = — mm, f -\ Not perpendicular. 

... x 5 

00 y = 2 ~~2 and y ~~ x + 6 

m=—\m l =-I mrrii f Not perpendicular. 

(iii) y = 3x + 2 and y = ~ - 3 

m = 3 ;mi = -- mm, =-l Perpendicular. 

(iv) y = | + i and ^ = -5jc - ~ 

m = j',m 1 =-5 mm l = -1 Perpendicular 

Do you agree with these? 


Remember that if y — m x + c and y — m.\X + Ci are perpendicular 
to each other, then 

mmj = -1, i.e.mi =--L 
Here is one further example: 

A line AB passes through the point P (3,-2) with slope ~\ . Find its 
equation and also the equation of the line CD through P perpendicular 
to AB. 

When you have finished, check your results with those on frame 9. 
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Equation of AB: 


Equation of CD: 


So we have: 


y-i- 2) = -j(*-3) 
* _ x 3 


y =-7-9 


•• 2y + x + 1 = 0 
slope mi =- 2 

y-(-2) = 2(x-3) 
y + 2 = 2x-6 
y = 2x - 8 




□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

And now, just one more to do on your own. 

The point P(3,4) is a point on the line y = 5x - 11. 

Find the equation of the line through P which is perpendicular to the 
given line. 

That should not take long. When you have finished it, turn on to the 
next frame. 
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| 5j; + x = 23 | 

For: slope of the given line,;; = 5x - 11 is 5. 

slope of required line = - -j 
The line passes through P, i.e. when x = 3, y = 4. 


5y — 20 = -x + 3 
□□□□□□□□□□□□□□□□□□□□□□□ 


521 + 


□□□□□□□□□□□□□a 

Tangents and normals to a curve at a given point. 

The slope of a curve, y = f(x), at a point P on the curve is given by the 
slope of the tangent at P. It is also given by the value of & at the point P, 

which we can calculate, knowing 
the equation of the curve. Thus 
we can calculate the slope of the 
tangent to the curve at any point P. 


What else do we know about the tangent which will help us to 
determine its equation? 



We know that the tangent passes through P, i.e. when x = xj ,y — y x . 

dddddddododddddoddddodddddoodddddddddo 

Correct. This is sufficient information for us to find the equation of the 
tangent. Let us do an example. 

e.g. Find the equation of the tangent to the curves = 2x 3 + 3x 2 -2x -3 
at the point P, x = 1 ,y = 0. 

dy , 

-7- = 6x 2 + 6x - 2 
dx 

Slope of tangent = j^.j ^=6 + 6-2=10, i.e. m = 10 
Passes through P, i.e. jc = = 0. 

y~y\ = m(x-x 1 )gives^-0 = 10(x-l) 

Therefore the tangent is y = 10x - 10 
We could also, if required, find the equation of the normal at P which is 
defined as the line through P perpendicular to the tangent at P. We know 
for e xample, that the slope of the normal is. 
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Slope of normal =■ 


Slope of tangent 10 


□□□□□ODD 


□□□□□□□□ 


The normal also passes through P, i.e. when x = 1 ,y = 0. 
Equation of normal is: y- 0 = (x - 1) 

10y = -x + 1 lOj: + jc = 1 

That was very easy. Do this one just to get your hand in: 

Find the equations of the tangent and normal to the curve 
y = x 3 - 2x 2 + 3x - 1 at the point (2,5). 

Off you go. Do it in just the same way. 

When you have got the results, move on to frame 14. 


14 


Tangent: y = 7x-9 Normal: ly + x = 31 


Here are the details: 


dx 


- 4x 


-3 .'. AtP(2,5),-£-=12-8 + 3 = 7 


Tangent passes through (2,5), i.e. x - 2, y = 5 

y- 5 = 7(x - 2) Tangent isj = lx~9 

For normal, slope = —- 1 - = — — 

slope of tangent 7 

Normal passes through P(2,5) 

••• y-S=-±(x-2) 

7y — 35 = —x + 2 

Normal is ly + x - 37 

You will perhaps remember doing all this long ago. 
Anyway, on to frame 15. 
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The equation of the curve may, of course, be presented as an implicit 
function or as a pair of parametric equations. But this will not worry you 
for you already know how to differentiate functions in these two forms. 
Let us have an example or two. 

Find the equations of the tangent and normal to the curve 
x 2 + y 2 + 3 xy - 11 = 0 at the point x = l,y = 2. 

First of all we must find-^ at (1,2). So differentiate right away. 

2x + 2y^- + 3x^-+3y = 0 
dx dx 

(2y + 3x)^ = -(2x + 3y) 

dy_ 2x + 3y 
dx 2y + 3x 

Therefore, at x = l,y = 2, 

dx . 


15 


dy_ 2 + 6 _ 8 
dx 4 + 3 7 

Now we proceed as for the previous cases. 

g 

Tangent passes through(1,2) y- 2 = - (x - 1) 

ly - 14 = -8x + 8 
Tangent is ly + 8x = 22 
Now to find the equation of the normal. 

lo -1 _ 7_ 

P Slope of tangent 8 

Normal passes through (1,2) y —2 =-| (x - 1) 

8y - 16 = 7x - 7 

.'. Normal is 8y = lx + 9 That’s that! 

Now try this one: 

Find the equations of the tangent and normal to the curve 
x 3 + x 2 y + y 3 - 7 = 0 at the point x = 2,y = 3. 


16 
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Tangent: 31j + 24x = 141 


Normal: 24>> = 31*+10 


Here is the working: 


jc 3 + x 2 y +y 3 - 7 = 0 
dx 


3x 2 + x 2 -~ + 2xy + 3y 2 ~ = 0 
dx * * dx 

• At (2,3) 


rfy _ 12 + 12 _ 24 
dx 4 + 27 31 


24 , 


31y - 93 = -24x + 48 31p + 24x = 141 

(ii) Normal: slope = ^ . Passes through (2,3) :.y~3 = 

24y-72=31x~62 24y = 3 lx + 10 

Now on to the next frame for another example. 


18 


Now what about this one? 

3 1 t 2 

The parametric equations of a curve are x = yyp y = y— 

Find the equations of the tangent and normal at the point for which 
t = 2. 

First find the value of -- when t = 3. 

dx 

31 . dx_(l+t)3-3t _3 + 3t-3t _ 3 

x ~l+t dt (1 + t) 2 (1 + 1) 2 ~ (1 + 1) 2 


t 2 . dy +t)2t-t 2 _2t + 2t 2 ~t 2 _ 2t + t 2 

y 1 +t “ dt (1 +r) 5 (1 + 1) 2 (1 + t) 2 

dy _ dy dt _2t+ t 2 (1 + 1) 2 2 1 + t 2 At t = 2& =- 

dx dt ■ dx (1 + tf ' 3 3 ’dx 3 


To get the equation of the tangent, we must know the 
point through which it passes. At P — 


x 


31 6 _ 6 _„ 
1+t 1+2 3 ’ 


y 


: and y values of a 

4_ 

3 


Continued on frame 19. 
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So the tangent has a slope of-| and passes through (2,^) 

Its equation is y - ^ ^ (x - 2) 

3y -4 = &x~ 16 3y = 8x - 12 (Tangent) 

_1 3 

For the normal, slope = ----= -- 

slope of tangent 8 

Also passes through (2, |) y - 1 = -|(x - 2) 

24 y - 32 = -9x + 18 24y + 9x = 50 (Normal) 

Now you do this one. When you are satisfied with your result, check 
it with the results on frame 20. Here it is: 

If.y = cos 2? and x = sin t, find the equations of the tangent and 

normal to the curve at t = ^. 


19 


Working: 


| Tangent: 2y + 4x = 3~[ | Normal: 4y = 2x + lj 


dy 

y = cos 2t ~ = -2 sin It = -4 sin t cos t 


20 


dy _ dy dt _ -4 sin t cos t _ 
dx dt ' dx 


= -4 sin t 


ft*—4^f-4 ( ))-2 

slope of tangent = -2 
x = shw= 0-5; T = cos-^= 0-5 


.'. Tangent is - j = -2(x - j) 2y - 1 = -4x + 2 
2j + 4x = 3 (Tangent) 

Slope of normal = j. Line passes through (0-5,0-5) 


_K 


Equation is 




4g — 2 = 2x — 1 
. 4y = 2x ± 1 (Normal) 
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Before we leave this part of the programme, let us revise the fact that 
we can easily find the angle between two intersecting curves. 

Since the slope of a curve at (x t ,y t ) is given by the value of at 

dy 

that point, and = tan 0, where 0 is the angle of slope, then we can 

use these facts to determine the angle between the curves at their point 
of intersection. One example will be sufficient. 
e.g. Find the angle between y 2 = 8x and x 2 +y 2 = 16 at their point of 
intersection for which y is positive. 



First find the point of intersection, 
i.e. solve y 2 = 8x and 
x 2 + y 2 = 16 

We have x 2 + 8x = 16 .'.x 2 + 8x-16 = 0 

_ -8 ± V(64 + 64) _ -8 1 Vl28 
X 2 2 

-8111-314 3-314 -19-314 

= ---— or -— 


x = 1 -657 or [-9-655] Not a real point of 
intersection. 

When x = 1-657, y 2 = 8(1-657) = 13-256, y = 3-641 
Co-ordinates of P are x = 1-657, y = 3-641 
dy 

Now we have to find -f- for each of the two curves. Do that. 


22 


l 


(i) y>-tx ' f 3441 - 5515 - 

tan 0! = 1 -099 /. 0!=47°42' 

(ii) Similarly for x 2 + y 2 =16 
dy . dy _ x _ 1-657 _ 


2x + 2y^ 




3-641 

tan 0 2 =-0-4551 /. 0 2 =-24°28' 

Finally, 0 = 0, - 0 2 = 47°42' - (~24°28') 

= 47°42' + 24°28' 

= 72° 10' 
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That just about covers all there is to know about finding tangents and 
normals to a curve. We now look at another application of differentiation. 

Curvature 

The value of ^ at any point on a curve denotes the slope (or direction) 

of the curve at that point. Curvature is concerned with how quickly the 
curve is changing direction in the neighbourhood of that point. 

Let us see in the next few frames what it is all about. 


Let us first consider the change in direction of a curvey =f(x) between 
the points P and Q as shown. The direction of a curve is measured by the 
slope of the tangent. 


Slope at P = tan 0! = j^j 

Slope at Q = tan 0, = I 

UxJ Q 

These can be calculated, knowing 
- the equation of the curve. 

From the values of tan 0, and tan 0 2 , the angles 0, and 0 2 can be found 
from tables. Then from the diagram, 0 = 0 2 - 0, 

If we are concerned with how fast the curve is bending, we must 
consider not only the change in direction from P to Q, but also the 
length of.which provides this change in direction. 
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i.e. we must know the change of direction, but also how far along the 
curve we must go to obtain this change in direction. 

Now let us consider the two points, P and Q, near to each other, so 
that PQ is a small arc (= 5 s). The change in direction will not be great, 
u so that if 9 is the slope at P, 

then the angle of slope at Q can 
be put as 0 + 60. 



The change in direction from P to Q is therefore 5 9. 

The length of arc from P to Q is 5 s. 

The average rate of change of direction with arc from P to Q is 


the change in direction from P to Q _ 8 6 
the length of arc from P to Q 8 s 
This could be called the average curvature from P to Q. If Q now moves 
down towards P, i.e. 6 s -*• 0, we finally get—, which is the curvature 
at P. It tells us how quickly the curve is bending in the immediate 
neighbourhood of P. 


26 


In practice, it is difficult to find since we should need a relationship 
between 9 and s, and usually all we have is the equation of the curve, 
y =f(x) and the co-ordinates of P. So we must find some other way 
round it. Cv. 

Let the normals at P and Q meet 
in C. Since P and Q are close, 

CP - QC (=R say) and the arc PQ 
can be thought of as a small arc 
of a circle of radius R. Note that 
PCQ = 89 (for if the tangent turns 
through 89, the radius at right 
angles to it will also turn through 
the same angle). 

You remember that the arc of a circle of radius r which subtends an angle 
9 radians at the centre is given by arc = r9 . So, in the diagram above, 
arc PQ = 5 s =. 
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I arc PQ = 6s = R50 


5 s = R50 


• J>0 = ± 

" 8s R 


If 8s -*■ 0, this becomes ^ which is the curvature at P. 

That is, we can state the curvature at a point, in terms of the radius R 
of the circle we have considered. This is called the radius of curvature, 
and the point C the centre of curvature. 

So we have now found that we can obtain the curvature — if we have 

ds 

some way of finding the radius of curvature R. 

If R is large, is the curvature large or small? 

If you think ‘large’, move on to frame 28. 

If you think ‘small’ turn on to frame 29. 


27 


28 

Your answer was : ‘If R is large, the curvature is large.’ 

This is not so. For the curvature = and we have just shown that 
d0_ 1 „ . , 

• R is the denominator, so that a large value for R gives a small 
value for the fraction — and hence a small value for the curvature. 

You can see it this way. If you walk round a circle with a large radius R 
then the curve is relatively a gentle one, i.e. small value of curvature, but 
if R is small, the curve is more abrupt. 

So once again, if R is large, the curvature is. 
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29 If R is large, the curvature is | small J 


Correct, since the curvature — 


In practice, we often indicate the curvature in terms of the radius of 
curvature R, since this is something we can appreciate. 

Let us consider our two points P and Q again. Since 5 s is very small, 
there is little difference between 
o/ the arc PQ and the chord PQ, or 

'Sf between the direction of the chord 

Sy and that of the tangent. 

_ So, when 6s tan 9 


. Differentiate with respect to s. 

£{£)£-£(“ 


Now we have got somewhere. For knowing the equation^ = f(x) of 
the curve, we can calculate the first and second differential coefficients 
at the point P and substitute these values in the formula for R. 

This is an important result. Copy it down and learn it. You may never 
be asked to prove it, but you will certainly be expected to know it and to 
apply it. 
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Example 1. Find the radius of curvature for the hyperbola xy = 4 at the 


point x = 2,y = 2. 


30 


1 

$ 


So all we need to find are ^ and-^y at (2,2) 
dx dx 2 v ’ 

. . 4 . dy . -4 

xy = 4 .. v= —= 4x 1 .. -f- = -4x - — 5 - 

x dx x 2 

•nd £?-&<•>-4 


At (2,2) ^ = = -^=1 = 

v ' dx 4 ’’d? 8 


..{ l ± ig . (2) ./„ 2V2 

R = 2\j2 = 2-828 units. 

There we are. Another example on frame 31. 


Example 2. Ifj = x + 3x 2 -x 3 , find R at x = 0. 

3/2 


,{»©r 


^ = l+6*-3x 2 •• Atx = 0,|£=l 


(I) - 




:.Atx = 0,^V = 6 
dx 2 


r _ (l + l } 3/2 _ 2 3/2 _2\/2_\/2 
K 6 6 6 3 

R = 0 -471 units 

Now you do this one: 

Find the radius of curvature of the curve jv 2 =^- at the point (l ,~j 
W%<?« you have finished, check with the solution on frame 32. 


31 
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R = 5 -21 units 


Here is the solution in full. 

V 2 = £i • 2y^ = — • ^=— 

y 4 " y dx 4 •' dx 8>- 

l\ dy. -1 • /4V\ 2 - _9 


••(D "rf 

8y (6jc) - 3jc 2 8 


dy 


c(y_3x^ . d 2 y _ _ 

dx 8y " dx 2 64 y 2 

■ At /! 1^,24^2 4,1 24~ 18 3_ 

■ At V’2 )’dx 2 16 16 8 

uu dy \ 2 \ 3 ' 2 h + ^ 3/2 l 25 l 3/2 

r W ) l 1 16) _ Vis) _ 8 125 _ 125 

d 2 y _3 


• R= 5-21 units 


33 


Of course, the equation of the curve could be an implicit function, as 
in the last example, or a pair of parametric equations. 

e.g. If x = 9 - sin 9 and y = 1 - cos 9, find R when 9 = 60° = 
x = 6~ sin 0 — - 1 - cos 


dy _ dy dd 
dy . [ dx dd ' dx 


■ dy = <t j 


At 9 = 60°, sin 9 = ^ 

d 2 y _ d f sin 9 1 
dx 2 dxfl-cosflj 


_ (1 — cos 6) cos 9 — sin 6. sin 6 1 

(1 - cos 9) 2 1 - cos 9 

cos 9 — cos 2 9 — sin 2 0 _ cos0-l _ j-l_ 

(1 - cos 9) 3 (1-cos 0) 3 (1 - cos 9f 

• R = 0 + 3} 3jf 2 _ 2 3 __8_ _ _2 • R = -2 units 
' K -4 -4 -A _ ~ 


211 





Differentiation Applications 1 


You notice in this last example that the value of R is negative. This 
merely indicates which way the curve is bending. Since R is a physical 
length, then for all practical purposes, R is taken as 2 units long. 

If the value of R is to be used in further calculations however, it is 
usually necessary to maintain the negative sign. You will see an example 
of this later. 


34 


Here is one for you to do in just the same way as before: 

Find the radius of curvature of the curve x = 2 cos 3 6,y = 2 sin 3 1 
at the point for which 8 = — =45°. 

Work through it and then go to frame 35 to check your work. 


R = 3 units 


x - 2 cos 3 8 .'. = 6 cos 2 0 (—sin 8) = —6 sin 6 cos 2 6 

y - 2 sin 3 8 ^ = 6 sin 2 8 cos 8 

dy_dy_ dd _ 6 sin 2 fl cos 8 


dx 


' dx -6 sin 8 cos 2 6 


At 8 = 45' 




’dx' 


_ Sind * a 

= - -jr = -tan 8 

cos 8 

■■■<£>- 
1 dB _ -sec 2 8 
I dx -6 sin 8 cos 2 8 




. At <9 = 45°,-^-f = -■ 1 i = 

dx 6(i) (i) 6 3 


2y/2 2\j2 


= :T7T 2 3 ^ 2 


-3J2\j2_ 

2s/2 


35 
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Centre of curvature. To get a complete picture, we need to know also the 
position of the centre of the circle of curvature for the point P(xi,j’i). 



If the centre C is the point (h, k), 
we can see from the diagram that: 
h = x x - LP = Xi -Rsin0 
k =y x + LC = y x + R cos 9 

That is, | h = x x - R sin 9 \ 

\ k =y i + R cos 9 j 

where x x and^i are the co¬ 
ordinates of P, R is the radius of 
curvature at P, 6 is the angle of 

slope at P, i.e. tan 9 = j^j 


Example. Find the radius of curvature and the co-ordinates of the centre 
of curvature of the curve y = at the point (2,3). 



Now before we find the centre of curvature (h, k) we must find the angle 
dy 

of slope 6 from the fact that tan 6 =-^at P. 


i.e. tan 9 = -1 .'. 6 = -45° (0 measured between + 90°) 
.'. sin 9 = .and cos 9 = . 






Differer 


tion Applications 1 



:.h=x l -Rsin0 = 2-(-V2) (-^5) = 2- 1 = 1, h = 1 
+Rcose = 3+(-V2)(^) = 3-l = 2,it = 2 


centre of curvature C is the point (1,2) 

NOTE; If, by chance, the calculated value of R is negative, the minus sign 
must be included when we substitute for R in the expressions for h and k. 

Next frame for a final example. 


Example. Find the radius of curvature and the centre of curvature for < 

the curve y = sin 2 9 , x = 2 cos 9 , at the point for which 9 =-^. ' 

Before we rush off and deal with this one, let us heed an important 
WARNING. You will remember that the centre of curvature (h, k ) is 
I given by 

h=Xi~ R sin 0 \ 

7 . n „ 1 and in these expressions 

k=yi + R cos 9 j F 

I, 9 is the angle of slope of the curve at the point being considered 
“"»-{§) P 

Now, in the problem stated above, 6 is a parameter and not the angle 
of slope at any particular point. In fact, if we proceed with our usual 
notation, we shall be using 6 to stand for two completely different 
things — and that can be troublesome, to say the least. 

So the safest thing to do is this. Where you have to find the centre of 
curvature of a curve given in parametric equations involving 6, change the 
symbol of the parameter to something other than 9. Then you will be safe. 
The trouble occurs only when we find C, not when we are finding R only. 
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So, in this case, we will re-write the problem thus: 

Find the radius of curvature and the centre of curvature for the curve 
y = sin 2 ?, x = 2 cos t, at the point for which t 


Start off by finding the radius of curvature only. Then check your 
result so far with the solution given in the next frame before setting out 
to find the centre of curvature. 


41 


-2-795, i.e. 2-795 units 


Here is the working. 


. dx_ 


dy_ = dy dt _ 2 sin f cos t f 

dx dt' dx -2 sin t 

Att = 60 o ,^=-cos60 o = -\ 


dt i 

• ‘py - 1 
"H? 2 


dx 


sin t _ 
-2 sin t 


d 2 y 


-AT 


_-2-5y/5 _ -5y/5 _-5 (2-2361) 
8 4 4 

-11-1805 _ 


All correct so far? Move on to the next frame, then. 
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Now to find the centre of curvature (h, k ) 


h=x l - R sin 6 
k =y l + R cos 0 

where tan0=|£ = ~ & = -26°34' (6 between ± 90°) 

sin(-26°34') = -0-4472; cos(-26°34') = 0-8944 
Also Xi = 2 cos 60° = 2.-i= 1 


y i = sin 2 60° 




3 

4 


and you have already proved that R = -2-795. 

What then are the co-ordinates of the centre of curvature? 


42 


Calculate them and when you have finished, move on to the next frame. 


Results: | h = -0-25; fc = —1-751 


For: h= 1 - (-2-795) (-0-4472) 0-4464 

= 1 -1-250 i~ 6505 

, * = _ 0 . 25 ^269 


and k = 0-75 + (-2-795) (0-8944) 0-4464 

= 0-75-2-50 1~ 9515 


Therefore, the centre of curvature is the point (-0-25, -1 -75) 


43 


This brings us to the end of this particular programme. If you have 
followed it carefully and carried out the exercises set, you must know 
quite a lot about the topics we have covered. So turn on now and work 
the Test Exercise. It is all very straightforward. 
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44 Test Exercise—VII 

Answer all questions 

1. Find the angle between the curves x 2 + y 2 =4 and Sx 2 + y 2 = 5 at 
their point of intersection for which x and y are positive. 

2. Find the equations of the tangent and normal to the curve 
y 2 = 11 - at the point (6,4). 

3. The parametric equations of a function are x = 2 cos 3 6,y = 2 sin 3 6. 
Find the equation of the normal at the point for which 0 =-^= 45°. 

4. If x = 1 + sin 26,y = 1 + cos 0 + cos 20, find the equation of the 
tangent at 0 = 60°. 

5. Find the radius of curvature and the co-ordinates of the centre of 
curvature at the point x = 4 on the curve whose equation is 

y = x 2 + 5 In x - 24. 

i d ^ V 

6. Given that x = 1 + sin 6,y = sin 6 -j cos 26, show that = 2. Find 

the radius of curvature and the centre of curvature for the point on 
this curve where 6 = 30°. 

Now you are ready for the next programme. 
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Further Problems-VII 

1. Find the equation of the normal to the curvey = at the point 

(3, 0-6) and the equation of the tangent at the origin. 

2. Find the equations of the tangent and normal to the curve 

4x + 4 xy + y 2 = 4 at (0,2), and find the co-ordinates of a further 
point of intersection of the tangent and the curve. 

3. Obtain the equations of the tangent and normal to the ellipse 

x 2 y 2 _ 

169 + 25 ^ P 0311 * (13 cos 6,5 sin 9 ). If the tangent and 

normal meet the x-axis at the points T and N respectively, show that 
ON.OT is constant, O being the origin of co-ordinates. 

4. If x 2 y + xy 2 - x 3 -y 3 + 16 = 0, find-^ in its simplest form. Hence 
find the equation of the normal to the curve at the point (1,3). 

5. Find the radius of curvature of the catenary y = c cosh at the 
point (*!,>>!). 

6. If 2x 2 +y 2 -6y-9x = 0, determine the equation of the normal to 
the curve at the point (1,7). 

7. Show that the equation of the tangent to the curve x = 2a cos 3 /, 
y=a sin 3 / , at any point P(0</^-|) is 

x sin / + 2y cost- 2a sin / cos / = 0 

If the tangent at P cuts they-axis at Q, determine the area of the 
triangle POQ. 

8. Find the equation of the normal at the point x = a cos 6 , y - b sin 0 , 
of the ellipse J ^ = 1. The normal at P on the ellipse meets the 

major axis of the ellipse at N. Show that the locus of the mid-point 
of PN is an ellipse and state the lengths of its principal axes. 
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9. For the point where the curves = * + * 2 passes through the origin, 
determine: 

(i) the equations of the tangent and normal to the curve, 

(ii) the radius of curvature, 

(iii) the co-ordinates of the centre of curvature. 

10. In each of the following cases, find the radius of curvature and the 
co-ordinates of the centre of curvature for the point stated. 

(ii) y 2 = Ax-x 2 - 3 at x = 2-5 
(•iii) y = 2 tan 6, x = 3 sec 6 at 6 = 45° 

11. Find the radius of curvature at the point (1,1) on the curve 
x 3 -2 xy+y 3 =0. 

12. If 3 ay 2 = x(x-a) 2 with a > 0, prove that the radius of curvature at 
the point (3a, 2a) is-^^. 

13. If x = 26- sin 26 and y = 1 - cos 26, show that^ = cot 6 and that 

Q-Z = - . If p is the radius of curvature at any point on the 

dx 2 4sin 4 0 

curve, show that p 2 = 8y. 

14. Find the radius of curvature of the curve 2x 2 +y 2 - 6y - 9x = 0 at 
the point (1,7). 

15. Prove that the centre of curvature ( h , fc) at the point P(af 2 ,2 at) on 
the parabola y 2 = Aax has co-ordinates h = 2a + 3 at 2 , k = -2 at 3 . 

16. If p is the radius of curvature at any point P on the parabola 

x 2 = 4 ay, S is the point (0,a), show that p = 2>/[(SP) 3 /SO], where O 
is the origin of co-ordinates. 

17. The parametric equations of a curve are x = cos t + t sin t, 

y = sin t -1 cos t. Determine an expression for the radius of curvature 
(p) and for the co-ordinates (h,k) of the centre of curvature in terms 
of t. 


219 



Differentiation Applications 1 


18. Find the radius of curvature and the co-ordinates of the centre of 
curvature of the curve = 3 lnx, at the point where it meets the 
x-axis. 

19. Show that the numerical value of the radius of curvature at the point 

* 2(ir +jti 

(*i ,y i) on the parabola y 2 = 4 ax is 111 — —r 1 —. If C is the centre 
a 1/2 

of curvature at the origin 0 and S is the point (a, O), show that 
OC = 2 (OS). 

20. The equation of a curve is 4 y 2 =x 2 (2 ~x 2 ). 

(i) Determine the equations of the tangents at the origin. 

(ii) Show that the angle between these tangents is tan -1 (2\/2). 

(iii) Find the radius of curvature at the point (1,1/2). 
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Inverse trigonometrical functions 

You already know that the symbol sin -1 * (sometimes referred to as 
‘arcsine x’) indicates ‘the angle whose sine is the value x\ 
e.g. sin' 1 0-5 = the angle whose sine is the value 0-5 
= 30° 

There are, of course, many angles whose sine is 0-5, e.g. 30°, 150°, 390°, 
510°, 750°, 870°, . . . . etc., so would it not be true to write that 

sin' 1 0 -5 was any one (or all) of these possible angles? 

The answer is no, for the simple reason that we have been rather 
lax in our definition of sin' 1 * above. We should have said that sin' 1 * 
indicates the principal value of the angle whose sine is the value *; 
to see what we mean by that, move on to frame 2. 
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The principal value of sin" 1 0-5 is the numerically smallest angle 
(measured between 0° and 180°, or 0° and-180°) whose sine is 0-5. 
Note that in this context, we quote the angle as being measured from 0° 
to 180°, or fromO 0 to -180°. 

In this range, there are two 
\° t0 180 ° angles whose sine is 0 -5, i.e. 30° 

\ and 150°. The principal value of 

—i- the angle is the one nearer to the 

! x positive OX direction, i.e. 30°. 
/ . sin' 1 0-5 = 30° 

O to -180 

and no other angle! 



Similarly, if sin 8 = 0-7071, what is the principal value of the angle 81 
When you have decided, turn on. 
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| Principal value of 6 = 45° 


for: sin 0 = 0*7071 In the range 0 
possible angles are 45° and 135°. 

y i 


0 P 



to 180 , or 0 to-180 , the 

The principal value of the angle is 
the one nearer to the positive OX 
axis, i.e. 45°. 

sin 1 0-7071 =45° 
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In the same way, we can find the value of tan -1 y/3. 

If tan d = \/3 = 1 -7321, then 6 = 60° or 240°. Quoted in the range 0° to 
180° or 0° to -180°, these angles are 0 = 60° or -120°. 



The principal value of the angle is the one nearer to the positive OX 
direction, i.e. in this case, tan -1 \/3 =. 


| tan~‘\/3 = 60°~| 

Now let us consider the value of cos -1 0-8192. 

From the cosine tables, we find one angle whose cosine is 0-8192 to be 
35°. The other is therefore 360° - 35°, i.e. 325° (or -35°). 



Of course, neither is nearer to OX: they are symmetrically placed. In 
such a situation as this, it is the accepted convention that the positive 
angle is taken as the principal value, i.e. 35°, .'. cos -1 0-8192 = 35° 

So, on your own, find tan' 1 (-1). Then on to frame 5. 
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| principal value J 


Differentiation of inverse trig, functions 

Sin -1 *, cos -1 *, tan -1 * depend, of course, on the values assigned to *. 
They are therefore functions of * and we may well be required to find 
their differential coefficients. So let us deal with them in turn. 

(i) Let y = sin -1 *. We have to find^- 


First of all, write this inverse statement as a direct statement. 
y ~ sin -1 * .'. * = sin_y 


dx_ 

dy~ 


■ dy = 

” dx 


I dy_ 1 ~ 

| dx ~ cos y 

Now we express cos)’ in terms of *, thus: 

We know that cos 2 )’ + sin 2 )’ = 1 

cos 2 .)’ = 1 - sin 2 )’ = 1 -* 2 (since * = sin)’) 
.'. COS)’ =\/(l ~x 2 ) 

■ dy i 

" dx V(1 _ * 2 ) 

l{ slir '*]-yoh) 


Now you can determine j cos **| in exactly the same way. 


Go through the same steps and finally check your result with that on 
frame 9. 
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d 1 

\ -1 


)s x ) VO-* 2 ) 


Here is the working: 


y = cos jc /. x = cos/ 


dx dy —1 

3 - = -sm/ .. -f= -— 
dy dx sin y 

cos 2 / + sin 2 / = 1 sin 2 / = 1 - cos 2 / = 1 - x 2 

sin/=V(l-^ 2 ) 

■ 4y - -1 . d \ _j \ _ -1 

• ^V(l-x 2 )"^( C0S X 1 = yATP) 

So we have two very similar results 


(i) ; 


V(1-* 2 ) 


Different only in sign. 


W *\ C “ *j"V(i-* 2 )J 

Now you find the differential coefficient of tan -1 *. The working is 
slightly different, but the general method the same. See what you get and 
then move to frame 10 where the detailed working is set out. 
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Working: 


Let / = tan -1 x x = tan /. 

^r-= sec 2 / = 1 + tan 2 / = 1 + x 2 
dy 

^=1 + v* ^ = _J_ 

dy ” dx l+x 2 


dx\ 


1 +x 2 


Let us collect these three results together. Here they are:- 


*{“ . 

.(i) 

d ( , .1 -1 


dx\ COS X }-y/(l-x') . 

. 00 

s{*“'*)*rbr . 

. (iii) 


Copy these results into your record book. You will need to remember them. 
On to the next frame. 
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Of course, these differential coefficients can occur in all the usual 
combinations, e.g. products, quotients, etc. 

Example 1. Find ^ , given that y = (1 ~x 2 ) sin 1 x 


e have a product 

" dx (1 * V(l- 


sin l x.(—2x) 


= V(1 ~x 2 )- 2 x.sin i x 


Example 2. If = tan 1 ( 2x - 1), find^ 

This time, it is a function of a function. 

dy_ 1 2= 2 _ 

dx l+(2x-l ) 2 1 + 4x 2 — 4x + 1 

2 _ 1 
2 + 4x 2 -4x 2x 2 -2x + 1 


and so on. 
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12 

Here you are. Here is a short exercise. Do them all: then check your 
results with those on the next frame. 

Revision Exercise 
Differentiate with respect to x: 

1. y = sin -1 5x 

2 . y = cos -1 3x 

3. y = tan -1 2x 

4. y = sin -1 (x 2 ) 

5. y =x 2 .sin _1 ^!j 

When you have finished them all, move on to frame 13. 
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13 Results: 

1. y = sin -1 5x 

2. y = cos' 1 3x 


dy _ 1 r _ 5 

'dx V{l-(5x) 2 }' V{1-25 x 2 } 

■ dy_ 


dx V0-(3^) 2 } V {l~9x 2 } 

y ~ 2x = 

.y = sin _1 (x 2 ) J = 


1 


dx V{1 -(x 2 ) 2 }' 2 * V(l-x 4 ) 
'x \ . dy _ 2 1 1 ~ 

>2) •■*-* V{l-@ i }-2 +2x ” 

• 2x.sin _1 ( 4) 


■-(!) 


4 - 4 } 

X 2 

V(4-x 2 ) + 


now on to r/ie next frame. 
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Differential coefficients of inverse hyperbolic functions 
In just the same way that we have inverse trig, functions, so we have 
inverse hyperbolic functions and we would not be unduly surprised if 
their differential coefficients bore some resemblance to those of the 
inverse trig, functions. 

Anyway, let us see what we get. The method is very much as before, 
(i) y = sinh' 1 x To find ^ 

First express the inverse statement as a direct statement. 

y = sinh' 1 x x = sinh y :. cosh y :. — 

dy dx coshy 

We now need to express cosh y in terms of x 
We know that cosh 2 y - sinh 2 y =1 .'. cosh 2 _y = sinh 2 y + 1 = x 2 + 1 
coshj' =V(x 2 + 1) 


dy 1 . d ( . , _! \ 1 

*N7Fnr *) vFTi) 

Let us obtain similar results for cosh _1 x and tanh' 1 x and then we will 
take a look at them. 

So on to the next frame. 
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We have just established sinh 1 * j =y ^ 2 + ^ 

(ii) v * cosh " 1 x x = coshy 

. dx_ . . . dy _ 1 

dy S1 y " dx sinhy 

Now cosh 2 y - sinh 2 y = 1 sinh 2 y = cosh 2 y - 1 = * 2 - 1 
sinhy -y/(x 2 ~ 1 ) 

dy _1 . d_ j , _j ] _ 1 

" dx~y/(x 2 - 1) " dx i 008 ^ i \/(* 2 -l) 

Now you can deal with the remaining one 

If y = tanh" 1 *, ~ =. 

7 dx 

Tackle it in much the same way as we did for tan" 1 *, remembering this 
time, however, that sech 2 * = 1 - tanh 2 *. You will find that useful. 
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When you have finished, move to frame 16. 


y = tanh" 1 * 


dy _ 1 

dx 1 -x 


y = tanh " 1 * * = tanhy 


• dy = 1 

dx 1 -x 2 

— (tanh" 1 *] = . - 1 -j- 
dx \ j 1 -* 2 

Now here are the results, all together, so that we can compare them. 


— {cosh 1 *} = 


V(* 2 + 1) 

_1__ 

V(x 2 -1) 


(iv) 
■ (v) 
(vi) 


16 


Make a note of these in your record book. You will need to remember 
these results. 

Now on to frame 1 7. 
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Here are one or two examples, using the last results. 

Example 1. y = cosh -1 {3 — 2x} 

• 1 (~ 2 ) _ ~2 
" dx V(( 3 - 2x) 2 - l}' 7(9 - 12* + 4x 2 - 1) 

-2 _ -2 = -1 

V(8 - 12x + 4x 2 ) 2yJ(x 2 ~3x + 2) s/(x 2 - 3x + 2) 
Example 2. y = tanh -1 

. dy_ 1 j|. 1_ 1 

■-£)’ r -lr 4 

= jj> 3_ = 12 
16-9x 2 ' 4 16 - 9x 2 


Example 3. 


y = sinh 1 {tan*} 


• Q - 1 2 _ sec 2 * 

■’ dx y/(\2ii\ 2 x + 1)' XC X \/sec 2 x 


18 Here are a few for you to do. 

Exercise 

Differentiate: 

1. y = sinh -1 3* 

2. y = cosh -1 (| ?: ) 

3. y = tanh -1 (tan x) 

4. y = sinh -1 yj(x 2 ~ 1) 

5. y = cosh -1 (e 2 *) 

Finish them all. Then turn on to frame 19 for the results. 
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Results: 


2 . 


3. 

4. 


7 sinh 1 3x ^| (3jc)2 + jy 3 ^/ (9jc 2 + j) 

, -i / 5 jc\ . dy 1 5 5 

— (r) ■ = 4 ^T ) r M¥ _ l) 


y = tanh 1 (tan x) 
y = sinh' 1 { \J(x 2 


\5x 2 — 4 \ V(25jc 2 -4) 




’ dx 1 — tan 2 x ' 


- 1 )} 


• ^=77 
dx 




5. y = cosh' 1 (e 2 *) 
All correct? 

On then to frame 20. 


dy _1 

' dx V{(e«) 2 -1} 


. 2e 2x 



19 


Before we leave these inverse trig, and hyperbolic functions, let us 
look at them all together. 


Inverse Trig. Functions 

Inverse Hyperbolic Functions j 

y 

dy 

dx 

y 

dy 

dx 

sin" 1 x 

1 

sinh" 1 x 

1 

V(i ~* 2 ) 

V(* 2 + 1) 

cos _1 x 

-1 

1 ^ 

1 

V(l-x 2 ) 


V(x 2 - 1) 

tan" 1 x 

1 

1+* 2 

tanh" 1 x 

_1 _ 


It would be a good idea to copy down this combined table, so that you 
compare and use the results. Do that: it will help you to remember them 
and to distinguish clearly between them. 
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Before you do a revision exercise, cover up the table you have just copied 
and see if you can complete the following correctly. 


1. If >> = sin -1 *, ^ =. 

2. Ify = cos -1 x,^ =. 

3. Ify = tan' 1 *, ^ =. 

4. If_y = sinh _1 x,^=. 

5. Ify = cosh -1 x,^ =. 

6 . Ify = tanh -1 x, ^ =. 

Now check your results with your table and make a special point of 
brushing up any of which you are not really sure. 


22 

Revision Exercise 

Differentiate the following with respect to x: 

1 . tan -1 (sinh x) 

2 . sinh -1 (tan x) 

3. cosh -1 (sec x) 

4. tanh - 1 (sinx) 



Take care with these; we have mixed them up to some extent. 

When you have finished them all - and you are sure you have done 
what was required - check your results with those on frame 23. 
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Solutions 

1 . y = tan -1 (sinh x) 


dx 1 + sinh 2 x 
y = sinh " 1 (tan x) 


cosh x = —rj- = sechx 


d z = - 


1 


dx ^/(tan 2 x + 1 ) 
y = cosh' 1 (sec x) 


Vsec 2 Ji 


— {cosh 1 x} = 


1 


. dy = _ 

dx \/(sec 2 x - 1 ) 


y = tanh 1 (sin x) 


dy _ 1 

dx 1 - sin 2 x ' 


.sec x .tan x = 


yj{x 2 - 1) 
x. tan x 


Vtan* x 

= secx 


■ dy = . 


dx\ 

i_i i 


V(i-* 2 ) 


: 4-©T* 

= 1 l = i 
a \j ja 2 -x 2 '} \f(a 2 ~x 2 ) 


If you have got those all correct — or nearly all correct - you now 
know quite a lot about the differential coefficients of Inverse Trig, and 
Hyperbolic Functions. 

You are now ready to move on to the next topic of this programme, so 
off you go to frame 24. 


23 
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Maximum and minimum values (turning points) 

You are already familiar with the basic techniques for finding 
maximum and minimum values of a function. You have done this kind of 
operation many times in the past, but just to refresh your memory, let us 
consider some function, y = j(x) whose graph is shown below. 



o| *3x 


At the point A, i.e. at x = Xi, a maximum value of y occurs since at A, 
the y value is greater than the y values on either side of it and close to it. 

Similarly, at B ,y is a.since they value at the point B is 

less than the y values on either side of it and close to it. 
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At B ,y is a |minimum] value. 



The point C is worth a second consideration. It looks like ‘half a max. 
and half a min.’ The curve flattens out at C, but instead of dipping down, 
it then goes on with an increasingly positive slope. Such a point is an 
example of a point of inflexion, i.e. it is essentially a form of S-bend. 

Points A, B and C, are called turning points on the graph, or 
stationary values of y, and while you know how to find the positions of 
A and B, you may know considerably less about points of inflexion. We 
shall be taking a special look at these. 

On to frame 26. 


235 







Differentiation Applications 2 


If we consider the slope of the graph as we travel left to right, we can 
draw a graph to show how this slope varies. We have no actual values for 
the slope, but we can see whether it is positive or negative, more or less 
steep. The graph we obtain is the first derived curve of the function and 
dy 

we are really plotting the values of ~ against values of x 


26 



We see that at x = x,, x 2 , x 3 , (corresponding to our three turning 
points) the graph of ^ is at the x-axis — and at no other points. 
Therefore, we obtain the first rule, which is that for turning points, 

dy = 

dx . 

Turn on to frame 27. 


236 






Programme 8 



From the first derived curve, we see that for turning points, 



From the second derived curve, we see that 


for maximum y, 

ly 

dx 2 

for minimum y. 

d 2 y 

dx 1 

for P-of-I, 

d 2 y 


is negative 
is positive 
is zero 


Copy the diagram into your record book. It summarizes all the facts on 
max. and min. values so far. 
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From the results we have just established, we can now determine 

(i) the values of x at which turning points occur, by differentiating 
the function and then solving the equation ^ = 0 

(ii) the corresponding values of y at these points by merely substitut¬ 
ing the x values found, iny = /( x) 

(iii) the type of each turning point (max., min., or P-of-I) by testing 

, - d 2 y 

in the expression for 


28 


With this information, we can go a long way towards drawing a sketch 
of the curve. So let us apply these results to a straightforward example in 
the next frame. 


Example. Find the turning points on the graph of the function 
y = y- y- 2x + 5. Distinguish between them and sketch the graph of 
the function. 

There are, of course, two stages: 

(i) Turning points are given by ^ = 0 

(ii) The type of each turning point is determined by substituting the 
roots of the equation ^ = 0 in the expression for 


29 


(fy 

//-ry is negative, then is 


i maximum. 


” point of inflexion. 


We shall need both the first and second differential coefficients, so find 

them ready. Ify = y - y - 2x + 5, then ^ =.and 

d 2 y _ 

dx 2 ~. 
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dy n 

(i) Turning points occur at ^ = 0 

x 2 -x-2 = 0 (x~2)(x + 1) = 0 x = 2 andx = -1 

i.e. turning points occur at x = 2 and x = — 1. 

(ii) To determine the type of each turning point, substitute x = 2 and 

cPy 

then x = -1 in the expression for 

At x - 2, = 4 — i = 3 , i.e. positive .\ x = 2 gives 

At x = —1, ^ =-2-1, i.e. negative :. x = -1 gives y max . 


Substituting iny = /(x) gives x = 2, y min = \\ and x = -1, y max = 6 ^ 
Also, we can see at a glance from the function, that when x = 0,y = 5. 
You can now sketch the graph of the function. Do it. 


31 - 

~~ 5 

1 2 /3 

_6V 6 

We know that (i) at x = -1, ,y max = 65 


Joining 

/ 

p wit! 
Y 

(iii) at x = 0, y = 5 

a smooth curve gives: 

-?-2* + s 

X, O 1 2 3 4 5 X 

There is no point of inflexion like the point C on this graph. Move on. 
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All that was just by way of refreshing your memory on work you have 
done before. Now let us take a wider look at these 


32 


Points of Inflexion 

The point C that we considered on our first diagram was rather a 
special kind of point of inflexion. In general, it is not necessary for the 
curve at a P-of-I to have zero slope. 

A point of inflexion is defined simply as a point on a curve at which 
the direction of bending changes, i.e. from a right-hand bend to a left- 
hand bend, or from a left-hand bend to a right-hand bend. 



The point C we considered is, of course, a P-of-I, but it is not essential at 
a P-of-I for the slope to be zero. Points P and Q are perfectly good points 
of inflexion and in fact in these cases the slope is 

( positive i 
negative | Which? 
zero 


At the points of inflexion, P and Q, the slope is in fact 
| positive | 

Correct. The slope can of course be positive, negative or zero in any one 
case, but there is no restriction on its sign. 
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□□□□□□□□□ 


A point of inflexion, then, is simply a point on a curve at which there is a 
change in the d .of b . 
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Point of inflexion: a point at which there is a change in the 
| direction of bending^ 


□□□□□□□□□□□□□□□□□□□□□□□□□□ 


If the slope at a P-of-I is not zero, it will not appear in our usual max. 


i. routine, for -p will not be zero. How, then, are we going to 


find where such points of inflexion occur? Let us sketch the graphs of the 
slopes as we did before. 



P and Q are points 
of inflexion. 


In curve 1, the slope is always 
positive, ++ indicating a greater 
positive slope than +. 

Similarly in curve 2, the slope i: 
always negative. 

In curve 1, ^ reaches a minimi 
dx 

value but not zero. 
dy_ 
dx 

value but not zero. 

For both points of inflexion, 
x = X4 and x = x s 


In curve 2, — reaches a maxim’ 


dx 2 


^-0 


So, is this the clue we have been seeking? If so, it simply means that to 
find the points of inflexion we differentiate the function of the curve 

(p y 

twice and solve the equation = 0. 


That sounds easy enough! But turn on to the next frame to see what is 
involved. 
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We have just found that 

d*v 

where points of inflexion occur, = 0 

This is perfectly true. Unfortunately, this is not the whole of the story, 
(i 2 y 

for it is also possible for ^5 to be zero at points other than points of 
inflexion! 

So if we solve = 0, we cannot as yet be sure whether the solution 

x = a gives a point of inflexion or not. How can we decide? 

Let us consider just one more set of graphs. This should clear the 
matter up. 


35 



Notice the difference between the two second derived curves. 
y 

Although is zero for each (at x = x 6 and x = jc 7 ), how do they differ? 
When you have discovered the difference, turn on to frame 37. 
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□ □□□□□□□□□□□□□□ Ll Cl 0' D D U itofi □□□□□□□□□□□□□□ 

This is the clue we have been after, and gives us our final rule. 

For a point of inflexion, ^p = 0 and there is a change of sign o/^p 
as we go through the point. 

(In the phoney case, there is no change of sign.) 

So, to find where points of inflexion occur, 

(i) we differentiate y =/(x) twice to get ^5 

(ii) we solve the equation'^p = 0 

(fiy 

(iii) we test to see whether or not a change of sign occurs in ^p as we 

go through this value of x. 

For points of inflexion, then, = 0, withe.of s . 


In the case of the real P-of-I, the graph of ^p crosses the x-axis. 

V 

In the case of no P-of-I, the graph of ^p only touches the x-axis 

(py 

and -pj does not change sign. 


^ H For a P-of-I, ^p = 0 with | change of sign | 

This last phrase is all-important. 

Example 1. Find the points of inflexion, if any, on the graph of the function 


(i) Diff twice. f x = x 2 - x - 2, I2x - 1 

For P-of-I, = 0, with change of sign. /. 2x - 1 = 0 .'. x = \- 
dx j 2 

If there is a P-of-I, it occurs atx = — ^ ^ 

(ii) Test for change of sign. We take a point just before x = - i.e. x =p- 
11 z z 

and a point just after x = ^ i.e. x = —+ a, where a is a small positive 

quantity, and investigate the sign of ^5 at these two values of x. 

___ Turn on. 
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(i) At x 

(ii) At* 




d 2 y 


= 2(4— a) - 1 = 1 — 2a - 1 




= 2(^+a)-l = l + 2a-l 


= 2a (positive) 

d 2 v 1 

There is a change in sign of as we go through x = — 

There is a point of inflexion at x = ^ 


If you look at the sketch graph of this function which you have 
already drawn, you will see the point of inflexion where the right-hand 
curve changes to the left-hand curve. 
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Example 2. Find the points of inflexion on the graph of the function 
y = 3x 5 - 5x 4 + x + 4 

First, differentiate twice and solve the equation = 0. This will give the 
values of x at which there are possibly points of inflexion. We cannot be 
sure until we have then tested for a change of sign in . We will do that 
in due course. 

So start off by finding an expression for and solving the equation 

£?- 0 . 

dx 

When you have done that, turn on to the next frame. 
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y = 3x s - 5x 4 + x + 4 

^ = 15x 4 — 20x 3 + 1 
dx 

= 6Qx 3 - 6Qx 2 = 60x 2 (x - 1) 


d 2 y 

For P-of-1, ^2 = 0, with change of sign. 


.'. 60x 2 (x - 1) = 0 /. x = 0orx=l 


If there is a point of inflexion, it occurs at x = 0, x = 1, or both. Now 
comes the test for a change of sign. For each of the two values of x we 
have found, i.e. x = 0 and* = 1, take points on either side of it, differing 
from it by a very small amount. 

(i) For x = 0 

At x = -a, ^2 = 60(^a) 2 (-a - 1) 1 

= (+)(+)(-) = negative I No sign change. 

[ No P-of-F 

At x = +a, = 60(+a) 2 (a - 1) 

= (+) (+)(“) = negative J 


(ii) For x = 1 


Atx = 1 -a,|p=60(l -a) 2 (l ~a~ 1) 

= (+)(+)(“) = negative I 
At x = 1 + a,0 = 60(1 + a) 2 (l + a- 1) 

= (+)(+)(+) = positive J 


Change in sign. 
:. P-of-I. 


Therefore, the only point of inflexion occurs when x = 1, i.e. at the point 
x = 1, y = 3 


That is just about all there is to it. The functions with which we have 
to deal differ, of course, from problem to problem, but the method 
remains the same. 

Now turn on to the next frame and complete the Test Exercise awaiting 
you. The questions are all very straightforward and should not cause you 
any anxiety. 
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Test Exercise- VIII 
Answer all the questions. 

1. Evaluate (i) cos' 1 (-0-6428), (ii) tan" 1 (-0-7536). 

2. Differentiate with respect to x: 

(i) y = sin' 1 (3x + 2) 

.... cos' 1 X 

(m) 

(iv) y - cosh' 1 (1 - 3x) 

(v) y = sinh' 1 (cos x) 

(vi) y = tanh' 1 5x 

3. Find the stationary values of y and the points of inflexion on the 
graph of each of the following functions, and in each case, draw a 
sketch graph of the function. 

(i) y = x 3 -6x 2 +9x + 6 

(ii) y-x +— 

(iii) y=xt~ x 


Well done. You are now ready for the next programme. 
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Further Problems—VIII 

1. Differentiate (i) tan -1 ( I + tan * | 
w (1 — tanxj 

(ii) W(1 — ^ 2 ) — sin -1 V(1 -x 2 ) 


„ Ti . sin x x ^ 

2. If y -x 2 )’ P rove t * lat 

(i) (1 -x 2 ) d £=xy+ 1 

3 . Find ^ when (i) y = tan' 1 j j 

(ii) y = tanh' 1 

4. Find the co-ordinates of the point of inflexion on the curves 

(i) y-(x- 2) 2 (x - 7) 

(ii) y = 4x 3 + 3x 2 - 18* - 9 


5. Find the values of x for which the function y =f(x), defined by 
y(3x - 2) = (3jc - l) 2 has maximum and minimum values and 
distinguish between them. Sketch the graph of the function. 

6. Find the values of x at which maximum and minimum values of y 
and points of inflexion occur on the curve y = 12 Inx + x 2 - lQx. 

7. If 4x 2 + 8 xy + 9 y 2 -8x~ 24 y + 4 = 0, show that when £ = 0, 

d 2 v 4 

x + y = 1 and . Hence find the maximum and 

minimum values of y. 

8. Determine the smallest positive value of x at which a point of 
inflexion occurs on the graph of y = 3 e 2x cos(2x - 3). 

9. Ify 3 =6xy-x 
value of y occurs where x 3 = 8 + 2\/l4 and the minimum value 
where x 3 = 8 - 2Vl4. 
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10. For the curve y = e * sin x, express ^ in the form Ae x cos(x + a) 

and show that the points of inflexion occur at x = + for for any 

integral value of k. 

11. Find the turning points and points of inflexion on the following 
curves, and, in each case, sketch the graph. 

(i) y = 2x 3 -Sx 2 +4x-1 

00 

(iii) y = x + sin x (Take x and 7 scales as multiples of 7r.) 

12. Find the values of x at which points of inflexion occur on the 
following curves. 

(i) y = e“* (ii) y = e~ 2x (2x 2 + 2x + 1) 

(iii) y=x* - l Ox 2 + lx + 4 

13. The signalling range (x) of a submarine cable is proportional to 

r 2 In j, where r is the ratio of the radii of the conductor and cable. 
Find the value of r for maximum range. 

14. The power transmitted by a belt drive is proportional to Tv - — , 

where v = speed of the belt, T = tension on the driving side, and 
w = weight per unit length of belt. Find the speed at which the 
transmitted power is a maximum. 

15. A right circular cone has a given curved surface A. Show that, when 
its volume is a maximum, the ratio of the height to the base radius 
isV2:l. 

16. The motion of a particle performing damped vibrations is given by 
y = e“ r sin 2 t,y being the displacement from its mean position at 
time t. Show that y is a maximum when t = ^ tan' 1 (2) and determine 
this maximum displacement to three significant figures. 

17. The cross-section of an open channel is a trapezium with base 6 cm 
and sloping sides each 10 cm wide. Calculate the width across the 
open top so that the cross-sectional area of the channel shall be a 
maximum. 
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18. The velocity (v) of a piston is related to the angular velocity (co) of 
the crank by the relationship v = cor j sin 9 + sin 29 j where 

r = length of crank and Z = length of connecting rod. Find the first 
positive value of 9 for which v is a maximum, for the case when 
l = 4r. 

19. A right circular cone of base radius r, has a total surface area S 
and volume V. Prove that 9V 2 = r 2 (S 2 - 27rr 2 S). If S is constant, 
prove that the vertical angle (9) of the cone for maximum volume 

is given by 9 = 2 sin -1 (j). 

d“^ x dx 

20. Show that the equation 4 + 4p^- + ju 2 x = 0 is satisfied by 

x = (Ar + B) e -#i, Z 2 , where A and B are arbitrary constants. If 

x = 0 and ^ = C when t = 0, find A and B and show that the 
at 

' 2C 2 

maximum value of x is — and that this occurs when t = —. 

fJte V- 
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PARTIAL DIFFERENTIATION 

PARTI 


Programme 9 



The volume V of a cylinder of radius 
r and height h is given by 
V = nr 2 h 

i.e. V depends on two quantities, the 
values of r and h. 


If we keep r constant and increase the height h, the volume V will 
increase. In these circumstances, we can consider the differential coef¬ 
ficient of V with respect to h - but only if r is kept constant. 


C-l 

l dh J r constant 


Notice the new type of ‘delta’. We already know the meaning of 

|^-and^-. Now we have a new one, |^is called the partial differential 

coefficient of V with respect to h and implies that for our present 
purpose, the value of r is considered as being kept. 


| constant [ 
dV 

V = nr 2 h. To find —, we differentiate the given expression, taking all 
bh av 

symbols except V and h as being constant .. — = nr 2 .l = nr 2 
an 

Of course, we could have considered h as being kept constant, in which 
case, a change in r would also produce a change in V. We can therefore 
av 

talk about ~ which simply means that we now differentiate V = nrh 

with respect to r, taking all symbols except V and r as being constant for 
the time being. av 

=n2rh = 2nrh 
dr 

In the statement, V = nr 2 h, V is expressed as a function of two 
variables, r and h. It therefore has two partial differential coefficients, 
one with respect to.and one with respect to. 
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I One with respect to r; one with respect to h j 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

Another Example 

Let us consider the area of the curved 
surface of the cylinder. 

A = 2itrh 

A is a function of r and h, so we can 

J dA J 3A 
find— and — 

9 r 9 h 

To find-^ we differentiate the expression for A with respect to r, keep¬ 
er 

ing all other symbols constant. 

9A 

To find jjji we differentiate the expression for A with respect to h, keep¬ 
ing all other symbols constant. 

So, if A = 27rr/i,then-^=. and =. 



9A . , 
Tr 2 ’ h 


□ □□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□DO 

Of course, we are not restricted to-the mensuration of the cylinder. 
The same will happen with any function which is a function of two 
independent variables. For example, consider z = x 2 y 3 . 


(i) To find , differentiate w.r.t. x, regarding^ as a constant. 


(ii) To find ^, differentiate w.r.t. y, regarding x as a constant. 


9 z 


= x 2 3y 2 = 3 x 2 y 2 


Partial differentiation is easy! For we regard every independent 
variable, except the one with respect to which we are differentiating, 
as being for the time being.. 
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Program 


(i) To find ^, we regards as being constant. 

Partial diff. w.r.t. x of x 2 = 2x 

” ” ” ” ” xy=y (y is a constant factor) 

” ” ” ” ” y 2 =0 (y 2 is a constant term) 

(ii) To find ^ , we regard x as being constant. 

Partial diff. w.r.t. y of x 2 =0 (x 2 is a constant term) 

” ” ” ” ” xy = x (x is a constant factor) 

... ” y 2 = 2 y 


Another example on frame 6. 


Example 2. z=x 3 +y 3 2x 2 y 

~ = 3x 2 + 0-4xy = 3x 2 -4xy 
dx - 

— = 0 + 3y 2 - 2x 2 = 3y 2 - 2x 2 

by - 

And it is all just as easy as that. ( 

Example 3. z = (2x -y) (x + 3y) 

This is a product, and the usual product rule applies except that w 
keep y constant when finding ||, and x constant when finding — 
f x = (2x - y) (1 + 0) + (x + 3y) (2 - 0) 

= 2x-y + 2x + 6y = 4x + 5y 
^ = (2x-y)(0 + 3) + (x + 3y)(0- 1) 

= 6x — 3y - x 3y ~ 5x 6y 
Here is one for you to do. 

If z = (4x - 2 y) (3x + 5y), find || and ^ 

Find the results and then turn on to frame 7. 
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f = 24, + 14. 

f- = 14x — 20_y 
dy 


For Z = (4x- 2 y) (3x + 5y), i.e. product 

= (4x — 2y) (3 + 0) + (3x + 5.y) (4 - 0) 
= ] 2x - 6y + 12x + 20y = 24x + 14 y 
f=(4x- 2y) (0 + 5) + (3x + 5y) (0-2) 
y = 20x~l0y~6x- lOy = 14x~ 20,y 
There we are. Now what about this one? 

Example 4. If z find and 

x + y dx by 

Applying the quotient rule, we have 

dz (x + y)(2-0)-(2x-jQ(l+0) _ 3y 

dx (x+y) 2 (x+y) 2 

a . dz _ (x + y) (0 - 1) - (2x j^) (0+1) _ -3x 

and 5T W (r+yf 

That was not difficult. Now you do this one: 

.. 5x + v -. , dz , dz 

If z = -- ,4- find and 

x - 2y dx dy 
When you have finished, on to the next frame. 


dz —11V | 

dz llx 

ax (x-2yf\ 

dy (x - 2 y) 2 


Here is the working: 

(i) To find-^ , we regard y as being constant. 

■ dz (x — 2y) (5 + 0) — (5x + y) (1 — 0) 

- {x-2 y) 5 

5x — 10y— 5x — y —11 y 

(x ~ 2yf (x ~ 2yf 

(ii) To find4j- , we regard x as being constant. 

^ dz (x — 2y) (0 + 1)— (5x + y) (0 - 2) 

" 3y (x-2yf 

_ x- 2y + lOx + 2 y _ llx 
’ (x - 2yf (x - 2y f 

In practice, we do not write down the zeros that occur in the working, 
but that is how we think. 

Let us do one more example, so turn on to the next frame. 
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Example 5. If z - sin(3x + 2y) find and — 

Here we have what is clearly a ‘function of a function’. So we apply 
the usual procedure, except to remember that when we are finding 

(i) , we treaty as constant, and 

(ii) —, we treat x as constant. 

°y 

Here goes then. 

— = cos(3x + 2y) X ~ (3x + 2y) 

= cos(3x + 2y) X 3 = 3 cos(3x + 2y) 

■| = cos(3x + 2y)x|;(3x + 2y) 

= cos(3x + 2y) X 2 = 2 cos(3x + 2y) 

There it is. So in partial differentiation, we can apply all the ordinary 
rules of normal differentiation, except that we regard the independent 
variables other than the one we are using, as being for the time 
being. 


10 


| constant | 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 
Fine. Now here is a short exercise for you to do by way of revision 


Exercise 

In each of the following cases, find ^ and 

1. z = 4x 2 + 3 xy + 5 y 2 

2. z = (3x + 2y)(4x-5y) 

3. z = tan(3x + 4 y) 

4 _ _ sin(3x + 2 y) 

xy 


Finish them all, then turn to frame 11 for the results. 


d 


255 







Partial Differentiation 1 


Here are the answers: 

1. z = 4x 2 + 3 xy + 5y 2 


11 


2. z = (3x + 2y)(4x-5y) 


z = tan(3x + 4y) 
3 z 


l (3x+4y) 


= 4 sec 2 (3x + 4y) 


_ sin(3x + 2y ) 


3 z = 3x cos(3x + 2v)~ sin(3x + 2v) 

3x _ x 2 y _ 

3 z _ 2 v cos(3x + 2v)~ sin(3x + 2y) 

_22!_- 

□DDDnaoDDDDnnDDODDnoDDDnnonnDDonaDDODD 

If you have got all the answers correct, turn straight on to frame 15. 

If you have not got all these answers, or are at all uncertain, move to 
frame 12. ____ 


Let us work through these examples in detail. 

1. z=4x 2 + 3 xy + 5y 2 

To find ~, regard y as a constant, 
dx 

~ = 8x + 3y + 0, i.e. 8x + 3y j x = 8x + 3y 
Similarly, regarding x as constant, 
f 1 = 0 + 3x + lOy, i.e. 3x + lOy .\ “ = 3x + lOy 


12 


3y 

z = (3x + 2y) (4x - 5y) Product rule. 
|| = (3x + 2y)(4) + (4x-5y)(3) 

= 12x + 8y + 12x- 15y = 24x~7y 


= -15x~ I0y + 8x-10y = ~7x - 20y 
Turn on for the solutions to Nos. 3 and 4. 
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3. z = tan(3x + 4y) 


— = sec 2 (3x + 4 y) (4) = 4 sec 2 (3x + 4 y) 
dy --- 

z - sin(3x + 2y ) 

xy 

bz _ xy cos(3x + 2y) (3) ~-sin(3.x: + 2y) (y) 
bx x 2 y 2 

_ 3x cos(3x + 2y)~ sin(3x + 2v) 


bz . 


Then check it with frame 14. 


14 


Here it is: 


_ sin(3x + 2 y) 
Z xy 


bz _ xy cos (3* + 2y).(2) - sin(3x + 2y).(x ) 
by x 2 y 2 

_ Ty cos(3x + 2y) - sin(3^ + 2y ) 

*y 2 


That should have cleared up any troubles. This business of partial 
differentiation is perfectly straightforward. All you have to remember is 
that for the time being, all the independent variables except the one you 
are using are kept,constant — and behave like constant factors or constant 
terms according to their positions. 

On you go now to frame 15 and continue the programme. 
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Right. Now let us move on a step. 

Consider z = 3x 2 + 4 xy - 5y 2 

Then = 6x + 4y and — = 4x~ 10y 
ox oy 

The expression — = 6x + 4y is itself a function of x and y. We could 
ax 

therefore find its partial differential coefficients with respect to x or to y. 

(i) If we differentiate it partially w.r.t. x, we get: 

jtxj an< * * S wr ' tten (much like an ordinary second 

differential coefficient, but with the partial 9) 

. 9 2 z 9 , 

This is called the second partial differential coefficient of z with respect 
tox. 

(ii) If we differentiate partially w.r.t. y, we get: 


Note that the operation now being performed is given by the left-hand 
of the two symbols in the denominator. 

9 2 z _ 9 (9z\ _ 9 f, _ \_ . 

9y.9x 9y |9x) 9y\ 


z = 3x 2 + 4xy - 5y 2 


Of course, we could carry out similar steps with the expression for-g 
the right. This would give us: 


xt * * o z 3 (9zl 9 2 z 

Note that ^—=- means -r-} so -—— i 
dy.ax dy {dx ] dx.dy 
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b 2 z 3 ldz\ 

a x.by means a*(ay) 


tr previous results together then, we 
z = 3x\ + 4xy - 5y 2 


’ ’ ay.a* a*.a.y 

There are then, two first differential coefficients, and 

four second differential coefficients, though the last two 
seem to have the same value. 

Here is one for you to do. 

Tf £• 3j .o 2 J.A 3 e- A 3z ti* 2 d* 2 % 2 z 9 2 z 

If z = 5 jt + 3 x y + 4y° , find —, —, r-r, t-t , -r—r , r— r- . 

' bx by bx* by bx.by by.bx 

When you have completed all that, turn to frame 18. 


z = 5x 3 + 3x 2 y + 4y 3 


Again in this example also, we see that ^ . Now do this one. 

It looks more complicated, but is done in just the same way. Do not rush 
at it; take your time and all will be well. Here it is. Find all the first 
and second partial differential coefficients of z = jc.cos y -y .cos x. 

Then to frame 19. 
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Check your results with these. 


When differentiating 
So we get: 


z = x cosy —y.cosx 

t. x,y is constant (and therefore cosy also) 


— = —x.sin y — cos x 


” y,x ” 

” ( ” 

9z 

9z 

— = cosy +y.sinx 

9y 

9 2 z 

9 2 z 

-^2 = y.cos x 

9j 2 ' 

9 2 z . 

9 2 z 

— mx 

bx.dy 


= —x.cos y 
= —sin y + sii 


9 2 z 9 2 z 
dy.dx bx.by 
In fact this will always be so for the functions you a 


And again. 


19 


e likely to meet, so 
that there are really three different second partial diff. coeffts. (and not 

four). In practice, if you have found ^ ^ it is a useful check to find 
r- d ~ separately. They should give the same result, of course. 


What about this one? 2 2 

If V = ln(x 2 +y 2 ), prove that-|^ = 0 

This merely entails finding the two second partial diff. coeffts. and sub¬ 
stituting them in the left-hand side of the statement. So here goes: 

V = ln(x 2 +y 2 ) 
ay = 1 - - = 2x 

dx (x 2 +y 2 ) x 2 +y 2 


20 


9 2 V (x 2 +v 2 )2~2x.2x 
dx 2 (x 2 +y 2 ) 2 


_ 2x 2 + 2y 2 — 4x 2 _ 2y 2 — 2»c 2 . (i) 

(x 2 +y 2 ) 2 (x 2 +y 2 ) 2 

9 2 V 

Now you fmd-7-T in the same way and hence prove the given identity. 
dy 

When you are ready, turn on to frame 21. 
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21 We had found that = fe ^ 

9x 2 (x 2 +y 2 ) 2 

So making a fresh start from V = ln(x 2 + y 2 ), we get 
0V_ 1 2v 

9y x 2 + y 2 ^ x 2 + y 2 

9 2 V _ (x 2 + y 2 ) 2~~ 2y.2y 
9j 2 (x 2 + y 2 ) 2 

_ 2x 2 + 2y 2 - 4y 2 2x 2 - 2y 2 

(x 2 + 7 2 ) 2 (x 2 + y 2 ) 2 . 

Substituting now the two results in the identity, gives 
d 2 V 9 2 V _ 2y 2 - 2x 2 2x 2 - 2v 2 

9x 2 by 2 (x 2 +y 2 ) 2 (x 2 +y 2 ) 2 

. 2y 2 - 2x 2 + 2x 2 - 2v 2 „ 

(x 2 +y 2 ) 2 - 

Now on to frame 22. 


22 


Here is another kind of example that you should see. 

3V 9V 

Example 1. If V =/(x 2 +y 2 ), show that x - -y — = 0 

Here we are told that V is a function of (x 2 +y 2 ) but the precise nature 
of the function is not given. However, we can treat this as a ‘function of 
a function’ and write/'(x 2 + y 2 ) to represent the diff. coefft. of the func¬ 
tion w.r.t. its own combined variable (x 2 + y 2 ). 

•• 0 = /(* 2 +^)X-|(x 2 + y 2 ) = /V +y 2 ).2x 
0 = /V +y 2 )-0 (* 2 +y 2 ) =/'(x 2 +y 2 ).2y 


‘ -^Ix =x -f'( x * + y 2 )-2y-y-f'(x 2 +y 2 )-2x 
= 2xy./'(x 2 + y 2 )-2xy./'(x 2 + y 2 ) 


= 0 

Let us have another one of that kind on the next frame. 
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Example 2. If z = /j^j, show that x + y ^ = 0 

Much the same as before. 



= 0 


And one for you, just to get your hand in. 

3V 3V 

If V =f(ax +by), show that b — = 0 * 

When you have done it, check your working against that on frame 24. 


23 


Here is the working; this is how it goes. 

V =f(ax + by ) 

= f'(ax + by) (ax + by) 


= f'(ax + by). a = a.f'(ax + by) . 


= f'(ax + by). b = b.f'(ax + fty) . 


Turn on to frame 25. 


24 


-00 
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25 


So to sum up so far. 

Partial differentiation is easy, no matter how complicated the expres¬ 
sion to be differentiated may seem. 

To differentiate partially w.r.t. x, all independent variables other than x 
are constant for the time being. 

To differentiate partially w.r.t. y, all independent variables other than y 
are constant for the time being. 

So that, if z is a function of* andy, i.e. if z- f(x,y), we can find 


9 z 

9 z 

9x 

~dy 

9 2 z 

9 2 z 

dx 2 

dy 2 

d 2 z 

9 2 z 

dy.dx 

9x.9y 


9y. 9x 9x. 9 y 


Now for a few revision examples. 


26 


Revision Exercise 

1. Find all first and second partial differential coefficients for each of 
the following functions. 


(i) z = 3x 2 + 2 xy + 4y 2 

(ii) z = sin xy 


(iii) 


_x+y 

x-y 


2. If z = ln(e x + e y ), show that -^ + — = 1. 

3. If z = x.f(xy), express x|^-y|^ in its simplest form. 
When you have finished check with the solutions on frame 27. 
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Results 

1. (i) z = 3x 2 + 2xy + 4y 2 



1-^ 


9 2 z 

dx 2 ~L 

9/ 1 

d 2 z 

2 

dy.dx _ 

9X.9J _ 

(ii) z = sin xy 


9 z 

-^=ycosxy 

9z 

— =xcosxy 

9 2 z 2 . 

to? = ~ y smxy 

9 2 z , . 

-^2 =-* 2 sinxy 


d 2 z 

= y(-x sin xy ) + cos xy 
= cos xy - xy sin xy 


(Hi) * 


dy 

9 2 z 

dx 2 


_ x +y 
x-y 

. (x->Ql-(x+,y)l = -2y 

(x-y? ( x-y) 2 

_ (x-y)l-(x+y)(-\) = 2x 

(x-y) 2 (x-y) 2 

<&?■ 


9 lz 
By' 
d 2 z 
dy. dx 


(*-.V) (x-y) 3 

(x — y?(—2) — (~2y)2(x — y) (— 1) 

_ —2(x — y) 2 — 4y(x —y) 

(x~yf 


(x-y) 2 (x -y? 


; x(—y sin xy) + cos xy 
■■ cosxy -xy sin xy 


_ -2x + 2y~ 4 y _ -2c-2 y 
(x~y? (x~y? 


/continued 
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d 2 z _ (x -y) 2 (2) ~ 2x,2 (x ~y) 1 Continuation of frame 27. 

dx. 3 y ~ (x~yf 

_ 2 (x-y) 2 — 4x(x —y) 

{x-yf 

= 2_ 4x 

(x-y) 2 (x-y) 3 

_ 2x-2y-4x _ -2x~2y 
(x-y) 3 (x~y) 3 


2. z = ln(e* + e^) 
dz _ 1 x 

3x e x + eP ' e 
bz_ + dz__ e x 
dx 9 y e x + eJ 


by 
sj_ 
+ t y 


dz dz _ 1 
dx dy 


3. z = x.f(xy) 


%’*n*yy* 


That was a pretty good revision test. Do not be unduly worried if you 
made a slip or two in your working. Try to avoid doing so, of course, but 
you are doing fine. Now on to the next part of the programme. 


Turn on to frame 28. 
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So far we have been concerned with the technique of partial differenti¬ 
ation. Now let us look at one of its applications. 


Small increments 

If we return to the volume of the cylinder with which we started this 
programme, we have once again that V = itr 2 h. We have seen that we can 



Now let us see what we get if r and h 
both change simultaneously. 


If r becomes r + 8r, and h becomes h + 8h, let V become V + 5 V. Then 
the new volume is given by 

V + SV = rr(r + 5 rf(h + 8h) 

= n(r 2 + 2r.5r + 8r 2 ) (h + 8h) 

= n(r 2 h + 2rh8r + h8r 2 + r 2 8h + 2r8r8h + 8r 2 ,8h) 


Subtract V = ttr 2 h from each side, giving 

6V = n(2rh.8r+ h.8r 2 + r 2 8h\2r8r8h + 8r 2 .8h) 

-tt{2rh8r + r 2 .8h) since r and h are small and all the remain¬ 
ing terms are of a higher degree of smallness. 

.'. SV — 2ttrh8r + nr 2 8h 


3V 

bh 


8h 


Let us now do a numerical example to see how it all works out. 


2f 


On to frame 29. 
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Example. 

A cylinder has dimensions r = 5 cm, h- 10 cm. Find the approximate 
increase in volume when r increases by 0-2 cm and h decreases by 01 cm. 


Well now, 


V = nr 2 h 


In this case, when r = 5 cm, h = 10 cm, 


/ av 

- = 27T5.10 = 1007T rr = ur 2 = 7t5 2 = 25 77 

- oh 

8r = 0-2 and 8h = - 0-1 (minus because h is 
decreasing) 

g\/ a\r 
5V — ^ 


dr 


9 h 


SV = 100ir(0-2) + 25ir(—0-1) 
= 20 tt-2-5jt= 17-5tt 


5V — 54-96 cm 3 

i.e. the volume increases by 54-96 cubic centimetres. 
Just like that! 


30 


This kind of result applies not only to the volume of a cylinder, but to 
any function of two independent variables. 

Example. If z is a function of* andy, i.e. z =f(x,y) and if x and y 
increase by small amounts 8x and 5 y, the increase Sz will also be 
relatively small. 

If we expand 8z in powers of 8x and 5_y, we get 

5z = A8x + B 5y + higher powers of 8x and 8y, where A and B are 
functions of x andy. 

Ify remains constant, so that Sy = 0, then 
5z = A5 jc + higher powers of 8x 

= A. So that if 8x ->• 0, this becomes A = ~ 


Similarly, if x remains constant, making Sy -*• 0 gives B = — 

;. Sz = — 5x +Sy + higher powers of very small 


quantities which can be ignored. 


267 




Partial Differentiation 1 


So, if 


z ~f(x,y) 


31 


This is the key to all the forthcoming applications and will be quoted 
over and over again. 

The result is quite general and a similar result applies for a function of 
three independent variables 

e.g. If z=f(x,y,w) 

c 9z . , 9z _ , 9z c 

then 6z = — ox + — 0y + t- 6 w 
Ox oy ow 

If we remember the rule for a function of two independent variables, 
we can easily extend it when necessary. 

Here it is once again: 

If z =f(x,y ) then 5z = ~ 8x + 8y 
Ox Oy 

Copy this result into your record book in a prominent position, such 
as it deserves! 


Now for an example or two. a q 

Example 1. If I =^-, and V = 250 volts and R'= 50 ohms, find the change ^ ™ 
in I resulting from an increase of 1 volt in V and an increase of 0-5 ohm in R. 


9V° 


3R 


So when R= 50, V = 250, 5V = 1, and 5R = 0-5, 


N-rnW- 


^( 0 - 5 ) 


= 002-005 =-003 
i.e. I decreases by 0 03 amperes. 
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Here is another example. 

Example 2. If y- yy* , find the percentage increase in y, when w 

increases by 2 per cent, s decreases by 3 per cent and d increases by 1 per 
cent. 

Notice that, in this case, y is a function of three variables, w, s and d. 
The formula therefore becomes: 


, a y s 3 dy 3ws 2 dy 4ws 3 

We have -^-=3*; =-jr i rz~~~7s~ 

dw dr os a od d 


Now then, what are the values of 8w, 8s and 8d1 
2 —3 

Is it true to say that 8w = yyry; 8s = -y~r; 8d 


2 

No. It is not correct. For 8w is not yy^ of a unit, but 2 per cent of w, 

2,2 w 
,e.6w = — 0 °fw=Too 

Similarly, 8s = ~ of s = y|^ and 8d = yy^. Now that we have cleared 
that point up, we can continue with the problem. 

_ s 3 / 2 w\ . 3ws 2 (-3s\ 4 ws 3 ( d \ 

63 "t/ 4 \100/ £? 4 \100/ d s '100/ 

__ ws 3 ( 2 \ ws 3 f 9 \ ws 3 1 4 \ 

~ d 4 V100/ d 4 VlOO/ tf 4 VlOO/ 

= _9__4_1 

d 4 \100 100 100 ) 

= =-11 per cent ofy 

i.e. y decreases by 11 per cent 

Remember that where the increment of w is given as 2 per cent, it is not 
of a unit, but y^yy of w, and the symbol w must be included. 

Turn on to frame 35. ^ ‘ _ 


269 



Partial Differentiation 1 


Now here is one for you to do. 

Exercise 

P = w 2 hd. If errors of up to 1% (plus or minus) are possible in the 
measured values of w, h and d, find the maximum possible percentage 
error in the calculated value of P. 

This is very much like the last example, so you will be able to deal 
with it without any trouble. Work it right through and then turn on to 
frame 36 and check your result. 


35 


. tD 3P s ap x . 

.. 5P = t— .5w +—M + — M 
bw bh bd 


5P = Iwhd.bw + w 2 d.5h + w 2 h.bd 


5P ' 2whd { t I®) * w ' d { ± ioo) + ”‘ k (* 


2 w 2 hd f w 2 dh t w 2 hd 
100 ' 100 “ 100 


36 


The greatest possible error in P will occur when the signs are chosen so 
that they are all of the same kind, i.e. all plus or all minus. If they were 
mixed, they would tend to cancel each other out. 

• sp = ±vv 2 M (roo + Ioo + Too) = ±p (Too) 

.'. Maximum possible error in P is 4% of P 


Finally, here is one last example for you to do. Work right through it and 
then check your results with those on frame 37. 

Exercise. The two sides forming the right-angle of a right-angled triangle 
are denoted by a and b. The hypotenuse is h. If there are possible errors 
of ± 0-5% in measuring a and b, find the maximum possible error in 
calculating (i) the area of the triangle and (ii) the length of h. 
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Results: 


(i) 5 A = 1% of A 

(ii) 5 h = 0-5% of h 


□□□□□□□□□□□□□□□□□□□□□□□□□a 

Here is the working in detail: 


(0 A=^t 


bA_b 3A_a , 
da 2’ bb 2’ 


□□□□□□□ 


8b = 


, b 
~ 200 


□ □ □ 



00 


5A_ 2( ± 20o) + 2( ± 20o) 

, a.b\ i • 1 1. , . 1 

- -2 L200 200j " '100 
5A = 1% of A 

h = \/(a 2 +b 2 )=(a 2 +b 2 f 


3 h 3 h 

8k =-T~ 5fl t rr 56 
9 a ob 


a = ± 200’ i = ± 200 
h V(« 2 + i Y )( ± 20o) \/(a 2 +b 2 i ± 20o) 
= + J_ 

"200V(a 2+ ^ ) 
“ ± 200 V< “'* i ’’ ) ‘ ± 250 < ' l) 


5ft = 0-5% of ft 

That brings us to the end of this particular programme. We shall meet 
partial differentiation again in a later programme when we shall consider 
some more of its applications. But for the time being, there remains only 
the Test Exercise on the next frame. Take your time over the questions; 
do them carefully. 

So on now to frame 38. 
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Answer all questions. 

1. Find all first and second partial differential coefficients of the 
following: 

(i) z =4x 3 - 5xy 2 + 3 y 3 

(ii) z = cos(2x + 3y) 

(iii) z = e<* 2 -y 2 ) 

(iv) z=x 2 sin(2x + 3^) 

2. (i) If V = x z + y 2 + z 2 , express in its simplest form 


3. The power P dissipated in a resistor is given by P = ^ . If E - 200 volts 

and R = 8 ohms, find the change in P resulting from a drop of 5 volts 
in E and an increase of 0-2 ohm in R. 


4. If 6 = jfcHLV , where it is a constant, and there are possible errors of 
± 1% in measuring H, L and V, find the maximum possible error in 
the calculated value of 6. 
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Further Problems - IX 

L lfz= x *r^i’ show that *! + yf y = ~ 2z(l + *)- 

2. Prove that, if V = ln(x 2 +y 2 ), then-|^ + ^p = 0. 

3 ■ If z = sin (3.x + 2 y), verify that 3 ~ 2 = 6 z. 

a y dx 2 

4. If« = ———--j ,show that x~ +y— +z — = 0 

(x 2 + y' + z rf dx & dz 

5. Show that the equation ~p 4 = 0, is satisfied by 

z = In \/(x 2 +y 2 ) + £ tan -1 ^-^ 


,2 0 . 2 . - 


6. If z - e*(x cos y - y sin y), show that ~p + ^p = 0. 

7. If u = (1 + x) sinh (5x - 2y), verify that 

4^4 

4 ax 2 

8. If z = /(~). show that 

9. If z = (x + y) f(~)> where/is an arbitrary function, show that 

dz dz 
X ~dx y !fy =Z 

10. In the formula D = ^ * s 8i ven as 0-1 ± 0-002 and v as 

0-3 ± 0-02. Express the approximate maximum error in D in terms 
of E. 


values of x and y. If x' and y have the same percentage error p, show 
that the percentage error in z is approximately —2p(l + z). 
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12. In a balanced bridge circuit, Rj = R2R3/R4. If R 2 , R3, R4, have 
known tolerances of ±x%,±y%,±z% respectively, determine the 
maximum percentage error in Rj, expressed in terms of x, y and z. 

13. The deflection y at the centre of a circular plate suspended at the 
edge and uniformly loaded is given by y = —pr~, where w = total 

load, d = diameter of plate, t = thickness and k is a constant. 
Calculate the approximate percentage change in y if w is increased 
by 3%, d is decreased by 2 Vi% and t is increased by 4%. 

14. The coefficient of rigidity ( n ) of a wire of length (L) and uniform 

AL 

diameter (d) is given by n = ^4 , where A is a constant. If errors of 

± 0-25% and ± 1% are possible in measuring L and d respectively, 
determine the maximum percentage error in the calculated value of n. 

15. If k/k 0 = (T/T 0 y i .p/760, show that the change in k due to small 
changes of a% in T and b% in p is approximately (m + b)%. 


16. 


The deflection y at the centre of a rod is known to be given by 
kwl^ 

y > where k is a constant. If w increases by 2%, / by 3%, and 


d decreases by 2%, find the percentage increase in y. 

17. The displacement y of a point on a vibrating stretched string, at a 
distance x from one end, at time t , is given by 

= C 2*Z 

‘a* 1 r)x 

Show that one solution of this equation isj = A sin — .sin (pt + a), 
where A, p, c and a are constants. 

18. Ify = A sin(px + a) cos {qt + b ), find the error in_y due to small 
errors 5x and 5f in x and t respectively. 


at 2 


19. Show that 0 = Ae kt ^ 2 sin pt cos qx, satisfies the equation 

a 2 0 1 fa 2 0^, a0\ ., ... , 2 _ 2 2 k 2 

ax 2 " = c 2 1aT 2 " ^ a7j’P rovldedthat p ~ 

v a 2 v a 2 v a 2 v 

20. Show that (i) the equation + gp- = 0 is satisfied by 

a 2 v a 2 v n . 


y/(x 2 +y 2 +z 2 )’ 
satisfied by V = tan _i ^. 


and that (ii) the equation - 
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Partial differentiation 

In the first part of the programme on partial differentiation, we estab¬ 
lished a result which, we said, would be the foundation of most of the 
applications of partial differentiation to follow. 

You surely remember it: it went like this: 

If z is a function of two independent variables, x and >>, i.e. if 
z =f(x,y), then 

c dz _ . dz . 

Sz = -r- 8x +-r- 8y 
clx 3 y 

We were able to use it, just as it stands, to work out certain problems 
on small increments, errors and tolerances. It is also the key to much of 
the work of this programme, so copy it down into your record book, thus: 

If z =f(x,y), then 6z =-^-5x 


In this expression,-^ and— are the partial differential coefficients 

of z with respect to x and y respectively, and you will remember that to 
find 

(i) ~, we differentiate the function z w.r.t. x, keeping all independent 
v ' dx 

variables other than x, for the time being,. 


variables other than y, for the time being, . 
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j constant j | constant j 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 

An example, just to remind you: 

If z = x 3 + 4x 2 y - 3y 3 

then = 3x 2 + 8xy - 0 (y is constant) 

and = 0 + 4x 2 - 9y 2 (x is constant) 

In practice, of course, we do not write down the zero terms. 

Before we tackle any further applications, we must be expert at find¬ 
ing partial differential coefficients, so with the reminder above, have a go 
at this one: 

(1) Ifz = tan(x 2 -y 2 ), find-|^-and|^- 
Ox oy 

When you have finished it, check with the next frame. 


% = 2x se c 2 (* 2 - y 2 ); = -2 y sec 2 (x 2 -y 2 ) 

for z=tan(x 2 -y 2 ) 

, V-/)x4(,= -/) 

- sec 2 (x 2 —y 2 ) (2x) = 2x sec 2 (x 2 -y 2 ) 

and -|~ = sec 2 (x 2 -y 2 ) X -^-(x 2 -y 2 ) 

oy oy 

= sec 2 (x 2 -y 2 ) (-2y) = -2y sec 2 (x 2 -y 2 ) 


That was easy enough. Now do this one: 

(2) If z = e 2 * — 3 y, find 


9 2 z 
3y 2 ’ 


&z_ 

3x.dy 


Finish them all. Then turn on to frame 5 and check your results. 


4 


278 









□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□OODDDDD 

Well now, before we move on to new work, see what you make of 
these. 

Find all the first and second partial differential coefficients of the 
following: 

(i) z =x siny 

(ii) z = (x +y)ln(xy) 

When you have found all the diff. coefficients, check your work with 
the solutions in the next frame. 
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Here they are. Check your results carefully. 

(i) z = x sin y 

bz 

= X COSy 

= - x sin y 
= C0S y 


. bz 

- aT sin ' 

bz . 
by 

? 2 7 

b 2 z _ 

by 2 

b 2 z 

b 2 z 

by^bx~ C0Sy 

bx.by 

z =(* +y) ln(xy) 


■ bz , . , 1 
- 

■y + ln(xy) 


Ax+y)_ 


In (xy) 


. b 2 z _ x~(x+y ) | 1 _ jc 

" bx 2 x 2 xy' y 


b 2 z _ y~(x + y) 1 _ x-x-y 1 
by 2 y 2 xy' X y 2 y 


b 2 z = 1 | 1 
by.bx x xy" 


= 1+1 
x y 

= y_±x 

xy 


bx.by y xy' y y x 


_ x +y 
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Well now, that was just by way of warming up with work you have 
done before. Let us now move on to the next section of this programme. 


Rates-of-change problems 

Let us consider a cylinder of radius r and height h as before. Then the 



Since V is a function of r and h, we also know that 
SV = | y.dr (Here it is, popping up again!) 

, J L r 5V 0V Sr 3V Sh 
Now divide both sides by or: j; = ^ ^ + YhTt 

Then if St -*• 0,|^ -*• ■* > bu t the partial differential 

ot at ot at ot at 

coefficients, which do not contain dt, will remain unchanged. 
dV 

So our result now becomes —r— =. 


9 


This result is really the key to problems of the kind we are about to 
consider. If we know the rate at which r and h are changing, we can now 
find the corresponding rate of change of V. Like this: 

Example 1. 

The radius of a cylinder increases at the rate of 0-2 cm/sec while the 
height decreases at the rate of 0-5 cm/sec. Find the rate at which the 
volume is changing at the instant when r = 8 cm and h = 12 cm. 
WARNING: The first inclination is to draw a diagram and to put in the 
given values for its dimensions, i.e. r — 8 cm, h = 12 cm. This we must NOT 
do, for the radius and height are changing and the given values are instan¬ 
taneous values only. Therefore on the diagram we keep the symbols r and 
h to indicate that they are variables. 


dV 

0V dr 

dVdh 

dt 

dr dt 

dh dt 
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Here it is then: 




T 

i 


• i*y = ay dr + av dh 

dt dr 'dt dh dt 


- JX 

" dt 


dh 

dt 


Now at the instant we are considering 

r = 8, h= 12, -^ = 0-2, ^ = -0-5 (minus since h is decreasing) 

So you can now substitute these values in the last statement and finish 
off the calculation, giving 

dV = 
dt 


10 


for 


Now another one. 


=20-1 cm 3 /sec 


2 dh 


= 2rr8.12.(0-2) + rr64(—0-5) 
= 38-47T — 327r 
= 6-47T = 201 cm 3 /sec. 


11 


Example 2. 

In the right-angled triangle shown, 
x is increasing at 2 cm/sec while y is 
decreasing at 3 cm/sec. Calculate the 
rate at which z is changing when 
x = 5 cm andy = 3 cm. 


The first thing to do, of course, is to express z in terms of x andy. 
That is not difficult. 
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□□□□□□□□□□□□□□□□□□□□□naan 
z = V(* 2 -y 2 ) = (x 1 -y 2 )^ 

3z. , 9z . (The key to the whole 

z =-^ 8x+ T7, & y business) 


• dz = ^l ^ + 

* 9x'dt 






9 ^ 2 
dz _ 


\/(x 2 -y 2 ) 


dx y 


dy 


dt V(* 2 -T 2 ) ■ dt sj(x 2 -/) ' * 

So far so good. Now for the numerical values 
dz _ 


dt 


Finish it off, then move to frame 13. 


13 


j—=4-7Scm/sec| 


for we have 


Now here is 


fV(5^)®V(S^?) ( - 3) 

= 5(2K3(3) = 10 9_19_ 

4 4 4 4 " 4 


4-75 cm/sec 


.'. Side z increases at the rate of 4-75 cm/sec 


Example 3. The total surface area S of a cone of base radius r and per¬ 
pendicular height h is given by 

S = 7rr 2 + vr\/(r 2 +h 2 ) 


If r and h are each increasing at the rate of 0-25cm/sec, find the rate at 
which S is increasing at the instant when r = 3 cm and h = 4 cm. 

Do that one entirely on your own. Take your time: there is no need to 
hurry. Be quite sure that each step you write down is correct. 

Then turn to frame 14 and check your result. 
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Solution. Here it is in detail. 


S = 7r r 2 + ttryjif- + h 2 ) = nr 2 + mfr 2 + h 2 )% 


, c _dS . 3S 
5S - t-,5 r + —.8h 
dr dh 


. = dr + dS dh 

" dt dr'dt dh'dt 


(i) Jf « 2wr + ttr.-^r 2 + h 2 j^(2r) + tt(r 2 + h 2 f 

" 2 ' r+ V(^) + ” V(r,+, ' ,) 

When r = 3 and h = 4, 

|f = 2rr3 +-^ + n5 = 11tt + -f 2 -= ^ 

_tt3.4 12tt 
5 5 


14 


Also we are given that— = 0-25 and—= 0-25 
dt dt 

. dS _ 647r 1 12ff 1 
" dt 5 '4 5 4 

167r , 3ff_ 19n 
5 5 5 


= 3-87r = 11 -93 cm 2 /sec 


So there we are. Rates-of-change problems are all very much the same. 
What you must remember is simply this: 

(i) The basic statement 

If z -f(x,y) then 8z =^.8x +^-.8y .(i) 

(ii) Divide this result by 8t and make 8t -*■ 0. This converts the result into 
the form for rates-of-change problems: 

dz_dz dx dz dg .... 

dt dx dt dy'dt . 

The second result follows directly from the first. Make a note of 
both of these in your record book for future reference. 


15 


Then for the next part of the work, turn on to frame 16. 
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Partial differentiation can also be used with advantage in finding 
differential coefficients of implicit functions. 

For example, suppose we are required to find an expression for—^ 
when we are given that x 2 + 2 xy + y 3 = 0. 

We can set about it in this way: 

Let z stand for the function ofx andy, i.e 

we use the basic relationship 5z = 5x + 

If we divide both sides by 8x, we get 


. z = x 2 + 2 xy +y 3 . Again 
Sy. 


5z _ 3z + 9z 5y 
8x Bx By' 8x 


Now, if 8x ->0, 


dz _Bz + Bz dy 
~dx Bx By'dx 


If we now find expressions for — and r-, we shall be quite a way 
Bx By 

towards finding^ (which you see at the end of the expression). 

In this particular example, =. and =. 


17 z=x 2 + 2xy+y 3 ||- = 2x + 2y; ^ = 2x + 3y 2 

Substituting these in our previous result gives us 

If only we knew ^, we could rearrange this result and obtain an expres¬ 
sion f°r-^r . So where can we find out something about 

Refer back to the beginning of the problem. We have used z to stand 
for x 2 + 2xy + y 3 and we were told initially that x 2 + 2 xy +y 3 =0. 

Therefore z = 0, i.e. z is a constant (in this case zero) and hence^ = 0. 

.'. 0 = (2x + 2y) + (2x + 3y 2 ) ^ 

From this we can find-^. So finish it off. 
dx 

On to frame 18. 
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dy _ _ 2x + 2y 
dx 2x + 3y 2 


□ □□□□□□□□□□□□□□□□□□□□□□□□□□□□ d.xjji □□□□□□ 

This is almost a routine that always works. In general, we have - 
If f(x,y) = 0, find-g 

Let z =f(x, y) then 8z = 8x + Sy. Divide by 8x and make 5x -> 0, 
in which case 

rfe _ 9z + 3z dy 
dx dx dy'dx 

But z = 0 (constant) ■ f = 0 . Q = ^ + dzdy 

dx dx dy'dx 


dy dz ,dz 
^ ±c = ~lTx/by 


The easiest form to remember is the one 
basic result 

r _ dz dz 

8z 8x + — 
dx dy 

Divide by 5x, etc. 


dz _ dz_ dz dy 
dx dx dy'dx 


that comes direct from the 
8y 


Make a note of this result. 


Now for one or two examples. 

Example 1. If e x y + x +y = 1, evaluate^ at (0,0). The function can be 
written e*y +x +y— 1=0. 

Let z = e x y + x + y - 1 S z = ^.8x+^8v ■■ 

dx dx dy dx 


| = ^ + 1; g = ^.* + l. 


■1) + C*. 


But z = 0 0 


y = 0, —■ - 

dx 


. dy_ fy.e*T + ll 

" dx U.e^ + lj 


l—i '#—i 


All very easy so long as you can find partial differential coefficients 
correctly. 

On to frame 20. 




20 


Example 2. If xy + sin y = 2, find £ 
Let z = xy + sin y - 2 = 0 


5z =— 5* +t- 5y 

ax ay 

dz 9z | 3z dy 
dx 3x 3y'dx 


• - 
" dx~ 


9y 

+ (x + cos y)- 


Here is one for you to do: 


Example 3. Find an expression for ^ when x tan y =y sin x. Do it all 
on your own. Then check your working with that in frame 21. 


dy _ 

tany -y cosx 

dx 

x sec 2 y-sinx 


21 


Did you get that? If so, go straight on to frame 22. If not, here is the 
working below. Follow it through and see where you have gone astray! 
xtany=ysinx .\ x tany-y sinx = 0 
Let z = x tan y-y sinx = 0 

x 3z. 


Sz ‘Tx Sxt Ty S ’’ 
dz _dz | 3z dy 
dx ax by'dx 


— = tan .y-y co 
;. = (tany-y ( 


’ 

»s x) + (x sec 2 y - 


■)± 
’ dx 


dy __ tany —y cosx 

dx x sec 2 y - sin x Q n now to frame 22. 
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Right. Now here is just one more for you to do. They are really very 22 

much the same. 

, , r dy 

Example 4. If e x+ y = x 2 y 2 , find an expression for— 

e x+ y~x 2 y 2 = 0. Let z = e x + y-x 2 y 2 = 0 

. dz . . dz 

S z=— Sx + —5 y 
dx dy 

dz _dz + 3z dy 
dx dx dy' dx 

So continue with the good work and finish it off, finally getting that 

dy_ 


dx 


Then move to frame 23. 


dy_ 2xy 2 ~e x+ y 
dx e x+ v-2x 2 y 


23 


• dy (e x+ y~2xy 2 ) 
' dx (e x+ y~2x 2 y) 


. dy _ 2xy 2 ~e x+ y 
" dx e x+ y-2x 2 y 


That is how they are a 
Now on to frame 24. 
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24 


There is one more process that you must know how to tackle. 
Change of variables 

If z is a function of x and y , i.e. z = f(x,y), and x and y are themselves 
functions of two other variables u and v, then z is also a function of u 


A 


, dz 


z=f(x,y ) 8z = - 

Divide both sides by 8u. 


dz Sx 
dx'Su H 


9z by 
by' 8u 
8x 


If v is kept constant for the time being, then-r- when 5 u - 

and -f- becomes-^-. ^ „ v 

8u 9 u . dz dx + dz dy j 

9 u dx' du dy'du I 


and 


Next frame. 


dz _ dz dx | 9z by 
9v dx'dv dy'dv 


25 


Here is an example on this work. 


9z _ 9z dx | 9z by 
dr dx' dr by' dr 


and 

Now, 


= 2 y 


dz _ 9z dx dz by 
dd dx'dd dy'dd 

dx " by 

dx Q 9v 
r~=cos 6 rf- 
9 r dr 

■ 2x cos 6 + 2 y sin 2 9 

9y = 0 


29 


And — = -r sin 9 and = 2 r 


— = 2 x(-r sin 9 ) + 2y(2r cos 26) 

= 4 yr cos 29 - 2 xr sin 6 

OC7 - 

And in these two results, the symbols x andy can be replaced by r cos 6 
and r sin 26 respectively. 
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One more example. 


If z = e x P where x = ln(« + v) and y = sin(« - v), find and 

... , 3z dz dx dz dy 

We have — = — + 

3 u ox du dy 3 u 

- y e xy _1_ + x e xy cos ( u - v) 


= e x P (—— +x.cos(m - v)] 

(m + v J 

dz _ dz dx + dz dy 
3v 3ix'3v dy'dv 

= y.e x y . u +x.e x y |-cos(« - v)| 

= e x y | ~ x cos(m - v)| 


Now move on to frame 27. 


26 


Here is one for you to do on your own. All that it entails is to find the 
various partial differential coefficients and to substitute them in the 
established results. 

dz _ dz fa + 3z dy 
du dx' du dy' 3 u 


27 


dz _ dz fa + dz dy 
dv dx' dv dy' dv 


So you do this one: 

If z = sin(x +y), where x = 


The method is the same as before. 


When you have completed the work, check with the results in frame 28. 
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28 


z = sin(jc + j); x = 


= 2uv 
- = cos(jc +_v) 


*y = 

du 


8z _ 8z 8x + 82 dy 
8 u dx' 8 u dy du 

= cos(x +y).2u + cos(x +y).2v 


= 2(u+v) cos(y +y) 

8z _ 8z 8x + 8z ^ 

8v dx' dv dy' dv 

f-a. ; 

8v 8v 

— = cos(x +y).2v + cos(x +y).2u 


= 2(u + v) cos (x + >Q 


29 


You have now reached the end of this programme and know quite a bit 
about partial differentiation. We have established some important results 
during the work, so let us list them once more. 


1. Small increments 

2 =f(x,y) 

2. Rates of change 


3. Implicit functions 

4. Change of variables 


dz _dz dx dz dy 
dt dx dt dy ' dt 


dz _dz | dz dy 
dx 8x dy'dx 

dz _ dz dx | dz dy 
du dx' du dy' du 
dz _ dz dx .dz 8j 
8v dx' dv dy' 8v 


0 ) 


(ii) 


(iii) 


(iv) 


All that now remains is the Test Exercise, so turn on to frame 30 and 
work through it carefully at your own speed. The questions are just like 
those you have been doing quite successfully. 
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30 


Test Exercise - X 

Answer all the questions. Take your time over them and work care¬ 
fully. 

dy 

1. Use partial differentiation to determine expressions for — in the 
following cases: 

(i) x 3 +y 3 -2x 2 y = 0 

(ii) e x cos y = ey sin x 

(iii) sin 2 * - 5 sin x cos y + tan y = 0 

2. The base radius of a cone, r, is decreasing at the rate of 0-1 cm/sec 
while the perpendicular height, h, is increasing at the rate of 0-2 cm/sec. 
Find the rate at which the volume, V, is changing when r = 2 cm and 
h = 3 cm. 

3. If z = 2 xy - 3 x 2 y and x is increasing at 2 cm/sec determine at what 
rate y must be changing in order that z shall be neither increasing nor 
decreasing at the instant when* = 3 cm andy = 1 

4. If z = x 4 + 2 x 2 y + y 3 and x = r cos 6 and y = r sin 
in their simplest forms. 


cm. 

. ~ , dz , dz 
6 , find — and — 
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Further Problems - X 

1. If F = f(x,y) where x = e“ cos v and y = e“ sin v, show that 

9F 9F 9F , 9F 9F 9F 
= x — + y— and r-= - v — +x — 

9m dx 9 y 9v dx 9 y 

2. Given that z = x 3 +y 3 and x 2 + y 2 = 1, determine an expression for 


3. If z =f(x,y) = 0, show that— = The curves 2y 2 + 3x-8 = 0 

’ dx dx' 9 y 

and x 3 + 2 xy 3 + 3.y - 1 = 0 intersect at the point (2,-1). Find the 
tangent of the angle between the tangents to the curves at this point. 

4. If m = ( x 2 ~y 2 )f(t) where t-xy and/ denotes an arbitrary function, 


prove that 


9 2 u 


9x9 y 

S. IfV = xy/(;c 2 +y 2 ) 2 andx = rcosd,y = 


( x 2 -y 2 ){t.f"(t) + 3f'(t )} 

9 , show that 


9 2 V 1 9V 1 9 2 V . 

9^'r b? + PW 2=0 

6. If m =f(x,y) where x = r 2 - s 2 andy = 2 rs, prove that 

9m 9m „ , 2 . 9 u 

+s >s 

7. If/= F(x,y) and* = re e and y = re 6 , prove that 


8. If z - x ln(x 2 + y 2 ) - 2y tari" 1 verify that 
9z _ 

V 


9. 


By means of partial differentiation, determine ^ in each of the 
following cases. ‘' 


(i) xy + 2y~x = 4 4^ 2x = 

(ii) x 3 y 2 - 2x^ + 3xy 2 - 8xy = 5 ^ x y 
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10. If z = 3xy ~y 3 + (y 2 ~ 2x) 3 / 2 , verify that 


... d 2 z d 2 z .... d 2 z d 2 z _ ( d 2 z V 2 

«5^ = ^’ and,1,at Wff-p-iki;) 


= -— - . show that y^f = (x~ 

V(l-2xy+y 2 ) by bx 


z = x.f F|ij, prove that 


(i) x 


7- + vr-=z-FI/ 


-/y'v /..x i o z d z , ?. d z 

'a* 1 '* " F (*)’ (ll) *ap + 2 v to^ + ' a^ = 0 

13. If z = eW-x)' w here k is a constant, andr 2 -x 2 +y 2 , prove 

<»(■#♦(•#♦“*-» ®B + gs*“!-7 

14. If z = /(x- 2y) + F(3x + y), where/and F are arbitrary functions, 
r b 2 z 


and if- 


dx 2 


a -^-r + b f-4 = 0, find the values of a and b. 
dx. oy dy 2 


15. If z = xy/(x 2 +y 2 ) 2 , verify that |-f +14 = 


16. If sin 2 x - 5 sinx cosy + tany = 0, find-^-by using partial 
differentiation. 

17. Find ~ by partial differentiation, when x tan y = y sin x. 


19. Prove that, if z = 2xy + *•/(-) then 
dz dz 


dx 2 dy 2 


20. (i) Find^-jj given that x 2 y + sin xy = 0 
dy 

(ii) Find-/ given that x sin xy = 1 
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Series 

A series, u 1 ,ti 2> u 3 ... is a sequence of terms each of which is formed 

according to some definite pattern. 

e.g. 1,3, 5, 7,. .. is a series (the next term would be 9) 

2, 6, 18, 54, . . . is a series (the next term would be 3 X 54, i.e. 162) 
l 2 ,—2 2 , 3 2 ,—4 2 ,... is a series (the next term would be 5 2 ) 
but 1, -5 , 37,6 ,... is not a series since the terms are not formed to a 
regular pattern and one cannot assess the next term. 

A finite series contains only a finite number of terms. 

An infinite series is unending. 

So which of the following constitutes a finite series: 

(i) All the natural numbers, i.e. 1, 2, 3,. .. etc. 

(ii) The page numbers of a book. 

(iii) The telephone numbers in a telephone directory. 


2 

pfhe page numbers of a book [ 

Correct. Since they are in regular sequence and terminate at the last page. 
(The natural numbers form an infinite series, since they never come to an 
end: the telephone numbers are finite in number, but do not form a 
regular sequence, so they do not form a series at all.) 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□an 
We shall indicate the terms of a series as follows: 

Mi will represent the first term, u 2 the second term, u 3 the third term, etc., 
so that u r will represent the term, and u r + i the (r + 1 ) th term, etc. 
Also the sum of the first 5 terms will be indicated by S 5 . 

So the sum of the first n terms will be stated as. 
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You will already be familiar with two special kinds of series which 
have many applications. These are (i) arithmetic series and (ii) geometric 
series. Just by way of revision, however, we will first review the important 
results relating to these two series. 

1. Arithmetic series (or arithmetic progression) denoted by A.P. 

An example of an A.P. is the series 

2,5,8,11,14, . 

You will note that each term can be written from the previous term 
by simply adding on a constant value 3. This regular increment is called 
the common difference and is found by selecting any term and subtract¬ 
ing from it the previous term 

e.g. 11-8 = 3; 5-2 = 3; etc. 

Move on to the next frame. 


The general arithmetic series can therefore be written: 


a, a+d, a + 2d, a + 3d, a + Ad, .(i) 

where a = first term and d = common difference. 

You will remember that 

(i) the n th term = a+(n—\)d . (ii) 

(ii) the sum of the first n terms is given by 

S„ =j(2a +n-ld ). (iii) 


Make a note of these three items in your record book. 

By way of warming up, find the sum of the first 20 terms of the 
series: 

10, 6, 2,-2,-6, .. . etc. 

Then turn to frame 5. 
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5 | S 20 =-560 | 

Since, for the series 10, 6, 2,—2,—6, ... etc. 

a= 10 and d = 2-6 = -4 

S„ =^(2a+'n-ld) 

••• S 20 = ” (20 + 19 [-4]) 

= 10(20 - 76) = 10(-56) = - 560 

□□□□□□□□□□□□□□□□□□□□□DDDODnOQODDOOODDD 

Here is another example: 

If the 7 th term of an A.P. is 22 and the 12 th term is 37, find the series. 
We know 7 th term = 22 a + 6d = 221 =15 • d = 3 

and 12 th term = 37 .'. a + 1 Id = 37 J a = 4 

So the series is 4, 7,10,13,16, ... etc. 

Here is one for you to do: 

The 6 th term of an A.P. is -5 and the 10 th term is -21. Find the sum 
of the first 30 terms. 


| S 30 =-1290 

since: 1 

6 th term = -5 :.a + Sd = S 

10 th term = —21 :.a + 9d = ~2l 

a = 15, d = ~4, n = 30, S„ =y(2 a +n - l'd) 

••• S 3O = y(30 + 29[-4]) 

= 15(30 - 116) = 1S(—86) = —1290 

Arithmetic mean 

We are sometimes required to find the arith. mean of two numbers, P and 
Q. This means.that we have to insert a number A between P and Q, so that 
P, A and Q form an A.P. 

A - P = d and Q-A = d 
:. A— P = Q— A 2A = P + Q ••• A = ^-2 

The arithmetic mean of two numbers, then, is simply their average. There¬ 
fore, the arithmetic mean of 23 and 58 is. 


4d = -16 d = ~4 

a = 15 
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The arithmetic mean of 23 and 58 is 


If we are required to insert 3 arithmetic means between two given 
numbers, P and Q, it means that we have to supply three numbers, 
A, B, C between P and Q, so that P, A, B, C, Q form an A.P. 

Example. Insert 3 arithmetic means between 8 and 18. 

Let the means be denoted by A, B, C. 

Then 8, A, B, C, 18 form an A.P. 

First term, a = 8. fifth term = a + 4d = 18 


A = 8 + 2-5 = 10-5 ' 
B = 8 + 5 =13 
C =8 + 7-5= 15-5, 


Required arith. means are 
10-5, 13, 15 5 


Now, you find five arithmetic means between 12 and 21-6. 
Then turn to frame 8. 


Required arith. means: |l3-6, 15-2, 16-8, 18-4, 20 | 

Here is the working: 

Let the 5 arith. means be A, B, C, D, E. 

Then 12, A, B, C, D, E, 21-6 form an A.P. 

.'.a =12; fl + 6d = 21-6 
6d = 9-6 d= 1-6 

Then A = 12 + 1-6 = 13-6 A =13-6 
B = 12 + 3-2= 15-2 B = 15-2 

C = 12+ 4-8 =16-8 C = 16-8 

0=12 + 6-4=18-4 D = 18-4 
E = 12 + 8-0 = 20-0 E = 20. 

So that is that! Once you have done one, the others are just like it. 
Now we will see how much you remember about Geometric Series. 

So, on to frame 9. 
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2. Geometric series (Geometric progression) denoted by G.P. 

An example of a G.P. is the series: 

1,3,9,27,81, ... etc. 

Here you see that any term can be written from the previous term by 
multiplying it by a constant factor 3. This constant factor is called the 
common ratio and is found by selecting any term and dividing it by the 
previous one. 

e.g. 27 - 9 = 3; 9-3 = 3; etc. 

A G.P. therefore has the form: 

a, ar, ar 2 , ar 3 , ar*, . . . etc. 

where a = first term, r = common ratio. 

So in the geometric series 5,-10, 20,-40, etc. the common ratio, 
r, is. 



The general geometric series is therefore: 


The general geometric series is therefore: 

a, ar, ar 2 , ar 3 , ar 4 , ... etc. (iv) 

and you will remember that 

(i) the n th term =ar n ~ l . ( v ) 

(ii) the sum of the first n terms is given by 


Make a note of these items in 
So, now you can do this one: 
For the series 8,4, 2,1, ^ 

Then on to frame 11. 



your record book. 

, . . . etc., find the sum of the first 8 terms. 


301 








Series 1 


S g = 15*® 

Since, for the series 8, 4, 2,1, ... etc. 


a - 8; 


2 = \ 
4 V 


8(l-m 8 ) 

1-1 


_ 8(1 256 ) _ 16.255_ 255 if 

1-^ 256 16 

Now here is another example. 

If the 5 th term of a G.P. is 162 and the 8 th term is 4374, find the 
series. 


We have 


5 th term = 162 
8‘h term = 4374 


ar 7 _ 4374 
ar 4 162 


.*. r 3 = 27 


:.a.r* = 162 
.'. a.r 1 = 4374 


E3 

for ar* = 162; ar n = 4374 and r = 3 

" fl '3 4 = 162 = ^ a = 2 

.'. The series is: 2, 6, 18, 54, ... etc. 

Of course, now that we know the values of a and r, we could calculate 
the value of any term or the sum of a given number of terms. For this 
same series, find 

(i) the 10 th term 

(ii) the sum of the first 10 terms. 

When you have finished, turn to frame 13. 
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13 


(0 

(ii) 


a = 2; r = 3 

10th term = ar 9 = 2.3 9 = 2(19683) = [393661 

„ _ a(l — r 10 ) ^ 2(1 — 3 10 ) 

Si°- l _ f ~ , — 3 


= 2 | (l-59049) = [ i ^1 


Geometric mean 

The geometric mean of two given numbers P and Q is a number A such 
that P, A and Q form a G.P. 



|= | A 2 = PQ A = V(PQ) 

So the geometric mean of 2 numbers is the square root of their product. 
Therefore, the geom. mean of 4 and 25 is. 


14 A = V(4X 25) = Vl00= [To] 

□ □□□□□□□□□□□□□□□□□□□□□□a f□□□□□□□□ 

To insert 3 G.M’s between two given numbers, P and Q means to 
insert 3 numbers, A, B, C, such that P, A, B, C, Q form a G.P. 
Example. Insert 4 geometric means between 5 and 1215. 

Let the means be A, B, C, D. Then 5, A, B, C, D, 1215 form a G.P. 
i.e. a = 5 and ar s = 1215 



:. A= 5.3 = 15 

B = 5.9 = 45 The required geometric means are: 

C =5.27= 135 15,45,135,405 

D = 5.81 =405 - 

Now here is one for you to do: Insert two geometric means between 5 
and 8-64. 

Then on to frame 15. 
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| Required geometric means are 6-0, 7-2 | 

For, let the means be A and B. 

Then 5, A, B, 8-64 form a G.P. 

A a = 5; /. ar 3 = 8-64; r 3 = 1-728; r= 1-2 
A = 5.1-2 = 6 1 Required means are 

8=5.1-44 = 7-20 j 6-0 and 7-2 

Arithmetic and geometric series are, of course, special kinds of series. 
There are other special series that are worth knowing. These consist of 
the series of the powers of the natural numbers. So let us look at these in 
the next frame. 


16 

Series of powers of the natural numbers 

1. The series l+2 + 3+ 4 + 5 + ...+n etc. = Sr. 

This series, you will see, is an example of an A.P., where a = 1 and d = 1. 

The sum of the first n terms is given by: 

2r=l+2 + 3+ 4 + 5 + ...+« 

(2 

So, the sum of the first 100 natural numbers is. 

Then on to frame 1 7. 
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50(101) = 5050 


2. That was easy enough. Now let us look at this one: To establish the 
result for the sum of n terms of the series 1 2 + 2 2 + 3 2 + 4 2 + 5 2 + . .. +« 2 ., 
we make use of the identity 

(n + l) 3 = n 3 + 3n 2 + 3n + 1 

We write this as . . , 3 3 , 2 . _ . , 

(n + 1) J - ir = + 3« + 1 

Replacing n by n - 1, we get 

n 3 - (n - l) 3 = 3(« - l) 2 + 3(« - 1) + 1 
and again (n - l) 3 - (n - 2) 3 = 3(n - 2) 2 + 3(n - 2) + 1 

and (n - 2) 3 -(« - 3) 3 = 3(n - 3) 2 + 3(n - 3) + 1 

Continuing like this, we should eventually arrive at: 

3 3 -2 3 = 3.2 2 + 3.2+1 
2 3 — l 3 = 3.1 2 + 3.1 + 1 

If we now add all these results together, we find on the left-hand side 
that all the terms disappear except the first and the last. 

(n + l) 3 - l 3 = 3{n 2 +(«- l) 2 + (n-2) 2 + . .. + 2 2 + 1 2 | 

+ 3fn + (« — 1) + («-2) + .. . + 2 + 1J +«(1) 


. n 3 + 3« 2 + 3n +T—3Sr 2 +3Sr + n = 32r 2 + 3~ 


.-. n 3 +3n 2 + 2n = 3£r 2 +-^<« 2 + n) 


• 2n 3 + 6rt 2 + 4n =6'Er 2 + 3n 2 +-3n 


6 Zr 2 = 2n 3 + 3 n 2 +n 


So, the sum of the first 12 terms of the series 1 2 + 2 2 + 3 2 
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|r 2 

12 

Sr 2 


_ «(» + 1)(2 n + 1 ) 


_ 12(13) (25) . 


26(25)= 650 


18 


3. The sum of the cubes of the natural numbers is found in much the 
same way. This time, we use the identity 

(n + l) 4 = n 4 + 4n 3 + 6n 2 + 4n + 1 
We rewrite it as before 

(n + 1 ) 4 - n A = 4« 3 + 6n 2 + An + 1 

If we now do the same trick as before and replace n by (n - 1) over and 
over again, and finally total up the results we get the result 

Note in passing that Sr 3 = j 1 


Let us collect together these last three results. Here they are: 

1. Sr =2hli' . (vii) 

l 2 

2. + . (viii) 

3. Sr’.ll^f . (bt) 


These are handy results, so copy them into your record book. 

Now turn on to frame 20 and we can see an example of the use of these 
results. 


19 
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20 


Example: Find the sum of the series 2 «(3 + 2 n) 


S s = 2 n(3 + 2n) = | (3 n + 2 « 2 ) 

= 23n + 2 2/J 2 

s s 

= 3 2n + 22n 2 

_ 3.5.6 2. 5.6.11 
T "b - 

= 45 + 110 
= 155 

It is just a question of using the established results. Here is one for you 
to do in the same manner. 

Find the sum of the series 2 (2 n + n 3 ) 


21 


S 4 =|(2 n+n 3 ) 

= 22n + 2n 3 

= MJ. + fill 2 
2 12 / 

= 20+ 100 = [l20l 

Remember 


Sum of first n natural numbers = ^ 

Sum of squares of first n natural numbers = + + P 

Sum of cubes of first n natural numbers = ( n ^ n * ^ t 
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Infinite series 

So far, we have been concerned with a finite number of terms of a given 
series. When we are dealing with the sum of an infinite number of terms 
of a series, we must be careful about the steps we take. 

Example: Consider the infinite series l+j+? + g + ... 

This we recognize as a G.P. in which a = 1 and r = The sum of the first 
n terms is therefore given by 


s.-Kl rHI" )- 2 ( 1 -L) 

l-i 2" 

Now if n is very large, 2” will be very large and therefore — will be 
1 ^ n 

very small. In fact, as n -*■ — -» 0. The sum of all the terms in this 

2 " 

infinite series is therefore given by Soo = the limiting value of S„ as n -►« 


i.e. Soo = n {S„} = 2(1 - 0) = 2 

This result means that we can make the sum of the series as near to the 
value 2 as we please by taking a sufficiently large number of terms. 
Next frame. 


This is not always possible with an infinite series, for in the case of an 
A.P. things are very different. 

Consider the infinite series 1 + 3 + 5 + 7 + ... 

This is an A.P. in which a = 1 and d = 2. 

Then S„ =|(2 a + 7T^.d) = j(2+7n.2) 

= f(2 + 2n-2) 

S„ = n 2 

Of course, in this case, if n is large then the value of S„ is very large. In 
fact, if n -*■ °°, then which is not a definite numerical value and 

of little use to us. 

This always happens with an A.P.: if we try to find the “sum to 
infinity”, we invariably obtain +°° or-°° as the result, depending on the 
actual series. 

Turn on now to frame 24. 
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24 


In the previous two frames, we made two important points. 

(i) We cannot evaluate the sum of an infinite number of terms of an A.P. 
because the result is always infinite. 

(ii) We can sometimes evaluate the sum of an infinite number of terms of 

a G.P. since, for such a series, S„ = and provided M < 1 , then as 


n 


0. In that case S c 


fl(l-0) _ a ■- c =_£L 
’-w'l-/- e ' So ° 1-r 


So, find the ‘sum to infinity’ of the series 
20 + 4 + 0-8+ 0 16+ 0-032 + 


25 


20 + 4 + 0-8 + 0-16 + 0-032 + 

_0£_n- 1 




Limiting values 

In this programme, we have already seen that we have sometimes to 
determine the limiting value of S„ as n -* Before we leave this topic, 
let us look a little further into the process of finding limiting values. 
One or two examples will suffice. 

So turn on to frame 26. 
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To find the limiting value of— 


26 


We cannot just substitute n = °° in the expression and simplify the 
result, since °° is not an ordinary number and does not obey the normal 
rules. So we do it this way: 

(dividing to P and bottom by n ) 


5 + 3 In 
2-7 In 


Now when n -> °°, 3/n-*Q and 7/n-*-0 

5n + 3 _ 5 + 3/n _ 5 + 0 5 

" n koo7n-l „ioo2-7/n 2-0 2 


We can always deal with fractions of the forrn^-, ^5.^3. etc., f° r wh en 

n-*<*>, each of these tends to zero, which is a precise value. 

Let us try another example. 

On to the next frame then. 


Example 2. To find the limiting value of + j as n-*°°. 

First of all, we divide top and bottom by the highest power of n which is 
involved, in this case n 2 . 

2n 2 + An - 3 _ 2 + 4 In - 3/n 2 
5n 2 - 6n + 1 5 - 6 In + 1 In 2 

■ Lt 2» 2 + 4n - 3 _ , 2 + 4 In- 3 In 2 

" „-»oo 5n 2 -6n + 1 5 - 6/« + 1/n 2 

_ 2+Q—0 _2 
5-0+0 5 


27 


Example 3. To find _Lt^ 2n^\ 3n~ 4 

In this case, the first thing is to. 

Turn on to frame 28. 
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Prograt 



Finish it off. Then move on to frame 29. 



Convergent and divergent series 

A series in which the sum (S„) of n terms of the series tends to a definite 
value, as n^°°, is called a convergent series. If S„ does not tend to 
a definite value as n ->■«>, the series is said to be divergent. 

Example: Consider the G.P. l+^ + g+ ^ + g^ + ... 

We know that for a G.P., S„ = ^ ^ so in this case since a = 1 and 

r = j, we have: 



/. Asn-°°,y n ->-0 Lt S„=|- 

The sum of n terms of this series tends to the definite value ^ as n -* 

It is therefore a.series. 

(convergent/divergent) 
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| convergent~| 

If S„ tends to a definite value as n -*•<», the series is convergent. 

If S„ does not tend to a definite value as «-*«>, the series is divergent. 

Here is another series. Let us investigate this one. 

1+3+9 + 27 + 81+... 

This is also a G.P. with a = 1 and r = 3. 

;. s ^ g(l-^) ^ l(l-3” )^ l-3 n 

3” ~ 1 
2 

Of course, when n -*■ 3 n -*■ °° also. 

Lt S„ = 00 (which is not a definite numerical value) 
So in this case, the series is. 


30 


| divergent | 

We can make use of infinite series only when they are convergent and 
it is necessary, therefore, to have some means of testing whether or not a 
given series is, in fact, convergent. 

Of course, we could determine the limiting value of S„ as n -*■ as we 
did in the examples a moment ago, and this would tell us directly whether 
the series in question tended to a definite value (i.e. was convergent) or 



That is the fundamental test, but unfortunately, it is not always easy 
to find a formula for S„ and we have therefore to find a test for con¬ 
vergence which uses the terms themselves. 


Remember the notation for series in general. We shall denote the 
terms by + u 2 + u 3 + m 4 + . . . 


So now turn on to frame 32. 
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Tests for convergence 

Test I. A series cannot be convergent unless its terms ultimately tend 
to zero, i.e. unless Lt u n = 0. 

If Lt u n /0, the series is divergent. 

This is almost just common sense, for if the sum is to approach some 
definite value as the value of n increases, the numerical value of the 
individual terms must diminish. For example, we have already seen that 

(i) the series 1 + 3 + gT + ^7 + j^i + ■ • ■ converges, 

while (ii) the series 1+3 + 9 + 27 + 81 + ... diverges. 


So what would you say about the series 

, .1 .1 


5 + 6 + - 


Just by looking at it, do you think this series converges or diverges? 


Most likely you said that the series converges since it was clear that 
the numerical value of the terms decreases as n increases. If so, I am 
afraid you were wrong, for we shall show later that, in fact, the series 

1 + i + i + i + T + ■ • • diverges - 

It was rather a trick question, but be very clear about what the rule 
states. It says: 

A series cannot be convergent unless its terms ultimately tend to zero, 
i.e. Lt u n = 0. It does not say that if the terms tend to zero, then the 

series is convergent. In fact, it is quite possible for the terms to tend to 
zero without the series converging - as in the example stated. 

In practice, then, we use the rule in the following form: 

If Lt u n = 0, the series may converge or diverge and we must test 

further. 

If Lt u n / 0, we can be sure that the series diverges. 

Make a note of these two statements. 
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Before we leave the series 

1.14*14. 


34 


I+I+I+1+I+ 

2 3 4 5 6 


here is the proof that, although Lt u„ = 0, the series does, in fact, 
diverge. ” 00 

We can, of course, if we wish, group the terms as follows: 


■♦Wh) 


i + i + i + i 

5 6 7 8/ 


Now 

and 

So that 


{5 + 6 + 7 + 8} > {8 + 8 + 8 + i } > 2 etc ‘ 
S„> 1+ T + 2 + 2 + 2 + 2 + --- 


This is not a definite numerical value, so the series is 


| divergent J 

The best we can get from Test 1, is that a series may converge. We must 
therefore apply a further test. 
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Test 2. The comparison test 

A series of positive terms is convergent if its terms are less than the 
corresponding terms of a positive series which is known to be convergent. 
Similarly, the series is divergent if its terms are greater than the correspond¬ 
ing terms of a series which is known to be divergent. 

An example or two will show how we apply this particular test. 


So turn on to the next frame. 
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Example. To test the series 

1+ I + 1 + 1 + 1 + i + + 1 . 

2 2 3 3 4 4 5 5 6 6 
we can compare it with the series 



which is known to converge. 

If we compare corresponding terms after the first two terms, we see 
that-^ 3 < ; ~4 <*~ 4 ; and so on for all further terms, so that, after the 


first two terms, the terms of the first series are each less than the corres¬ 
ponding terms of the series known to converge. 

The first series also, therefore, . 
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converges 


The difficulty with the comparison test is knowing which convergent 
series to use as a standard. A useful series for this purpose is this one: 

JL + 1 +1 +1 +1 + +1 + - y _L 

IP TP 3P 4P SP •" nP ■•■"» = ! nP 

It can be shown that 

(i) if p > 1, the series converges 

(ii) if p < 1, the series diverges 

So what about the series Z ? 

n = i « 

Does it converge or diverge? 
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I Converge | since the series 2— 2 is the series 2- p with p > 1 
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□□□□□□□□□□□□□□a 


□□□□□□□□□□□□op 

Let us look at another example. 

Totes, , M se,ies± t jL +5 i + 5 i + ... 

If we take our standard series 

I + i + 1 + I + L + i + 

IP 2P 3P 4P SP 6P 

when p = 2, we get 

II 1 1 1 1 x 
l 2+ 2 2 + 3 2 4 2 + 5 2 + 6 2 + -‘- 

which we know to converge. 

Bu < b 4 ; A4 ;e,c - 

Each term of the given series is less than the corresponding term in the 
series known to converge. 

Therefore... 


I The given series convergesl 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 
It is not always easy to devise a suitable comparison series, so we look 
for yet another test to apply, and here it is: 

Test 3. D’Alembert’s ratio test for positive terms 

Let Mj + u 2 + m 3 + m 4 + ... + u n + ... be a series of positive terms. 
Find expressions for u n and u n +1, i.e. the nth term and the (n + l)th 
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term, and form the ratio Ufl * * . Determine the limiting value of this ratio 
as n-+°°. 

If Lt Un J 1 < 1, the series converges 
” >1, the series diverges 

” = 1, the series may converge or diverge and the test 

gives us no definite information. 

Copy out D’Alembert’s ratio test into your record book. Then on to 
frame 40. 
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40 Here it is again: 

D’Alembert’s ratio test for positive terms 


u n < 1, the series converges 
” > 1, the series diverges 

” = 1, the result is inconclusive. 


1 2 2 2 2 3 • 

We first of all decide on the pattern of the terms and hence write down 
the nth term. In this case u„ =~^r: The (n + l) th term will then be the 


same with n replaced by (n + 1) 


• u n + 1 - 2 ” + 1 2” -1 _1 2n + 1 
" 2*" 2n~l 2‘2n - 1 

We now have to find the limiting value of this ratio as From our 

previous work on limiting values, we know that the next step, then, is to 
divide top and bottom by. 


Divide top and bottom by n 


1 2 + 0 - 1 
= 2'2 — 0 2 


-< 1, we know that the given series is 


Let us do another one in the same way. 

Example: Apply D’Alembert’s ratio test to the series 

-L+- + - + - + —+ 

2 3 4 5 6 


First of all, we must find an expression for u n . 

In this series, u n =. 
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I + l + I + i + 

2 3 4 5 


42 


Then u n + l is found by simply replacing n by (n + 1). 

n + 1 

" U " + 1 n + 2 

u„ +! _ n + 1 n + 1 _ n 2 + 2 n + 1 
+ 2 ' n n 2 +2n 


So that 


We now have to find Lt n+ ~ and in order to do that we must divide 
top and bottom, in this case, by. 


H 
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. .. Un + l x j n 2 + 2/1 + 1 1 + 2 /n+l/n 2 

" „ hL~'„Hoo /i 4 + 2n~ ~ n ^oo 1 + 2 /n 
1 + 0 + 0 _ 

1+0 

Lt = 1, which is inconclusive and which merely tells us that 

the series may be convergent or divergent. So where do we go from there? 
We have, of course, forgotten about Test 1, which states that 

(i) if Lt u„ = 0, the series may be convergent 

(ii) if Lt u n 1 0, the series is certainly divergent 
In our present series, u n = 


t 1 


„ kL Un = „ ^ooTTi' „^co 1 +1 In ■ 
This is not zero. Therefore the series is divergent. 


1 


□□□□□□□□□□ 


Now you do this one entirely on your own: 

~ , 1 2 ^ 2 2 ^ 2 2 2 4 . 

Test the series ~5 + ~6 + ~T "» + ~9 + ' ' ' 

When you have finished, check your result with that in frame 44. 
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Here is the solution in detail: see if you agree with it. 

2_ 3 2 ? . 

5 6 7 8 9 ••• 


M/I = 


4 + n 


The power 2” 1 cancels with the power 2” to leave a single factor 2. 
. M/i + i _ 2(4 + n) 


i_ Tt 2(4 + n) _ 2(4 /w+ 1 ) 

" „^oo 5+n n !ioo 5/n + 1 


= 2 ( 0 + 1 ) 
0+1 


And since the limiting value is > 1 , we know the series is .. 


45 


divergent | 


Series in general. Absolute convergence 

So far, we have considered series with positive terms only. Some series 
consist of alternate positive and negative terms. 

Example: the series ^~2 + 3 - 4 + ‘‘ * s ’ n ^ act convergent 

while the series ^ + 2 + 3 + 4 + ''‘ * S ^ ver 8 ent - 

If u„ denotes the /I th term of a series in general, it may well be positive 
or negative. But \u n \, or ‘mod u n ’ denotes the numerical value of u n , so 
that if u x + u 2 + m 3 + « 4 + ... is a series of mixed terms, i.e. some positive, 
some negative, then the series |«i |+ 1« 2 1 + l« 31 + 1 « 41 + ... will be a series 
of positive terms. 

So if ~Lu n = 1—3 + 5 — 7 + 9—... 

Then E|n„j =. 
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|s|m„| = 1 + 3+ 5+ 7 + 9 + . .7| 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

Note: If a series is convergent, then the series 2|«„| may very well 
not be convergent, as in the example stated in the previous frame. But if 
2 |m„| is found to be convergent, we can be sure that is convergent. 

If Z|u„| converges, the series is said to be absolutely convergent. 
If 2 |m„| is not convergent, but does converge, then £«„ is said 
to be conditionally convergent. 

So, if 2 u n = 1 ^ + i- ... converges 

and = 1+-|+-| + ^ + -| +... diverges 

then is.convergent. 

(absolutely or conditionally) 


|~conditionaliy~| 

Example: Find the range of values of x for which the following series 
is absolutely convergent. 

jc_ _ | x 3 _ jc^_ x s _ 

2.5 3.5 2 4.5 3 5.5 4 6.5 s 

I Un ' = (n + 1)5” ’ I “" + 1 l ~ (n + 2)5” +1 
. + = x n + l (fi + 1)5” 

' * (n + 2)5” +1 x n 

_x(n + 1) _x(l + 1/n) 

* 5(« + 2) 5(1 + 2/n) 
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For absolute convergence LtJ^^| < i. ;. Series convergent 

when|^|< 1, i.e. for|x|<5. 

On to frame 48. 
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You have now reached the end of this programme, except for the test 
exercise which follows in frame 49. Before you work through it, here is a 
summary of the topics we have covered. Read through it carefully: it will 
refresh your memory of what we have been doing. 

Revision Sheet 


1. Arithmetic series: a, a+d, a + 2d, a + 3d, . 

u n =a + (n~l)d S„ =~(2a + ‘n- I'd) 

2. Geometric series: a, ar, ar 2 , ar 3 , ar 4 ,. 



If | r| < 1 , Soo = ~ 


Powers of natural numbers: 

lr = 


n , n(n + 1) (2 n + 1 ) 

r ■ 6 




4. Infinite series: S n = u t + u 2 + u 3 + u 4 + . .. + u n + . . . 

If Lt S„ is a definite value, series is convergent 
If ” is not a definite value, series is divergent. 

5. Tests for convergence : 

(1) If Lt u n = 0, the series may be convergent 

If ” 4 0, the series is certainly divergent. 

(2) Comparison test - Useful standard series 

I + i + 1 +1 +1 + + i 

IP 2P 3 p 4 P 5 P nP 

For p > 1, series converges: for p < 1, series diverges. 

(3) D’Alembert’s ratio test for positive terms. 

If Lt + — < 1, series converges. 

” > 1 , series diverges. 

” = 1 , inconclusive. 

(4) For general series 

(i) If S|u„|converges, 2 m„ is absolutely convergent. 

(ii) If 2 \u n jdiverges, but 2n„ converges, then is 
conditionally convergent. 

Now you are ready for the Test Exercise so turn to frame 49. 
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Test Exercise - XI 

Answer all the questions. Take your time over them and work carefully. 

1. The 3rd term of an A.P. is 34 and the 17th term is —8. Findthesum 
of the first 20 terms. 


49 


2. For the series 1, 1 -2,144,.find the 6th term and the 

the first 10 terms. 

s 

3. Evaluate £ n(3 + 2n+n 2 ). 

4. Determine whether each of the following series is convergent. 

_2 + _2 + 2 + 2 _ + 

W 2.3 3.4 4.5 5.6 . 


,.a . 2? . 2! . 

(“) l 2 T 2 3 2 4 2 


(iii) u n = 

(iv) u n = 


of 


5. Find the range of values of x for which each of the following series is 
convergent or divergent. 

(i)l + *. 

( \ JL+Jil + x 3 + x * + 

W 12 2.3 3.4 4.5 . 

(iii) 2 
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Further Problems - XI 

1. Find the sum of n terms of the series 

S/j = l 2 + 3 2 + 5 2 + ... + (2n - l ) 2 

2 . Find the sum to n terms of 

_L + _!_ + _5_ + J_ + 

1.2.3 2.3.4 3.4.5 4.5.6 

3. Sum to n terms, the series 

1.3.5 + 2.4.6+ 3.5.7 + .. . 

4. Evaluate the following: 

(0 SKr + 3) (ii)|(/-+l ) 3 


5. Find the sum to infinity of the series 

1+ ! + £ + ! + 

1 3! 4! 5! 


6 . For the series 


. (-ir‘5. 


find an expression for S„, the sum of the first n terms. Also, if the 
series converges, find the sum to infinity. 


7. Find the limiting values of 


5x 2 - x +7 


2x 2 -3x + 1 

8 . Determine whether each of the following series converges or diverges. 

© fTTTT W 

(iii) (iv) | 7 


) (2 n + 1)! 
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. Find the range of values of x for which the series 

A + *l + +_*" + 

27 125 (2 n + 1) 3 '' 

is absolutely convergent. 

. Show that the series 


is absolutely convergent when —1 <x < + 1 . 

. Determine the range of values of x for which the following series is 
convergent x x 2 x 3 ^4 

L2l + 2J4 + 3A5 + 43^ + ' ‘ ' 

. Find the range of values of x for convergence for the series 


. Investigate the convergence of the series 


. Show that the following series is convergent 


A + A + I + 1+ 

Vl \/2 V3 y/4 




. Determine whether each of the following series is convergent o 
divergent. 

v _1 ^ 1 + 3» 2 

2 2 n( 2 n + 1 ) ^ 2 1 +n 2 
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17. Show that the series 

1 + 25~ + if? + ‘ ' ‘ is conver 8 ent 

if -5 < x < 5 and for no other values of x. 

18. Investigate the convergence of 

, . 3 . 7 . 15 . 31 
W 2.4 4.9 8.16 16.25 

,... 1.1 1 , 1 . 

1.2 2.2 2 + 3.2 3 4.2 4 ''' 

19. Find the range of values of x for which the following series is 
convergent. 

0-2 ) + 0-2) 2 + tx-2) 3 + + Q-2)" + 

20. If u r = r(2r + l) + 2 r+ \ find the value of 2u r . 
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PART 2 



Programme 12 


Power series 

Introduction: In the first programme (No. 11) on series, we saw how 
important it is to know something of the convergence properties of any 
infinite series we may wish to use and to appreciate the conditions in 
which the series is valid. 

This is very important, since it is often convenient to represent a 
function as a series of ascending powers of the variable. This, in fact, is 
just how a computer finds the value of the sine of a given angle. Instead 
of storing the whole of the mathematical tables, it sums up the terms of 
a series representing the sine of an angle. 

That is just one example. There are many occasions when we have 
need to express a function of x as an infinite series of powers of x. 

It is not at all difficult to express a function in this way, as you will soon 
see in this programme. 

So make a start and turn on to frame 2. 


2 

Suppose we wish to express sine x as a series of ascending powers of x. 
The series will be of the form 

sin x =a + bx + cx 2 + dx 3 + ex* + . . . 

where a , b, c, etc., are constant coefficients, i.e. numerical factors of 
some kind. Notice that we have used the ‘equivalent’ sign and not the 
usual ‘equals’ sign. The statement is not an equation: it is an identity. 

The right-hand side does not equal the left-hand side: the R.H.S. is the 
L.H.S. expressed in a different form and the expression is therefore true 
for any value of x that we like to substitute. 

Can you pick out an identity from these? 

(x+4) 2 = 3x 2 — 2x + 1 
(2x + l ) 2 = 4x 2 + 4x - 3 
(x + 2) 2 =x 2 + 4x + 4 
When you have decided, move on to frame 3. 
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| (x + 2) 2 =X 2 + 4* +4 | 

Correct. This is the only identity of the three, since it is the only one in 
which the R.H.S. is the L.H.S. written in a different form. Right. Now 
back to our series: 


sin x = a + bx + cx 1 + dx 3 + ex 4 + .. . 

To establish the series, we have to find the values of the constant coeffi¬ 
cients a, b, c, d, etc. 

Suppose we substitute* = 0 on both sides. 

Then sin0 = a + 0 + 0 + 0 + 0+ ... 

and since sin 0 = 0, we immediately get the value of a. 


f^ol 

Now can we substitute some other value for x, which will make all the 
I terms disappear except the second? If we could, we should then find the 
value of b. Unfortunately, we cannot find any such substitution, so what 
is the next step? 

Here is the series once again: 

sin * = a + bx + cx 2 + dx 3 + ex 4 + . . . 

and so far we know that a = 0 . 

The key to the whole business is simply this: 

Differentiate both sides with respect to x. 

On the left, we get cos x. 

On the right the terms are simply powers of*, so we get 
cos* =. 


4 
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[cos x = b + c.2x + d.3x 2 + e.4x 3 + . .. | 

This is still an identity, so we can substitute in it any value for x we 
like. 

Notice that the a has now disappeared from the scene and that the 
constant term at the beginning of the expression is now b. 

So what do you suggest that we substitute in the identity as it now 
stands, in order that all the terms except the first shall vanish? 

We substitute x =.again. 


6 


| Substitute x = 0 again | 

Right: for then all the terms will disappear except the first and we shall 
be able to find b. 

cos x = b + c.2x + d.3x 2 + e.4x 3 + . .. 

Put x = 0 

cos 0 =l =6 + 0 + 0 + 0 + 0 + ... 
b= 1 

So far, so good. We have found the values of a and b. To find c and d 
and all the rest, we merely repeat the process over and over again at each 
successive stage. 

i.e. Differentiate both sides with respect to x 
and substitute . 
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| substitute x = 0 | 


So we now get this, from the beginning: 

sin x = a + bx + cx 2 + dx 3 + ex 4 +/x s + 


Put x = 0. sin 0 = 0 = a + 0 + 0 + 0 + ... a = 0 

Diff. cos x = b + c.2x + </.3x 2 + e.4x 3 +/.5x 4 . . . 

Put x = 0. cos 0 = 1 = b + 0 + 0 + 0 + ... b- 1 


[ Diff. -sinx = c.2 + d.3.2x + e.4.3x 2 +/.5.4x 3 . .. 

[ Put x = 0. -sin 0 = 0= c.2 + 0 + 0 + ... c = 0 
( Diff. -cos x = d.3.2.1 + e.4.3.2x +/.5.4.3x 2 ... 

t Putx-0. :.-cos0-1- d. 3I + 0 + 0 + ... d = - 5 , 


And again, sinx = e.4.3.2.1 + /.5.4.3.2x + .. . 

Putx = 0. sin 0 = 0 = e.4! + 0 + 0+ /. e = 0 


( Once more, cos x = 

Put x = 0. V. cos 0 = 1 = 


/.5.4.3.2.1 + ... 
/.5! + 0 + 


All that now remains is to put these values for the constant coeffi¬ 
cients back into the original series. 

sinx = 0 + 1 .x + 0 .x 2 + —x 3 + 0 .x 4 + ^, x s + . . . 



Now we have obtained the first few terms of an infinite series represent¬ 
ing the function sin x, and you can see how the terms are likely to 
proceed. 

Write down the first six terms of the series for sin x. 

When you have done so, turn on to frame 8. 
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sin x = x - t- 


3! 5! 7! 9! 11! 


Provided we can differentiate a given function over and over again, 
and find the values of the derivatives when we put x = 0 , then this 
method would enable us to express any function as a series of ascending 
powers of x. 

However, it entails a considerable amount of writing, so we now 
establish a general form of such a series, which can be applied to most 
functions with very much less effort. This general series is known as 
Maclaurin’s series. 


So turn on to frame 9 and we will find out all about it. 


Maclaurin’s series: To establish the series, we repeat the process of 
the previous example, but work with a general function,/(x), instead of 
sin x. The first differential coefficient of/(x) will be denoted by/'(x); 
the second by/"(x); the third by f"'(x); and so on. Here it is then: 

Let fix) = a +bx +cx 2 +dx 3 +ex 4 +fx s + . .. 

Putx = 0. Then/(0) = a + 0 + 0 + 0+ ... :. a=f{0). 
i.e. a = the value of the function with x put equal to 0. 

Diff. /'(*) = b + c.2x + d. 3x 2 + e.4x 3 +/.5x 4 + .. . 

Putx = 0 :.f'(0 )= 6 + 0 + 0 + ... b=f'(0) 

Diff. /"(x) = c.2.1 + d. 3.2x + e.4.3x 2 +/.5.4x 3 . . . 

Putx = 0 •'•/"(()) = c.2! + 0 + 0 + ... = 

Now go on and find d and e, remembering that we denote 
J" {/-"(*)} • by f"'(x) 

and {/"'(•*)} by / lv (x), etc. 

So, d =.. and e =. 
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o) _/i v (o) 

d ~u * g = —I 


10 


Here it is. We had: 

/"(*) = c.2.1 + tf.3.2xr + e.4.3x 2 + /.5.4x 3 + . . 
f Diff. f"'(x) = d. 3.2.1 + e.4.3.2x + /.5.4.3x 2 + . 


d= ~ 


l Put x = 0 :./?"(0)= ef.3! + 0 + 0 . 

( Diff. /i v (x) = e.4.3.2.1 +/.5.4.3.2x - 

l Put * = 0 /. /■''(O) = e.4! + 0 + 0 + ... < 


_ r(Q) 

41 


etc. 


etc. 


So a =/(0); b = /'{0); c=®>; 


_ / iv (0) 
4! ’ 


Now, in just the same way as we did with our series for sin x, we put 
the expressions for a,b,c ,... etc., back into the original series and get: 


Ax) =/(0) +/'(0).x +' 


/"( 0) 


, /"'( 0 ) 

3! "* 


and this is usually written as 

Ax) = /( 0 )+*./'(o) i- ^./"(o) +. 


11 


This is Maclaurin's series and important! 

Notice how tidy each term is. 

The term in x 2 is divided by 2! and multiplied by/''(0) 

” ” ”* 3 ” ” ”3! ” ” ” f"'(0) 

„ „ „ „ » .. 4! » -- ” /iv( 0 ) 

Copy the series into your record book for future reference. 

Then on to frame 12. 
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12 


Maclaurin’s series 


Ax)=m+x. no) + fr-/"(o)+fr/"'(o) +... 




Now we will use Maclaurin’s series to find a series for sinh x. We have 
to find the successive differential coefficients of sinh x and put x = 0 in 
each. Here goes, then: 


fix) = sinh x 
f'{x) = cosh x 
fix) = sinh x 
f'"{x) = coshx 
/ iv (x) = sinh x 
fix) = cosh x 


/(0) = sinh 0 = 0 
/'(0) = cosh 0=1 
/"(0) = sinh 0 = 0 
/"'(0) = coshO = 1 
/»v(0) = sinh 0 = 0 
/ v (0) = cosh 0=1 etc. 


f. sinhx^(f+x. 1+^<^ +j 7 .(l)+J^) + Ji-(l)+• 


sinh. 

Turn on to frame 13. - 


.x 3 .xf x^ 
3! 5! 7! 


Now let us find a series for ln(l +x) in just the same way. 


/(x) = ln(l+x) 

••/(O) = 

/,( ^ = rb =(1+JcT1 

■■no) = 

/-(*)=— 

•••/"( 0) = 


■■■ /"'(o) = 

f(x) = -3.2(1 + xf = - (7^4 

••• / iv (0) = 

/v(x) = 4.3.2(l+x]T s = ( - i ^y s 

•/ v (0) = 


You complete the work. Evaluatfe the differentials when x - 0, 
remembering that In 1 = 0, and substitute back into Maclaurin’s series to 
obtain the series for ln(l +x). 

So, ln(l +x) =. 
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/(O) = In 1 = 0 ; /'( 0 ) = 1 ; /"'( 0 )— 1 ; /"'( 0 ) = 2 ; 14 

/ iv (0) = -3!; / v (0) = 4!;... 

Also /(*) = /(0) + *./'(0) + /"(0) /.'"(0) + ... 

ln(l + x) = 0 + x. 1 (- 1 ) +|j ( 2 ) +^(- 3 !)+... 

Note that in this series, the denominators are the natural numbers, not 
factorials! 

Another example in frame 15. 


15 

Example: Expand sin 2 * as a series of ascending powers of x. 

Maclaurin’s series : 

fix) =/( o) +*./'(o) +£.f'K0) +f 1 3 ./'"(0) + • • • 


f(x) = sin 2 * 

/(0) = 

/'(*) = 2 sin * cos * = si 

n 2* fO) = 

fix) = 2 cos 2* 

/"(0) = 

/-'"(*) = - 4 sin 2* 

/'"(0) = 

f iv (x) =. 

/ iv (0) = 


There we are! Finish it off: find the first three non-vanishing terms of the 
series. 

Then move on to frame 16. 
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/(*) = sin 2 * 

/(0) = o 

fix) = 2 sin * cos * = s: 

in 2* /. /'(0) = 0 

/"(*) = 2 cos 2* 

' f"(0) = 2 

/"'(*) = -4 sm 2* 

/"'(0) = 0 

/ ,v (*) = -8 cos 2* 

••• / iv (0) = -8 

f v (x) = 16 sin 2* 

••• / v (0) = 0 

/ vl (*) = 32 cos 2* 

Z vi (0) = 32 


Ax) =/(0) + x./'(0) +f;./"(0) +f?./'"(0) + . . . 

sin 2 * = 0 + *(0) + f|(2) +f, (0) +|J(-8) +f[ (0) + f?(32) 



Next we will find the series for tan *. This is a little heavier but the method 
is always the same. 

Move to frame 1 7. 


17 


Series for tan x 

Ax) = tan x ■••/(0) = 0 

■■•/'(*) = sec 2 * •••/'(0)=1 

fix) = 2 sec 2 * tan x /"(0) = 0 

f'"(x) = 2 see 4 * + 4 sec 2 * tin 2 * /"'(0) = 2 
= 2 sec 4 * + 4(1 + tan 2 *) tan 2 * 

= 2 sec 4 * + 4 tan 2 * + 4 tan 4 * 
f iV (x) = 8 sec 4 * tan* + 8 tan* sec 2 * +16 tan 3 * sec 2 * 
= 8(1 + t 2 ) 2 t + 8?(1 + r 2 ) + I6r 3 (l + r 2 ) 

= 8(1 + 2 1 2 + t 4 )t + 8t + 8 1 3 + 16r 3 + 16t 5 
= I6r + 40r 3 + 24r s / iv (0) = 0 

f y (x) = 16 sec 2 * + 120r 2 .sec 2 * + 120t 4 sec 2 * 


tan * = 


••• / v (0) = 16 
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tanx = x +y + jj 


18 


Standard series 

By Maclaurin’s series, we can build up a list of series representing many 
of the common functions - we have already found series for sin x, sinhx 
and ln(l + x). 

To find a series for cos x, we could apply the same technique all over 
again. However, let us be crafty about it. Suppose we take the series for 
sin x and differentiate both sides with respect to x just once, we get 


smx x 3 ,t 5 , 7 ,t.. 

nee 3x 2 5x 4 7 x 6 

Diff. cos x — 1 2 j + 51 7J 


In the 
that 


way, we can obtain the series for coshx. We already know 

sinhx =x + §? + f^+... 

so if we differentiate both sides we shall establish a series for cosh x. 

What do we get? 


We get: 

Diff. 

giving: 


T+TT+^ + 777 + 


- i a. 3x 2 , 5x 4 , 7x 6 , 9x 8 
X ~ 1+ JT +5f + 7T + 9T' 


coshx = 1 +2! + 4T + 6!' + 8r + 


Let us pause at this point and take stock of the series we have obtained. 
We will make a list of them, so turn on to frame 20. 


19 
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Summary 

Here are the standard series that we have established so far. 


3! 5! 7! 9! ' 

X 2 x 6 _ x 8 

2! 4! 6! 8! • 


sinh x = x +^T + TT + t 7 + 


coshx = 1 + 2T + 4! + 6T‘ + 3f ’'' V 

ln(l+x)=x-|- 2 +^-^ + ^... V 

Make a note of these six series in your record book. 
Then turn on to frame 21. 


21 


The binomial series 

By the same method, we can apply Maclaurin’s series to obtain a power 
series for (1 + x)”. Here it is: 

/(x) = (l+x)« 
f'(x) = n .(1 +*)"” 1 
/”(*) = n(n- 1).(1+*)"-* 
f"'(x) = n(n - 1) (« - 2).(1 + xY- 3 
/ iv (x) = n(n-l)(n-2)(«-3).(l +x)™ 


/( 0)=1 
/'(0) = n 
/"(0) = n(n - 1) 

/'"(0) = «(n-l)(n-2) 
/* v (0) = n(n 1) (n — 2) (n ~ 3) 


etc. 

General Maclaurin’s series: 2 3 

f(x) =/(0) + x./'(0) + fy/"(0) + f,/'"(0) . .. 

Therefore, in this case, 

(1 +xT = 1 +xn +f?n(« - 1) +fy n{n - 1) (n - 2) ... 

(1 - 1 * n, * ^-*> <"- 2) - ■ ■ VIII 

Add this result to your list of series in your record book. Then, by 
replacing x wherever it occurs by (-x), determine the series for (1 — x)*. 
When finished, turn to frame 22. 
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Now we will work through another example. Here it is: 

Example: To find a series for tan _1 x. 

As before, we need to know the successive differential coefficients in order 
to insert them in Maclaurin’s series. 

fix) = tan" 1 * and f'(x) = j ~ 2 

If we differentiate again, we get /"(*) = - ( y^r )2 , after which the work¬ 
ing becomes rather heavy, so let us be crafty and see if we can avoid 
unnecessary work. 

We have fix) = tan 'x and f'(x) = - + * 2 = (I + x 2 ) -1 . If we now expand 

(1 + x X as a binomial series, we shall have a series of powers of x from 
which we can easily find the higher differential coefficients. 

So see how it works out in the next frame. 

To find a series for tan l x 

j{x) = tan 1 * :. /(0) = 0 i 

••• /'(*) = =0 +x 2 T 1 

= , _ v a + (-0 (-2) v4 A (-1) (-2) (-3) ,. 6 , 

~LT~ X + —03- x + ■■■ 

= 1 -X 2 +x 4 -X 6 +x 8 . f'i 0) = 1 

•• fix) = - 2x + 4x 3 - 6x s + 8x 7 - ... /"(O) = 0 

f'"(x) = — 2 + 12x 2 -30x 4 + 56x 6 — ... /” r (0) = -2 

fix) =2 4x-l 20x 3 + 336x s - .. . /iv(0) = 0 

fix) = 24 - 36Qx 2 + 1680x 4 - ... /v( 0 ) = 24 e tc. 

tan'jc =/(0) +x./'(0) +^/' f (0) +f?/"'(0) + .. . 

Substituting the values for the derivatives, gives us that tan -1 * =. 

Then on to frame 24. 
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tan -1 * = 0 + x(l) + §T (0) +§y (-2) + jy (0) +fy (24) . 


tan x = x - t 




X 


This is also a useful series, so make a note of it. 
□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 
Another series which you already know quite well is the series for e*. 
Do you remember how it goes? Here it is anyway. 


e * = 1+ * + 2! + 3! + 4T + '-- 

and if we simply replace x by (—x), we obtain the series for e' 3 
e 1 * 2! 3! 4! • ’ * 


XI 


So now we have quite a few. Add the last two to your list. 
And then on to the next frame. 


25 


Examples: Once we have established these standard series, we can of 
course, combine them as necessary. 


Example 1. Find the first three terms of the series for e x ,ln(l + x). 
We know that e * = 1+ * + 2! + 3! + 4T + ‘ ' 


and that ln(l + x) =x -y ^ 

e*.ln(l + x) = (l+x+fj + sj + fj-...] 


Now we have to multiply these series together. There is no constant 
term in the second series, so the lowest power of x in the product will be 
x itself. This can only be formed by multiplying the 1 in the first series 
by the x in the second. 


The* 2 

Thex 3 


term is found by multiplying 1 

and X X x J 
term is found by multiplying 1 X j 


x? _x 2 
'2 2 


and 


x 3 _x^ x 3 _xf 
3 2 2 3 


and 


and so on. 
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It is not at all difficult, provided you are careful to avoid missing any of 
the products of the terms. 


Here is one for you to do in the same way: 

Example 2. Find the first four terms of the series for e x sinh x. 

Take your time over it: then check your working with that in frame 27. 


Here is the solution. Look through it carefully to see if you agree with 
the result. 


"I 1 ■* 2! 3!'"H* 3! 5! ' 

n x = 1.x =x 
" * 2 =x.x=x 2 

tM)-¥ 

" v 4 = V *? + *! x=x*(-+ 

•3! 3l x x \6 6) 3 
X .sinhx =x +x 2 + +§- + ... 


There we are. Now turn on to frame 28. 
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Approximate values 

This is a very obvious application of series and you will surely have done 
some examples on this topic some time in the past. Here is just an example 
or two to refresh your memory. 


Example 1. Evaluate \/l-02 correct to 5 decimal places. 


1 -02 = 1 + 0-02 
\/l -02 = (1 + 0-02) 1 / 2 


*5(0-02) + 


( 0 - 02) 2 


V 2 )( 


- ( 0 - 02) 2 


= 1 + 0 01 (0-0004) + ^(0 000008) - . . . 

= 1 + 0-01 - 0-00005 + 0-0000005 .. . 

= 1-010001-0-000050 
= 1-009951 Vl 02= 1-00995 

Note that whenever we substitute a value for x in any one of the 
standard series, we must be satisfied that the substitution value for x is 
within the range of values of x for which the series is valid. 

The present series for (1 + x)” is valid for|x|< 1, so we are safe 
enough on this occasion. 

Here is one for you to do. 

Example 2. Evaluate tan' 1 0-1 correct to 4 decimal places. 

Complete the working and then check with the next frame. 


29 


tan 1 0-1 =0-0997 


tan' 1 0-1 = 0-1 - 


tan x=x--g +-jj --J + ... 

0-001 . 0-00001 _ 0-0000001 


= 0-1 - 0-00033 + 0-000002 - . 


= 0-0997 

We will now consider a further use for series, so turn now to frame 30. 
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Limiting values - Indeterminate forms 

In Part I of this programme on series, we had occasion to find the 
limiting value of- ” +1 as n -*■ °°. Sometimes, we have to find the limiting 
value of a function of x when x -*■ 0, or perhaps when x -> a. 

5x — 14 ^ _ 0 + 0 — 14 14 7 

^0 \ x 2 - 5x + 8 


30 


e.g. Lim | 


0 - 0 + 8 

That is easy enough, but suppose we have to find 

T . (x 2 + 5x - 14 ] 

Lim { — 5 — --1 

x -+ 2 \x 2 ~5x + 6} 

Putting x = 2 in the function, gives 


4+10-14 0 J , . , 

4 — }q + ^ = Q’and what is the value 


Is it zero? Is it 1? Is it indeterminate? 
When you have decided, turn on to frame 31. 


-, as it stands, is | indeterminate) 

We can sometimes, however, use our knowledge of series to help us out 
of the difficulty. Let us consider an example or two. 

Example 1. Find the Lim j tan y* j 

If we just substitute x = 0 in the function, we get the result ^ which is 
indeterminate. So how do we proceed? 

Well, we already know that tan x = x + ^ + jf" + • So if we replace 
tan x by its series in the given function, we get 

T . | tanx-x 1_ T . + ff + --■)-/) 


T • (1 2x , 

= Lim {t+tt - 1 
x^-0 13 15 


31 


Move on to frame 32 for another example. 
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Example 2. To find Lim 


0 


e will 


express sinh x by its series, which is 

sinh x =. 

(If you do not remember, you will find it in your list of standard series 
which you have been compiling. Look it up.) 

Then on to frame 33. 


33 


sinhx=x+ T , + ^ + 


- Lim Jl + 7: +77+ . 
x~*Q \ 3! 5! 

= 1+0 + 0 + ... =1 
/sinh.*:) 


Now, in very much the same way, you find Lim j 

Work it through: then check your result with that in the next frame. 


34 


Here is the working: 

Lim ( 


+ 2x 6 . 

45 


= Lim - 

) x^ol *' 

| x 2 2x 4 
3 " 45 

Here is one more for you to do in like manner. 

^ . (sinhx-x) 

. __ Find Lim 1-~3— / 

Then on to frame 35. x-»- 0 1 x ) 
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So there you are: they are all done the same way. 

(i) Express the given function in terms of power series 

(ii) Simplify the function as far as possible 

(iii) Then determine the limiting value - which should now be possible. 


Of course, there may well be occasions when direct substitution gives 
the indeterminate form ^ and when we do not know the series expansion 

of the function concerned. What are we going to do then? 

All is not lost! - for we do in fact have another method of finding 
limiting values which, in many cases, is quicker than the series method. 

It all depends upon the application of a rule which we must first 
establish, so turn to the next frame for details thereof. 
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L ’Hopital’s rule for finding limiting values. 

Suppose we have to find the limiting value of a function F(x) = 
at x= a, when direct substitution of x= a gives the indeterminate form 


i.e. at x = a, f[x) = 0 andg(x) = 0. 

If we represent the circumstances graphically, the diagram would look 



Note that at x = a, both of the 
graphs .y = f(x) andy =g(x ) cross 
the x-axis, so that at x= a, f{x) = ( 
and g(x) = ( 


At a point K, i.e. x = (a + h), KP =f(a + h ) and KQ = g(a + h ) 


/(a + h) _ KP 
g(a+h) KQ 


Now divide top and bottom by AK 

f(a + hi ) = KP/AK = tan PAK 
g{a + h) KQ/AK tanQAK 

Nmu Tl m -®=T 


_ h)_.. tan PAK _f'(a) 

a'g(x) ~ j^o'gia + h) tan QAK ~g(a) 


f( x \ 

i.e. the limiting value as x -*■ a (at which the function value by 

direct substitution gives g) is given by the ratio of the differential coeffi¬ 
cients of numerator and denominator at x = a (provided, of course, that 
both /'(a) and g'(a) are not zero themselves)! 




g'(x) I 


Lim 

x-*a\ 


fXx)\ 

g(x)\ 


Lim I® 
x^a\g(x)j 


This is known as 1’Hopital‘s rule and is extremely useful for finding 
limiting values when the differential coefficients of the numerator and 
denominator can easily be found. 

Copy the rule into your record book. Now we will use it. 
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Lim J 

x^a\ 


'M\ 

Six)) 
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Example 1. To find Lim | - ^ 2 - + 3 j 

Note first that if we substitute* = 1, we get the indeterminate form 
Therefore we will apply PHopital’s rule. 

We therefore differentiate numerator and denominator separately 
(not as a quotient). 


f* 3 + * 2 -x- 1 
[ x 2 + 2x~ 3 


f3* 2 + 2 * - n 
l 2x + 2 I 


3 + 2 - 1 _ 4 
2 + 2 4 


and that is all there is to it! 

Let us do another example, so, on to the next frame. 


Example 2. Determine Lim | cos h* —£_ j 

We first of all try direct substitution, but we find that this leads us to 
the result , i.e. which is indeterminate. Therefore, apply l’Hopital’s 


38 


rule 


Lim I 


M 

g(x) 


(/'(*)) 

iTtoj 


i.e. differentiate top and bottom separately and substitute the given value 
of * in the differential coefficients. 

‘ Lim / cos ^ x ~ eX 


-ol 




_o-1 


Now you can do this oneT" 


. Lim f c °sh x — e x \ _, 

—o{ * j- 


Lim / T 
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Lim| 

x-HH 


3_ 

4 


The working is simply this: 

Direct substitution gives jj, so we apply l’Hopital’s rule which gives 
( x 2 - s in 3x \ _ , / 2x - 3 cos 3x ) 

.. 2v + 4 j 

3 


Lim{ — 

x-+0[ 


}= Lim { 
x->ol 

_0-3_ 


0 + 4 


WARNING: THopital’s rule applies only when the indeterminate form 
arises. If the limiting value can be found by direct substitution, the rule 
will not work. An example will soon show this. 

, T . fjc 2 +4x-3l 

Consider 5 ~2T ) 

By direct substitution, the limiting value = — ^ ^ A — = 9. Byl’Hopital’s 


mle Lim 


fx 2 + 4x — 31 


= Lim 


(2x+4 


5-4 

= -4. As you will see, these results 


do not agree. 

Before using VHopital’s rule, therefore, you must satisfy yourself that 
direct substitution gives the indeterminate form If it does, you may 
use the mle, but not otherwise. 
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Let us look at another example 


, 0-0 0 
By direct substitution, limiting value = —. 

Apply THopital’s mle: 


We now find, with some horror, that substituting x = 0 in the differen¬ 
tial coefficients, again produces the indeterminate form jj. So what do you 
suggest we do now to find Lim | -—j> (without bringing in the use of 
series)? Any ideas? 
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We apply the rule a second time. 


41 


Correct, for our immediate problem n 
do that, we get: 


First stage 


Second stage 


Lim [— 


So now we have the rule complete: 

For limiting values when the indeterminate form (i.e. jy) exists, apply 
l’Hopital’s rule 




and continue to do so until a stage is reached where either the numerator 
and/or the denominator is not zero. 

Next frame. 


Just one more example to illustrate the point. 

{ sinh x - sin x] 


Example: Determine Lim ! 


0 


.e. —. (indeterminate) 


il 6x f 
(coshx + cosxl 


gives 

gives 

= 1J_ 
6 


OjHO _ 
0 


Jt“*01 * 


42 


Note that we apply l’Hopital’s rule again and again until we reach the 
stage where the numerator or the denominator (or both) is not zero. We 
shall then arrive at a definite limiting value of the function. 

Turn on to frame 43. 
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43 Here are three Revision Examples for you to do. Work through all of 
them and then check your working with the results set out in the next 
frame. They are all straightforward and easy, so do noi peep at the 
official solutions before you have done them all. 


Determine (i) Lim 


(*- 


- 2x 2 + 4x - 3 1 


4x 2 - 5x + 1 


( iii) Lim / j L£ °s * ~ sin x 

x-»ol x 3 


44 


Solutions: 
(i) Lim ( 


(ii) 


■ 3 - 2x 2 + 4x - 3 ) 
4x 2 - 5x + 1 j 

.UrnlK^ 


(Substitution gives 


: 3 - 2x 2 + 4x - 3 | 
4x 2 - 5x + 1 J 


T . (tanx-x) 

Lim i -- 1 

x ^-0 l sin x “X ) 

= Lta o(^ 


(Substitution gives 
(still gives 


(anda8ai,,!) 

( 2 sec 2 * sec 2 x + 4 sec 2 x tan 2 a: \ _ 2 + 0 _ 


(iii) Lim 


(Substitution gives 


_ Lim j -x sin x + cos x - cos x 1 


= Lin ! i " 3^ -1= Lim { 
Liml' 


3x 

I x cos x - sin x ) 
m --3- 


Next frame. 
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Let us look at another useful series: Taylor’s series. 
Maclaurin’s series f(x) =/(0) + x.f\0) + ^ /"(0) + . 



function in terms of its 
differential coefficients 
at x = 0, i.e. at the point K. 


At P,/(A) =/(0) + h.f'(0) + §J/"(0) + ^/'"(0) .. . 


/ If we now move the y-axis a 
x+a) un it s t 0 the left, the equation 
of the curve relative to the 
new axes now becomes 
Flh + a) y = F(a + x ) and the value at 
K is now F(a) 


At P, F(a + h) = F(n) + h. F'(a ) + F"(n) +f, F»'( a ) + . .. 

This is, in fact, a general series and holds good when a and h are both 
variables. If we write a = x in this result, we obtain 

f(x + h)=f(x) + h.f/(x) +f \f"(x) /"'(*) + • ■ • 

which is the usual form of Taylor’s series. 

Maclaurin’s series and Taylor’s series are very much alike in some 
respects. In fact, Maclaurin’s series is really a special case of Taylor’s. 


Maclaurin’s 2 3 

series: fix) = /(0) + *./'(0) + /"(0) + fr/'"(0) + 


series: fix + h)= fix) + h .fix) + j, fix) + j, f'"{x) + .. . 

Copy the two series down together: it will help you learn them. 


350 





Programme 12 


47 


Example 1. Show that, if h is small, then 

tan' 1 (x+h) = tan' 1 * + [ ^ — 2 - ^ +x ^ j 2 a PP roximatel y• 

Taylor’s series states 

Ax + h) =/(*) + h.fix) +-|t rw+§?/"'(*) .. . 

where /(x) is the function obtained by putting h = 0 in the function 
/(* + h). 

In this case then, /(x) = tan ‘x. 

••A*) =^2 a nd /"(*)=- { TT?y 

Putting these expressions back into the series, we have 

, h2 2 x , 

tan (x + h) = tan * + h. j + — 2 - 2T(i + x 2 f- + • • ■ 

h xh 2 

= tan' 1 * + YTx 1 ~ (Ptx^) 2 a PP f0X - 
Why are we justified in omitting the terms that follow? 


48 


The following terms contain higher powers of h which, by 
definition, is small. These terms will therefore be very small. 


Example 2. Express sin (* + h) as a series of powers of h and evaluate 
sin 44° correct to 5 decimal places. 

sin(x + h) =/(*) + h.f'(x) +Y\ f"i x ) + '^ /"'(*) + ■ • • 

/(*) = sin*; /'(*) = cos*; /"(*) = - sin*; 

/"'(*) = -cos *; / lv (x) = sin x; etc. 


.'. sin(* + h) = sin * + h cos * - — sin * - — cos * 
n 44° = sin(45° -1°) = sin $■- 0-01745) and sin ^ = cos = 


V2 

- ^Jl-001745- 


1 

4 y/2 
/r = —0-01745 
0-0003045 , 0-0000053 , 


1 - 0-01745 - 0-0001523 + 0-0000009 . 


= \/2 

= 0-7071 (0-982399) = 0-69466 
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You have now reached the end of the programme, except for the test 
exercise which follows. The questions are all straightforward and you will 
have no trouble with them. Work through all the questions at your own 
speed. There is no need to hurry. 
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Test Exercise-XII 


State Maclaurin’s series. 

Find the first 4 non-zero terms in the expansion of cos 2 *. 
Find the first 3 non-zero terms in the series for sec x. 

Show that tan" 1 * = x — y + ^+ ... 


Assuming the series for e x and tan x, determine the series for e x .tanx 
up to and including the term in x 4 . 

Evaluate Vl-05 correct to 5 significant figures. 


(i) Lim 
x-+0 

(ii) Lim 


tan * .tan *x-x 2 


0 l 


(iii) Dm 


x — sin x 1 
x - tan x I 


Expand cos(x + h) as a series of powers of h and hence evaluate 
cos 31 ° correct to 5 decimal places. 


You are now ready to start the next programme. 
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Further Problems-XII 

1. Prove that cos * 

for all values of x. Deduce the power series for sin 2 x and show that, 
if x is small, 

sin 2 * -* 2 cos x lx 2 ■ + , 

-7- = 6 + 360 appr ° Xlmately ' 

2. Apply Maclaurin’s series to establish a series for In(1 + *). If 1 +* = p 

show that 2 3 

(b 2 ~a 2 )j2ab = x -- + . 

Hence show that, if b is nearly equal to a, then {b 2 -a 2 )/2ab exceeds 
ln^-)by approximately (b — a) 3 /6a 3 . 

1 1 - 2 sin 2 * - cos 3 *) 


3. Evaluate 
(ii) Iim 


(i) Lim 1 
*->•0 1 

*-* cos*) 


(iii) Lim 


(iv) Lim 


4. Write down the expansions of (i) cos * and (ii) and hence 

show that 

cosx =1 _ x+f 2 _*_ 3 .13*_ 4 _ 


1 4 


24 


5. State the series for ln(l + *) and the range of values of * for which it 
is valid. Assuming the series for sin * and for cos *, find the series for 

In^sm* j and ln ^ cos as f ar as t he term in * 4 . Hence show that, if * 

is small, tan * is approximately equal to x.e x ^. 

6. Use Maclaurin’s series to obtain the expansion of e x and of cos * in 
ascending powers of * and hence determine 
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(s x — 3 

7. Find the first four terms in the expansion of . _ . 2 . j\ > n 

r ft X ) + X ) 

ascending powers of *. 

8 . Write down the series for ln(l + x) in ascending powers of * and 
state the conditions for convergence. 

If a and b are small compared with x, show that 

ln(x + a)-ln* =| (l + |ln(x + h) - In x| 

9. Find the value of k for which the expansion of 

(1+**)(!+|)' 1 ln(l+*) 


contains n 
10. Evaluate 

(ii) Lim 



11. If u r and u r .\ indicate the r th term and the (r - l) th term respectively 
of the expansion of (1 + x) n , determine an expression, in its simplest 

form, for the ratio Hence show that in the binomial expansion 
u r -i 

of (1 + 0-03) 12 , the r th term is less than one-tenth of the {r - l) th 
term if r > 4. Use the expansion to evaluate (1-03) 12 correct to three 
places of decimals. 

12. By the use of Maclaurin’s series, show that 



Assuming the series for e x , obtain the expansion of e x sin' 1 *, up to 
and including the term in jc 4 . Hence show that, when * is small, the 
graph of y = e x sin' 1 * approximates to the parabola y = * 2 + *. 


13. By application of Maclaurin’s series, determine the first two non- 
vanishing terms of a series for In cos *. Express (1 + cos 9) in terms 
of cos d/2 and show that, if 6 is small, 

In(1 + cos 0) = In 2 — ^approximately. 
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14. If x is small, show that 


15. Prove that 


(ii) V{ 0 + 3x 2 )e* } ^ | , 3x [ 25x 2 


C_ = 3C_X_ 2 _ 

+ 1 2 4 48 


® e x -l 1 2 + 12 720 + 

00 ( " 

“• F “ « jap^}. « 

17. Find the first three terms in the expansion of 

sinhx'.-ln(l + x) 
x 2 (l + x) 3 

18. The field strength of a magnet (H) at a point on the axis, distance x 
from its centre, is given by 

h= M f_j_1_ | 

H ~2/[(*-0 2 (x + [) 2 j 

where 21 = length of magnet and M = moment. Show that, if l is 
very small compared with x, then H - 


19. Expand [ln(l + x)] 2 in powers of x up to and including the term in 
x 4 . Hence determine whether cos 2x + [ln(l + x)] 2 has a maximum 
value, minimum value, or point of inflexion at x = 0. 

20. If / is the length of a circular arc, a is the length of the chord of the 
whole arc, and b is the length of the chord of half the arc, show that 

(i) a = 2r sin ^ and (ii) b = 2r sin where r is the radius of the 
circle. By expanding sin ^ and sin ^as series, show that l = — ~ a 
approximately. 
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Introduction 

You are already familiar with the basic principles of integration and have 
had plenty of practice at some time in the past. However, that was some 
time ago, so let us first of all brush up our ideas of the fundamentals. 

Integration is the reverse of differentiation. In differentiation, we start 
with a function and proceed to find its differential coefficient. In integra¬ 
tion, we start with the differential coefficient and have to work back to 
find the function from which it has been derived. 

e.g. (x 3 + 5) = 3x 2 . Therefore it is true, in this ease, to say that the 
integral of 3x 2 , with respect to x, is the function from which it came, 
i.e. |3 x 2 g?x = x 3 +5. However, if we had to find j 3 x 2 dx, without know¬ 
ing the past history of the function, we should have no indication of the 
size of the constant term involved, since all trace of it is lost in the differ¬ 
ential coefficient. All we can do is to indicate the constant term by a 
symbol, e.g. C. » 

So, in general, 1 3x 2 dx = x 3 + C 

Although we cannot determine the value of this constant of integration 
without extra information about the function, it is vitally important that 
we should always include it in our results. There are just one or two 
occasions when we are permitted to leave it out, not because it is not 
there, but because in some prescribed situation, it will cancel out in sub¬ 
sequent working. Such occasions, however, are very rare and, in general, 
the constant of integration must be included in the result. 

If you omit the constant of integration, your work will be slovenly and, 
furthermore, it will be completely wrong! So, do not forget the constant 
of integration. 

1. Standard integrals 

Every differential coefficient, when written in reverse, gives us an 
integral, 

e.g. (sinx) = cos x .'. jcos x dx = sinx + C 

It follows then that our list of standard differential coefficients will form 
the basis of a list of standard integrals — sometimes slightly modified to 
give a neater expression. 
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Here is a list of basic differential coefficients and the basic integrals 
that go with them: 


1. ±{x») = n^ 


2 - d^ = x 

3 . £ { e x ) = e x 

4. £ t e kx ) = ke kx 
dx 

5. £{a x )=a x \na 


6. — (cos x) = -sin x 
„ d , 


- (sin x) = cos x 


(tan x) = sec 2 ; 
d , 


9. (cosh *) = sinh x 

10. £ (sinh *) = cosh x 

11. j- (sin" 1 *) = 


V(1-* 2 ) 


12, ^( cos '^)=vTr?) 


O. -(tan 1 *)—— 


H. -(sinh- 1 x)=^- ) 


! 5 . -(cosh- 1 *)*^!^ 


lb. |(tanh- 1 x)= r ^r 




] “ Xdx ‘&a 


-dx = In x + C 

J x 

£e x dx = e x + C 

' , e kx 

e kx dx = — +C 

= £ +C 
| sin xdx = -cos x + C 

j 1 cos x dx = sin x + C 
^ sec 2 * dx = tan * + C 
| sinh xdx = cosh * + C 
f cosh x dx = sinh * + C 

dx = sin -1 * + C 


)V(i-* 2 ) 


Jl + * 


ivp+'if ■ s " h " ,, ' +c 






;dx = tanh 1 * + C 


Spend a little time copying this list carefully into your record book 
as a reference list. 
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Here is a second look at the last six results, which are less familiar to 
you than the others. 


JVO-* 2 / 

f —7 —2 dx = tan 


dx = cos l x + C 


fvpV sl " h ~'* + 


Notice (i) How alike the two sets are in shape, 

(ii) Where the small, but all important, differences occur. 

On to frame 4. 


4 

Now cover up the lists you have just copied down and complete the 
following. 


(i) 

j e sx dx= . 

(vi) 

Oi) 

j ' x 1 dx = . 

(vii) 

(iii)l 

| \Jx dx = . 

(vili) 

(iv) 

^ sin x dx =. 

(ix) 

(v) 1 

[ 2 sinh xdx = . 

(X) 


r*- . 

IvP^TT*’"' 


dx = 


When you have finished them all, check your results with those given in 
the next frame. 
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Here they are: 

= f + c 

(Vi) 

£ ~dx = 5 In x + C 

(ii) 1 


(vii) 


(iii) 1 

jV* dx =^X 1 ! 2 dx 

(viii) 

J 5 '* = i7S + c 

o»)J 

x 3 / 2 

= 2 V +C 

sin x dx =-cosx + C 

(ix) 

t dx ' cos,f * c 

(v) 1 

J 2 sinh x dx = 2 cosh x + C 

(x) 

ffT3?‘ fc * ,,n "'* + c 


All correct? — or nearly so? At the moment, these are fresh in your 
mind, but have a look at your list of standard integrals whenever you 
have a few minutes to spare. It will help you to remember them. 

Now move on to frame 6. 


2. Functions of a linear function of x 

We are very often required to integrate functions like those in the 
standard list, but where x is replaced by a linear function of jc, 

e.g. j(5x - 4) 6 dx, which is very much like J x 6 dx except that x is 
replaced by (5x - 4). If we put z to stand for (5jc - 4), the integral 
becomes |c 6 <ix and before we can complete the operation, we must 
change the variable, thus 

Now can be found from the substitution z = 5x - 4 for ^ = 5, there¬ 
at dx 

dx_ 1 
e j- = 7 ai 
dz 5 


fore ^ = - and the integral becomes 

’J‘‘I* ( S> * ' ?!*** ■ ST + c 

Finally, we must express z in terms of the original variable, x, so that 
J(5 x - 4 ) 6 dx = .. 


5 


6 
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j(5*-4) 6 d* = ( 5X 5 j~ +c 


($ x ~ 4) 7 


The corresponding standard integral is j*x 6 r2x: = j- + C. We see, there¬ 
fore, that when x is replaced by (5* - 4), the ‘power’ rule still applies, 
i.e. (5x - 4) replaces the single x in the result, so long as we also divide by 
the coefficient of x, in this case 5. 

jx 6 dx = ^+C :.j(5x-4) 6 ^ = ( ^~^ + C 

This will always happen when we integrate functions of a linear function 
of*. 


e.g. + C je 3 * + 4 d* = + C 

repk 

e jcc 


i.e. (3* + 4; replaces x in the integral, 
then (3* + 4) ” ” ” ” result, provided we also divide by the 

coefficient of x. 

Similarly, since lcos x dx = sin * + C, 


then l cos (2x + 5) dx = 


cos (2* + 5) dx = 


j sec 2 * dx = tan * 
ficf* = ln* + C 


|sec 2 4* dx = + C 

•f J_ dr = » n(2* + 3) 

” J 2* + 3 aX 2 L 


l sinh x dx = cosh * + C \ sinh(3 - 4*) dx = 


n xdx = —cos * + C 


_ _ cosh(3 - Ax ) ^ n 
4 ' L 

r . _ , cos 3* , _ 

\ sin 3xdx = — —r— + C 


So if a linear function of * replaces the single * in the standard integral, 
the same linear function of * replaces the single * in the result, so long as 
we also remember to. 
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. divide by the coefficient of x 


Now you can do these quite happily — and do not forget the constants 
of integration! 

1. |(2*-7) 3 dr 6 - 

2 . Ij cos (7.x + 2) dx 1. 1 sec 2 (3x + 1) dx 

3 . jj e sx + A dx 8. | sin(2jc- 5)dx 

4. j sinh Ixdx 9. | cosh(l + 4x) dx 

10.| 3 SX dx 

Finish them all, then move on to frame 10 and check your results. 

Here are the results: 

2.ijcos(7, + 2)* = ?MZli2> + .c 

3 . [e sx+4 dx = e —~ + C 


II 


5 [_L dx = ln ( 4x + 3 Kc 

■)4x + 3 X 4 

6 (_L^<fr = tan ~H 2*) +c 

J 1 + ( 2jc) aX 2 L 

7. Jsec 2 (3^ + l)^ = L a ^ 3 ^lL) + C 

8. | sin(2* -5 )dx = - ~ 5 ) + C 

9. jcosh(l + 4^ = S ^- (1 4 +4 ^ + C 

Now we can start the next section of the programme. So turn on to frame 11. 
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3. Integrals of the form| dx andj" f(x) .f'(x) dx. 

f 2x + 3 

Consider the integral V -5— -- dx. This is not one of our standard 

Jjc z + 3jc-5 

integrals, so how shall we tackle it? This is an example of a type of integral 
which is very easy to deal with but which depends largely on how keen 
your wits are. 

You will notice that if we differentiate the denominator, we obtain 
the expression in the numerator. So, letz stand for the denominator, 
i.e. z = x 2 + 3x~5 

:.—=2x + 3 :■ dz = (2x + 3 )dx 
dx 

The given integral can then be written in terms of z. 

| dx =j y and we know that j i dz = In z + C 

= In z + C 

If we now put back what z stands for in terms of x, we get 



Any integral, in which the numerator is the differential coefficient of 
the denominator, will be of the kindj^^ dx = ln|/(x) J+ C. 
e.g. j* dx is of the form Jp, since jL(x 3 - 4) = 3x 2 , i.e. the differ¬ 
ential coefficient of the denominator appears as the numerator. Therefore, 
we can say at once, without any further working 

dx= ln(x 3 - 4) + C 

Similarly, ^^“4 dx = 2 ^3* 4 dx = 2 ln(x 3 - 4) + C 

and \ i — dx = . 

Jx 3 -4 
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We shall always get this log form of the result, then, whenever the 
numerator is the differential coefficient of the denominator, or is a 
multiple or sub-multiple of it. 

Example: |cot x dx dx and since we know that cos x is the 

differential coefficient of sin x, then 

[ cot x dx = (dx = In sin x + C 
J Jsinx 


In the same way, 


(* , fsinx , 

I tan x dx = 1- dx 

J 


13 




J CQS X 

= |—In cos x +~C~| 


14 


Whenever we are confronted by an integral in the form of a quotient, 
our first reaction is to see whether the numerator is the differential coeffi¬ 
cient of the denominator. If so, the result is simply the log. of the 
denominator. 


[ 4x- 

"}x 2 -4. 
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15 


Here you are: complete the following: 


c | = 2 ln(x 2 — 4x + 5) + C | 


, f 2x + 4 
" J x 2 +4x~l 


* J cosh x 


16 

Here are the results: check yours. 

1. [ s 60 X dx = In tan x + C 
J tan x 

2 J,-^v fe - |n <' ,+4 *- 1)+c 

3 f dx = In cosh x + C 
J cosh* 

4 \ x 2 -6x + 2 dx= -^ ln ( Jc2_6 - ,c + 2 ) + C 
Now turn on to frame 1 7. 
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In very much the same way, we sometimes have integrals such as 
|tan *. sec 2 * dx 

This, of course, is not a quotient but a product. Nevertheless we notice 
that one function (see 2 *) of the product is the differential coefficient of 
the other function (tan x). 

If we put z = tan *, then dz = sec 2 * dx and the integral can then be 

written j*z dz which gives y + C. 

. f. 2 , tan 2 * 

.. \ tan *. sec'* dx = —+ C 


17 


Here, then, we have a product where one factor is the differential coeffi¬ 
cient of the other. We could write it as 

Jtan *. r/(tan*) 

This is just like (z dz which gives j- + C 


On to the next frame. 


Here is another example of the same kind: 


jsinx .cos*d* = 


cos * dx = J sin * .d(sin *) i.e. like j z dz = ——+ C 

The only thing you have to spot is that one factor of the product is 
the differential coefficient of the other, or is some multiple of it. 

Example 1 . ^ dx = Jin *. i dx 

=|ln*.J(ln*) = (1 ~ )2 +C 

Exampkz 

sin' 1 * .casin' 1 *) 

= (sinTf*) 2 + c 

Example 3. f sinh *. cosh xdx= . 


18 
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19 


20 


•f si 


1 sinh x. cosh xdx = \ sinh x. d (sinh x) 


sinh 2 x 


Now here is a short revision exercise for you to do. Finish all four and 
then check your results with those in the next frame. 

, f 2x + 3 


- n dx 


J x 2 + 3x-7 
2. f(x 2 +7x-4)(2x + 7)cZx 


, f COS 3 

' J 1 + sin 


-dx 


4x 2 


■[ 


x 2 + 3x — 7 
2x + 3 


coefft. of the bottom, i.e. I — 


[d(x 2 + 3x - 7) 
J x 2 + 3x — 7 _ 


= ln(x 2 + 3x — 7) + C 


f cosx _ f d(l + sinx ) 

' J 1 + sin x J 1 + sin x 

= ln(l + sin x) + C_ _ 

3. f(x 2 + 7x - 4) (2x + 7) dx = j(x 2 + 7x - 4).<i(x 2 + 7x - 4) 
J = ( x 2 +7x-4) 2 ^ r 



= |ln(x 3 -7) + C 


Always be prepared for these types of integrals. They are often missed, 
but very easy if y.ou spot them. 

Now on to the next part of the work that starts in frame 21. 
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4 Integration of products — integration by parts 

We often need to integrate a product where either function is not the 
differential coefficient of the other. For example, in the case of 

j"x 2 . In x dx, 

In x is not the differential coefficient of x 2 
x 2 ” ” ” ” ” ” In x 


21 


so in situations like this, we have to find some other method of dealing 
with the integral. Let us establish the rule for such cases. 


If u and v are functions of x, then we know that 
d . . dv du 

JL (UV) = U -J-+V -r— 


Now integrate both sides with respect to x. On the left, we get back to 
the function from which we started. 



and rearranging the terms, we have 



J’s* 

-J’S* 


On the left-hand side, we have a product of two factors to integrate. 
One factor is chosen as the function u: the other is thought of as being 
the differential coefficient of some function v. To find v, of course, we 
F must integrate this particular factor separately. Then, knowing u and v 
we can substitute in the right-hand side and so complete the routine. 

You will notice that we finish up with another product to integrate on 
the end of the line, but, unless we are very unfortunate, this product will 
be easier to tackle than the original one. 

This then is the key to the routine: 

f dv , ( du, 

v Tx dx 

For convenience, this can be memorized as 



In this form it is easier to remember, but the previous line gives its mean¬ 
ing in detail. This method is called integration by parts. 
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_ f dv . f du , 

So \ u — dx = uv — \ v — dx 

J dx ) dx 


i.e. | u dv = uv j v du 

Copy these results into your record book. You will soon learn them. Now 
for one or two examples involving integration by parts. 

Example 1. | x 2 . In x dx 

The two factors are x 2 and In x, and we have to decide which to take 
as u and which as dv. If we choose x 2 to be u and In x to be dv, then we 

shall have to integrate In x in order to find v. Unfortunately, fin x dx is 


not in our basic list of standard integrals, therefore we must allocate u 
and dv the other way round, i.e. let In x = u and x 2 = dv. 

:. j"x 2 .ln x dx -In .x^j- j - jJx 3 Ag?x. 

Notice that we can tidy up the writing of the second integral by writing 
the constant factors involved, outside the integral. 



Note that if one of the factors of the product to be integrated is a log 
term, this must be chosen as__ (u or dv) 


23 

Example 2. 
Then 


GU 


Let u - x 2 and dv = e 3x 








2xe 3x 

9 


2 

9' 3 


C 


On to frame 24. 
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In Example 1 we saw that if one of the factors is a log function, that 
log function must be taken as u. 

In Example 2 we saw that, provided there is no log term present, the 
power of x is taken as u. (By the way, this method holds good only for 
positive whole-number powers of x. For other powers, a different method 
must be applied.) 

So which of the two factors should we choose to be u in each of the 
following cases? . 

(i) Ix.lnxdx 

(ii) f x 3 . sin x dx 


24 



| x. In x dx, u - In x 

! 

j x 3 sin xdx, u= x 3 





Right. Now for a third example. 

Example 3. j e 3x sin x dx. Here we have neither a log factor nor a power 
of x. Let us try putting u = e 3x and dv = sin x. 

J e 3X sin x dx = e 3x (-cos x) + 3 jcos x. e 3x dx 
= ~e 3x cos x + 3 (e 3 * cos x dx 


x cos x + 3 i e 3x (sin x) 


- 3 Jsin x.e 


and it looks as though we are back where we started. However, let us write 
I for the integral j"e 3x sin x dx 

I = —e 3x cos x + 3 e 3x sin x — 91 
Then, treating this as a simple equation, we get 


101= e 3X (3 sin x — cos x) + C! 

f> 3x 

1 = io( 3sin * -cos *) + c 

Whenever we integrate functions of the form e kx sin x or e kx cos x, 
we get similar types of results after applying the rule twice. 

Turn on to frame 26. 
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26 The three examples we have considered enable us to form a priority 
order for w: 

(i) In x 

(ii) x* 

(iii) e kx 

i.e. If one factor is a log function, that must be taken as V. 

If there is no log function but a power of x, that becomes c u\ 

If there is neither a log function nor a power of x, then the exponen¬ 
tial function is taken as V. 

Remembering the priority order will save a lot of false starts. 

So which would you choose as ‘u’ in the following cases 

(i) | x 4 cos 2x dx, u ~ . 

(ii) j x 4 e 3x dx, u= . 

(iii) j x 3 ln(x + A)dx, u = . 

(iv) J e 2x cos Ax dx, u =. 


27 (i) J x 4 cos 2 xdx, u= X 4 

(ii) J x 4 e ix dx, u = x 4 

(iii) J x 3 ln(x + 4 )dx, u = \n(x + 4) 

(iv) j e 2X cos Ax dx, u= e 2x 
Right. Now look at this one. 

j* e 5x sin 3x dx 

Following our rule for priority for u, in this case, we should put 
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j* e sx sin 3x dx |u = e sx ~) 

Correct. Make a note of that priority list for u in your record book. 
Then go ahead and determine the integral given above. 

When you have finished, check your working with that set out in the 
next frame. 


28 


29 




Here is the working. Follow it through. 

| e sx sin 3x dx = e sx (- |-|cq^jc. e* x dx 

^{^(sm|x)_!j sm 3x e s Xdx \ 


e 5X cos 3x 5 j 
3 31 

_ e sx cos 3x . 5 sx 
3 9 6 S1 


There you are. Now do these in much the same way. Finish them both 
before turning on to the next frame. 


(i) j x In x dx 

(ii) [x*e 2X dx 
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That is all there is to it. You can now deal with the integration of products. 
The next section of the programme begins in frame 31, so turn on now 
and continue the good work. 


31 


5. Integration by partial fractions 

Suppose we have J ~ 2 — dx. Clearly this is not one of our standard 

types, and the numerator is not the differential coefficient of the 
denominator. So how do we go about this one? 

In such a case as this, we first of all express the rather cumbersome 
algebraic fraction in terms of its partial fractions, i.e. a number of simpler 
algebraic fractions which we shall most likely be able to integrate 
separately without difficulty. 

^2 + 2 can ’ ’H f act > b e expressed as ~ x"-l 
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4 


| 3Mx-2)-21n(*-l)+~C~| 32 

The method, of course, hinges on one’s being able to express the given 
function in terms of its partial fractions. 

The rules of partial fractions are as follows: 

(i) The numerator of the given function must be of lower degree than 
that of the denominator. If it is not, then first of all divide out by long 
division. 

(ii) Factorize the denominator into its prime factors. This is important, 
since the factors obtained determine the shape of the partial fractions. 

(iii) A linear factor (ax + b) gives a partial fraction of the form ax \ ^ 

(iv) Factors (ax + b) 2 give partial fractions + ( aJC + 

(,) Factors (« + 4)* give p.f.'s ^ + ^y 

Ax + B 

(vi) A quadratic factor (ax 2 + bx + c) gives a p.f. flJC 2 \j }X ~ c 

Copy down this list of rules into your record book for reference. It 
will be well worth it. 

Then on to the next frame. 


Now for some examples. 

Example 1. j ^ _* 3 V + 2* 

x + 1 = x+ 1 = _A_ B 

x 2 - 3x + 2 (x - 1) (x - 2) x - 1 x-2 

Multiply both sides by the denominator (x - 1) (x - 2). 

x+ 1 =A(x-2) + B(x-l) 

This is an identity and true for any value of x we like to substitute. Where 
possible, choose a value of x which will make one of the brackets zero. 

Let (x - 1) = 0, i.e. substitute x = 1 

/. 2 = A(-1) + B(0) .'. A =-2 
Let (x~2) = 0, i.e. substitute x = 2 

3 = A(0) + B(l) .'. B = 3 
So the integral can now be written. 


33 
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34 

Now the rest is easy. 

f.T-'v. i' iV' 

= 31n(x-2)-21n(x-l) + C (Do not forget the constant of integration!) 
And now another one. 

Example 2. To determine | ^ + dx 

Numerator = 2nd degree; denominator = 3rd degree. Rule 1 is satisfied. 
Denominator already factorized into its prime factors. Rule 2 is satisfied. 
x 2 = _A_ _B_ C 

(x + l)(x-l) 2 X + l X-l (x-1) 2 
Clear the denominators x 2 = A(x - l) 2 + B(x + 1) (x - 1) + C(x + 1) 
Put (x- 1) = 0, i.e.x = 1 /. 1 = A(0) + B(0) + C(2) C=* 

Put (x + 1) = 0, i.e. x = -1 :. 1 = A(4) + B(0) + C(0) .'. A = ± 

When the crafty substitution has come to an end, we can find the remain¬ 
ing constants (in this case, just B) by equating coefficients. Choose the 
highest power involved, i.e. x 2 in this example. 

[x 2 ] :. 1 - A t- B .-. B= 1-A = 1- ^ B = | 

• x 2 = 1 J_ 3 J_ + I 1 
" (x + 1) (x 1 ) 2 4'x+l + 4’x—1 + 2'(x— l) 2 

I*.-7^7-p, 2 dx dx+\\dx + U(x- 1)“ 2 dx 

J (x + 1) (x - l) 2 4jx + 1 4Jx - 1 2J 


dX "1^2 dx "JA a 
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(*+l)(r-l)* 


dx = - ln(x + 1) + - ln(x - 1) - - 


f x 2 + 1 

Example 3. To determine l dx 

Rules 1 and 2 of partial fractions are satisfied. The next stage is to 
write down the form of the partial fractions. 


x 2 + l 
(x + 2) 3 
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x 2 +l = _A_ _B_ C 

(x + 2) 3 x + 2 + (x + 2f (x + 2 ) 3 


Now clear the denominators by multiplying both sides by (x + 2) 3 . So we 
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| x 2 + 1 = A(x + 2) 2 + B(x + 2) + C | 


37 


We now put (x + 2) = 0, i.e. jc = -2 

4 + 1 = A(0) + B(0) + C A C = 5 

There are no other brackets in this identity so we now equate coeffi- J 
cients, starting with the highest power involved, i.e. x 2 . What does that - 
give us? 


I 


x 2 + 1 =A(x + 2) 2 +B(a: + 2) + C. C = 5 
[x 2 ] 1 = A I-'- A = 11 

We now go to the other extreme and equate the lowest power involved, 
i.e. the constant terms (or absolute terms) on each side. 


[C.T.] 


:. l = 4A 
;. 1=4 
x 2 +1 
(x + 2) 3 ' 


12B + C 

t 2B + 5 :. 2B = 

J_- 4 

x + 2 (x + 2) 2 


■ f ~— 3 
•J (x + 2) 3 


- 3 dx = .. 


-8 :. B = -4 

5 

(x + 2) 3 
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7 ^ 


3 dx — In (x + 2) 4 


+ 2)-4 ( ^ r +5 ( ^2T 2 + C 
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2- 2FT1? . 

Now for another example, turn on to frame 40. 
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40 


J(x-2)(x 2 + l 


Example 4. To find 
In this example, we have a quadratic factor which will not factorize any 
fUrther ‘ • * 2 = _A_ | Bx + C 

" (x - 2 ) (x 2 + 1 ) x 2 x 2 + 1 
x 2 = A(x 2 + 1) + (x - 2) (Bx + C) 

Put (x - 2) = 0, i.e. x = 2 

4 = A(5) + 0 A = | 

Equate coefficients 

[x 2 ] 1=A + B 


[C.T.] 0 = A — 2C 


B = 1 — A = 1 - 
. C = A/2 


(x — 2) (x 2 + 1) 5x-2 x 2 + l 


5'x — 2 5 ‘x 2 + 1 5'x 2 - 


J (x — 2) (x 2 + 1) 
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^» f ln(» - 2 ) + 1 M* 2 + 1) ++ c 

Here is one for you to do on your own. 

f 4x 2 + 1 

Example 5. Determine J x ( 2 x —~\) 2 

Rules 1 and 2 are satisfied, and the form of the partial fractions will be 

4x 2 +1 _ A B C 

x(2x-l) 2 x + 2x-l (2x-l) 2 

Off you go then. When you have finished it completely, turn on to 
frame 42. 
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ljx^f)^ = lnJC -2^T +C 


Check through your working in detail. 

4x 2 + 1 _ A B _C_ 

x(2x-l) 2 x + 2x — 1 + (2x — l) 2 

/. 4x 2 + 1 = A(2x - l) 2 + Bx(2x— 1) + Cx 


42 




Put (2x — 1) = 0, i.e. x = 1/2 

• 2 = A(0) + B(0) + ^ 

[x 2 ] 4 = 4A + 2B 2A + B = 2 

[C.T.] 1 = A 

. 4x 2 +1 = ]_ _4_ 

"x(2x-l) 2 x + (2x-l) : 
. r 4x 2 +1 


A = 1 
B = 0 


x(2x-iy 


dx 




(2x-lf 2 dx 


-Inx^ ^V +C 


Move on to frame 43. 


We have done quite a number of integrals of one type or another in 
our work so far. We have covered: 


43 


1. the basic standard integrals, ' 

2. functions of a linear function of x, 

3. integrals in which one part is the differential coefficient of the 
other part, 

4. integration by parts, i.e. integration of products, ' 

5. integration by partial fractions. 

Before we finish this part of the programme on integration, let us look 
particularly at some types of integrals involving trig, functions. 


So, on we go to frame 44. 


378 




Programme 13 


44 


6. Integration of trigonometrical functions 

(a) Powers of sin x and of cos x 
(i) We already know that 


j sin x dx = —cos x + C 
j" cos x dx = sin x + C 

(ii) To integrate sin 2 * and cos 2 *, we express the function in terms 
of the cosine of the double angle. 

cos 2* = 1 - 2 sin 2 * and cos 2* = 2 cos 2 * - 1 
sin 2 * = (1 - cos 2*) and cos 2 * = ^ (1 + cos 2*) 


S . , , if,, „ , , * sin 2* , _ 

sin 2 * dx = - \ (1 - cos 2*) dx--- —-— + C 

j cos 2 *d* = ^(l+cos2*)d*=|+ S -^ + C 

Notice hov^nearly alike these two results are. One must be careful 
to distinguish between them, so make a note of them in your record 
book for future reference. 

Then move on to frame 45. _ 
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(iii) To integrate sin 3 * and cos 3 *. 

To integrate sin 3 *, we release one of the factors sin * from the 
power and convert the remaining sin 2 * into (1 - cos 2 *), thus: 


| sin 3 * dx = j sin 2 * .sin * dx = J(1 - cos 2 *) sin * dx 
= j sin * dx - j*cos 2 *. sin * dx 


We do not normally remember this as a standard result, but we 
certainly do remember the method by which we can find 
j*sin 3 * dx when necessary. 

So, in a similar way, you can now find |*cos 3 * dx. 

When you have done it, turn on to frame 46. 
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Now what about this one? 


(iv) To integrate sin 4 * and cos 4 *. 

f . 4 f . 2 -2 , f(l - cos 2*) 2 , 

l sin 4 * dx = I (sin"'*) dx = I --— dx 

( cos 2 * = i (1 + cos 2*) 

= ~ 2 cos 2* + cos 2 2* dx RB 

J 4 ( cos 2 2* = i(l+cos4*) 

= ^J(l - 2 cos 2* +-| + cos 4*) dx 

= - 2 cos 2* + i cos 4*) dx 

_ 1 (3* 2 sin 2* 1 sin 4* 1 _ 3* sin 2* sin 4* _ 

" 4(2 2 r 4 ) L 8 4 32 

Remember not this result, but the method. 
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AO (v) To integrate sin 5 * and cos 5 * 

w We can integrate sin 5 * in very much the same way a 
the integral of sin 3 *. 


j" sin 5 * dx = J* sin 4 *. sin * dx =J (1 — cos 2 *) 2 sin * dx 
= j*(l — 2 cos 2 * + cos 4 *) sin * dx 
= jj sin * dx — 2^cos 2 * .sin * dx +|cos 4 *.s 


-+C 


| cos 5 * dx = jcos 4 * .cos* dx = J(1 - sin 2 *) 2 cos * dx 
= 1 (1—2 sin 2 * + sin 4 *) cos * dx 

l (sin 2 *.cos xdx + \ sin 4 *. cos * dx 


= | cos x dx - 2jsir 


_ 2_sir£a 
3 


+j” sin 4 *. c 


Note the method, but do not try to memorize these results. Some¬ 
times we need to integrate higher powers of sin * and cos * than 
those we have considered. In those cases, we make use of a different 
approach which we shall deal with in due course. 
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(b) Products of sines and cosines 

Finally, while we are dealing with the integrals of trig, functions, 
let us consider one further type. Here is an example: 

j* sin 4* .cos 2* dx 

To determine this, we make use of the identity 

2 sin A cos B = sin(A + B) + sin(A - B) 
sin 4*. cos 2* = i (2 sin 4* cos 2*) 

= ^jsin(4* + 2*) + sin (4* - 2*)j 
= 2 | s in 6* + sin 2*j 

/. j sin 4* cos 2* dx = ij(sin 6 * + sin 2x)dx = - ^ + C 
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This type of integral means, of course, that you must know your trig. 50 
identities. Do they need polishing up? Now is the chance to revise some 
of them, anyway. 

There are four identities very like the one we have just used. 

2 sin A cos B = sin (A + B) + sin (A - B) 

2 cos A sin B = sin (A + B) - sin (A - B) 

2 cos A cos B = cos (A + B) + cos(A - B) 

2 sin A sin B =(sut}(A - B) - cos (A + B) 

Remember that the compound angles are interchanged in the last line. 

These are important and very useful, so copy them down into your record 
book and learn them. 

Now move to frame 51. 


Now another example of the same kind. 
Example: f cos 5x sin 3x dx 


= 2j(2 cos 5x sin 3x) dx 
= | f/sin (5x + 3x) - sin (5x - 3x )J dx 


_ l_f_ cos 8x cos 2x 1 
"21 8 2 


Off you go. Finish it, then ti 
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I cos 6x cos 4x dx = - 1 2 cos 6x cos Ax dx 


-I* 

'iff 


'cos 1 Ox + cos 2xjdx 

2x\^ 


_ 1 f sin 10x 
~ 2 [ 10 
_ sin lOx 


Well, there you are. They are all done in the same basic way. Here is one 
last one for you to do. Take care! 

j*sin 5x sin x dx =. 

This will use the last of our four trig, identities, the one in which the 
compound angles are interchanged, so do not get caught. 

When you have finished, move on to frame 53. 


53 


Well, here it is, worked out in detail. Check your result. 


x = -J2 sin 5x sin x dx 
= j|cos(5x -x)~ cos(5* + 


= — J jcos 4x — cos 6x jcbc 

1 ( sin 4x sin 6* ) 

~2\ 4 6 j 

_ sin 4x _ sin 

8~ 12 L 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 

This brings us to the end of Part 1 of the programme on integration, 
except for the Test Exercise which follows in the next frame. Before you 
work the exercise, look back through the notes you have made in your 
record book, and brush up any points on which you are not perfectly 
clear. 

When you are ready, turn on to the next frame. 
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Further Problems - XIII 

Determine the following: 

1 j (*-l)(* 2 +* + l) d 

3 frrS^ 

S.j^sin 2 ^, 

, f _*±L_ 


dx 


'J (x-l)(* 2 +* + l) 

Q f 2* 2 +* + l 
9 J(*-l)(* 2 +l) rf * 

11. | ” x 2 (n - X)P dx, for p > 0 
Cn/2 

13.1 sin 5* cos 3x dx 

15 J 0 (2x+1)(j?+1)^ 

12. | ^ * 2 sin 2 * dx 

■iw, 

21 

frr/2 

23. I sin* cos* dx 
rn/u> 

25. I sin cot cos 2cot dt 

on f 2* + 3 
27 J (oc - 4) (5jc + 2) 

f 5* 2 + ll*-2 , 

29 J (,-75HF79)* 


f*/l 

2. j sin lx cos 5x dx 
4. j 0/2 x\a 2 -x 2 J 3 l 2 dx 
6 - dx 
*' JjTi * 

10. j* (rr-*) cos * dx 
f 4* 2 - 7* + 13 , 


14. 


J (* — 2)(* 2 + 1) 


16.1 cv 2 sin oc c/oc 

J° 

18- *tan -1 *dx 

J 0 

20 . 


22 . 


j* *V( 1 + x 2 ) dx 

2X 

l e cos 4* dx 

fW« 

24. e 2e cos 30 </0 
26. J tan 2 * sec 2 * dx 

28 -|v^t 4 

30 ' 19:0 - 18x + 17 ^ 


385 




Integration 1 


»-lft' 


,5 -[ 


f cos 0 - sin a 
j cos 6 + sin 6 

2x-3 


J(x-l)(x-2)(x + 3)“ 

37. [ (x - l) 2 In x dx 


( f x 3 + X + 1 

■J x 4 +x 2 


j"x 2 ln(l +x 2 )dx 

'■[ l -^d6 

J cos' 1 6 

„ r*/3_j 

"Jo (1 + 

f 4x 2 — x + 

J X(x i + 4 


cos x) 

H 12,, 

T* 


40. If L-r + Ri = E, where L, R and E are constants, and it is known that 
dt 

i = 0 at t = 0, show that 

(Ei-R/*)tf = y 


Note. Some of the integrals above are definite integrals, so here is a 
reminder. 

In j 6 /(x)c?x, the values of a and b are called the limits of the integral. 
IfJ/(x)dx = F(x) + C 

; then [ b f(x) dx = [F(x)] x = b - [F(x)] x =fl 

i J " 


L 
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I. Consider the integral 


f dZ 

Jz 2 -a 2 


From our work in Part 1 of this programme on integration, you will 
recognize that the denominator can be factorized and that the function 
can therefore be expressed in its partial fractions. 

1 s 1 _ P ' Q 

Z 2 -A 2 (Z-A)(Z + A) z-a z'+a 
where P and Q are constants. 


PutZ 

PutZ 


1 =P(Z + A) + Q(Z-A) 

A 1 =P(2A) + Q(0) ••• P = 

-A /. 1 = P(0) + Q(-2A) 

. 1 = J_1_ l _1_ 

“ Z 2 -A 2 2A Z-A 2A‘Z + A 

• I ■ dZ -- kizh dZ ~k\zh dZ 




1 , /Z-A 
2A‘ kl (Z + A 


+ C 


This is the first of nine standard results which we are going to establish 
in this programme. They are useful to remember since the standard results 
will remove the need to work each example in detail, as you will see. 
fZ-Al 


We have 


- 2 dZ = 


2A (Z + A | 


•••JW 

a,ld '"(rrifsj ,c 

(Note that 5 can be written as the square of its own square root.) 

30 Jz^A*‘ g -a'"(§Twh . (i) 

Copy this result into your record book and move on to frame 3. 
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At first sight, this seems to have little to do with the standard result, or 


to the examples we have done so far. However, let us re-write the 
denominator, thus: 

x 2 + 4x + 2 = x 2 + 4x + 2. (Nobody will argue with that!) 

Now we complete the square with the first two terms, by adding on the 
square of half the coefficient of x. 

x 2 + Ax + 2 = jc 2 + Ax + 2 2 +2 

and of course we must subtract an equal amount, i.e. 4, to keep the 
identity true. 

x 2 + 4x + 2 = x 2 + 4x + 2 2 + 2 - 4 
= (x + 2) 2 -2 

So f —j - -rdx can be written f --- dx 

\ x* + 4x + 2 ]. 

Turn on to frame 5. 
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Then we can express the constant 2 as the square of its own square 
root. 

'• 1 Trips dx * 

You will see that we have re-written the given integral in the form 


J* Z 2 i A 2 dZ where, in this case, Z = (x + 2) and A = \Jl. Now tl 
standard result was 

Substituting our expressions for Z and A in this result, gives 

J x 2 + 4x + 2 dX = L + 2) 2 -(V2) 2 dX 


Once we have found our particular expressions for Z and A, all that 
remains is to substitute these expressions in the standard result. 

On now to frame 6. 


p Here is another example. 

0 f 1 ; 


) x 2 + 6x +4 dx 


First complete the square with the first twc 
denominator and subtract an equal amount. 

) terms of the given 

x 2 + 6x + 4 = x 2 + 6x 

+ 4 

=x 2 + 6x + y 

! +4-9 

= (x + 3) 2 

-5 

= (x + 3) 2 

- f 1 / f 1 

- (V5) 2 

S \x 2 + 6x + 4 d J(x + 3) 2 
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OODDDDDODOOODODOOOOOOODODDDDDDODDDODDO 

And another on your own: 


... , f 

1_ , 


rma Jx 2 - lOx + 18 

When you have finished, move on to frame 8. 

r 1 , 

1 fx-5-V7l . _ 

O 

Jx 2 -10x+18 d 

2V7 k U-5+V7) C | 

8 

For: x 2 - lOx + 18 = x 

2 — lOx +18 


= X 2 — 1 Ox + 5 2 + 18 — 25 


= (x-5) 2 -(>/7) 2 

|x 2 -10x + 18 d * = 2V7 ^(*- 5 + 77 } + C 

Nowon to frame 9. - 

Now what about this one? 1 r-j— ^ -- dx 

J5x 2 -2x~4 

In order to complete the square, as we have done before, the coeffi¬ 
cient of x must be 1. Therefore, in the denominator, we must first of all 
take out a factor 5 to reduce the second degree term to a single x 2 . 

7±pi d * 

Now we can proceed as in the previous examples. 

2 _ 2 4 _ 2 _ 2 4 

x 5 X 5 X 5 X 5 

--■-MiM-A 

-M)'-M 

'• . 

(Remember the factor 1/5 in the front!) 
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f 1 ,_Li f Sx~ 1-V21 

)Sx 2 -2x-A dX 2V21 ^jsx-1+V21 


Here is the working: follow it through. 

i 5x 2 ~ 2x~ 4 dX = ^l(x- !■)' ^ 

-1 5 f jc-l/S-V21/5 ) , _ 

5’2V21 1 U-1/5+V21/5/ L 

_ 1 , f5*-l->/2n . „ 
‘2V21 ln l5x-r + -V2Tr C 

II. Now, in very much the same way, let us establish the second 
standard result by considering j* 

This looks rather like the last one and can be determined again by 
partial fractions. 

Work through it on your own and determine the general result. 
Then turn on to frame 11 and check your working. 

For - 1 - - -E-+-2- 

A 2 — Z 2 (A — Z)(A + Z) A-Z A + Z 
I = P(A + Z) + Q(A - Z) 


f- Ta'JaTz dz * 5 a ixh dz 


= ^.ln(A + Z)-^-.ln(A-Z) + C 


I A+Z ) 

2aMa-Z! 


Copy this second standard form into your record book and compare 
it with the first result. They are very much alike. Turn to frame 12. 
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12 


Note how nearly alike these two results are. 

Now for some examples on the second standard form. 

Example I. jjrJT* ' {frf} ♦ C 

Example 2. 1»{^} + C 

Example 3. \ ~ 2 dx =. 


13 


We complete the square in the denominator as before, but we must be 
careful of the signs - and, do not forget, the coefficient of x 2 must be 1. 
So we do it like this: 

3 + 6x - x 2 = 3 - (x 2 - 6x ) 

Note that we put the x 2 term and the x term inside brackets with a minus 
sign outside. Naturally, the 6x becomes - 6oc inside the brackets. Now we 
can complete the square inside the brackets and add on a similar amount 
outside the brackets (since everything inside the brackets is negative). 

So 3 + 6x~x 2 = 3-(x 2 - 6x + 3 2 ) +9 

= 12 - (x— 3) 2 
= (2>/3) 2 -(x-3) 2 

In this case, then, A = 2\/3 and Z = (x - 3) 


" \3 + 6x-x 2dX 


1 


(2\/3) 2 — (x — 3) : 


dx 
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Here is another example of the same type. 


Examples. 

First of all we carry out the ‘completing the square’ routine. 
9 - 4x - x 2 = 9 - (x 2 + 4x ) 

= 9 — (x 2 + 4x + 2 2 ) + 4 
= 13 — (x + 2) 2 
= (Vl3) 2 -(x + 2) 2 
In this case, A = \/l 3 and Z = (x + 2) 

Now we know that f .4A.- - i_ ] n / A + q 
Ja 2 -Z 2 2A \a-z/ 


So that, in this example 
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Example 7. Determine J ^ ^ dx. 

What is the first thing to do? _ 

Reduce the coefficient of x 2 to 1, 
i.e. take out a factor 5 from the denominator. 

Correct. Let us do it then. 

( 6 - 6.x - 5x 2 5 f 6 _ 6 2 dx 

J 5 5 X x 

Now you can complete the square as usual and finish it off. 
Then move to frame 18. 

“7 7 t 1 liL K/39 + 5x + 3 ) . r ~ 

I 6- 6x — 5x 2 ^ X 2V39 k (\/39-5x-3/ C 




So that A = and Z = (x + j) 

NOW 

. f 1 11, (V39/5 +X + 3/5 ) 

'J6-6X-X 2 5'2\/39_ \\/39/5-x-3/5/ 

5 

= J_ , f- y/39 + 5x + 3 i 
Now turn to frame 19. 2yj39 m [\/39 - 5x - 3 j 
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By way of revision, cover up your notes and complete the following. 
Do not work out the integrals in detail; just quote the results. 


0) j Z 2 - Z A 2 " • 


(ii) J A 2 -Z : 

Check your results with frame 20. 
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□ □□□□□□ 

III. Now for the third standard form. 
Consider f 


]□□□□□□□ : i ui i 


f dZ 

1 J Z 2 + A 2 


Here, the denominator will not factorize, so we cannot apply the rules 
of partial fractions. We now turn to substitution, i.e. we try to find a sub¬ 
stitution for Z which will enable us to write the integral in a form which 
we already know how to tackle. 

Suppose we put Z = A tan 6. 

Then Z 2 + A 2 = A 2 tan 2 0 + A 2 = A 2 (l + tan 2 0) = A 2 sec 2 0 


Also 
The integral n 


i.e. dZ = A sec 2 0 dd 




sec 2 0 ‘ J A 

= x- 0+c 

This is a nice simple result, but we cannot leave it like that, for 9 is a 
variable we introduced in the working. We must express 9 in terms of the 
original variable Z. 

Z = A tan 6 „ .'. -r- = tan 9 0 = tan -1 x 


dZ = — tan 1 {x 


,i(Z 


.. (iii) 


Add this one to your growing list of standard forms. 
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Once you know the standard form, you can find the expressions for 
Z and A in any example and then substitute these in the result. Here you 
are; do this one on your own: 

Example 3. Determine + 32 

Take your time over it. Remember all the rules we have used and then 
you cannot go wrong. 


When you have completed it. 


1 frame 23 and check your working. 
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23 


2x 2 + 12x + 32 


dx = 'bji tan 


ITT/ 


Check your working. 


1 


■ dx = 


1 


J2x 2 + 12x + 32 2 Jx 2 + 6x + 16 

x 2 + 6x + 16 =x 2 + 6x +16 

= x 2 + 6x + 3 2 + 16-9 


So Z = (x + 3) and A = \/7 


T (x + 3) 2 + 7 
= (x + 3) 2 +(V7) 2 


Now move to frame 24. 


J Z r +A 2dZ = A tan l (A/ + C 

f 1 ,11. -Jjc + 3\ 

}2x 2 + 12x + 32^ = 2->A tan ITT) 


24 


IV. Let us now consider a different integral. 


1 


,xlZ 


JV(A 2 -Z?r 

We clearly cannot employ partial fractions, because of the root sign. 
So we must find a suitable substitution. 

Put Z = A sin 0 

Then A 2 - Z 2 = A 2 - A 2 sin 2 0 = A 2 (l - sin 2 0) = A 2 cos 2 0 
V(A 2 - Z 2 ) = A cos 0 
dZ 

Also ^=Acos0 .'. dZ = A cos 0. dd 

So the integral becomes 

\^^) dl= \^e- AMs \ de -- e * c 

Expressing 6 in terms of the original variable: 

Z z 

Z = A sin 0 sin 6 = ■— 0 = sin 1 —- 




.. (iv) 


This is our next standard form, so add it to the list in your record book. 
Then move on to frame 25. ___ _ 
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JV(3-2x-x 2 ) ua 

As usual 3 - 2x-x 2 = 3~(x 2 + 2x 

= 3 - (pc 2 + 2x + 
= 4 —(x+l) 2 
= 2 2 -(x+l) 2 

So, in this case, A = 2 and Z = (* + 1) 


J \/(3-2x-x 2 ) dx iv 


2 = 5 - (jc 2 + 4x ) 

= 5 - {x 2 + 4x + 2 2 ) + 4 
-9 — (x + 2) 2 
= 3 2 —(x + 2) 2 


Example 4. Determine 


Before we can complete the square, we must reduce the coefficient of 
x 2 to 1, i.e. we must divide the expression 14 - 12x — 2x 2 by 2, but note 
that this becomes yj2 when brought outside the root sign. 


J V(14-12x-2x 2 )^ V2JV(7-6 x-* 2 ) ' 

Now finish that as in the last example. 
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JV(14-12x-2x 2 ) V2 S1 


J vtl4-12X-2JC 2 ) V2JV(7-6x-xV 
7 - 6x - x 2 = 7 - (x 2 + 6x ) 

= 7 — (x 2 + 6x + 3 2 ) + 9 
= 16-(x + 3) 2 
= 4 2 — (x + 3) 2 

So A = 4 and Z = (x + 3) 


V. Let us now look at the next standard integral in the same way. 

To determine j '+ Again we try to find a convenient substitu¬ 
tion for Z, but no trig, substitution converts the function into a form that 
we can manage. 

We therefore have to turn to the hyperbolic identities and put 
Z = A sinh 0. 

Then Z 2 + A 2 = A 2 sinh 2 0 + A 2 = A 2 (sinh 2 0 + 1) 

Remember cosh 2 0 - sinh 2 0 = 1 cosh 2 0 = sinh 2 0 + 1 

.'. Z 2 + A 2 = A 2 cosh 2 0 + A 2 ) = A cosh 0 

Also = A cosh 0 .'. dZ = A cosh 0. d0 

So .Jr 1 I —.A cosh 0 dd Add = 0 + C 

J V(Z + A ) JA cosh 0 J 

But Z = A sinh 0 .'. sinh0 = ^ 0 = sinh -1 (f I 


"Jy/(Z 2 + A 2 r Smtl 1 a( + C - 

Copy this result into your record book for future refere 
Then . 
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□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

Once again, all we have to do is to find the expressions for Z and A in 
any particular example and substitute in the standard form. 

Now you can do this one all on your own. 

Determine j + 5* + 12) * 

Complete the working: then check with frame 30. 


29 


1a* ! + ix +12)“" ° } * c 


Here is the working set out in detail: 

x 2 + 5x + 12 = x 2 + 5x +12 

= x 2 + 5x+(j) 2 +12- 

-(-IM 

-HM4 3 / 

that 7 = V + 5 A ^ V 23 






30 


Now do one more. 


J V(2^ + 8^ +15 ) 
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31 






Here is the working: 


1 


. . dx 




JV(2x 2 +8x+15)- V2J^2 + 4jc 

2 a 15 j , 15 i/ 

x +4x+—=x z +4x + — 

= x 2 + 4x + 2 2 + y - 4 

= (* + 2) 2 +l 

= (^ + 2) a +(4J 


So that Z = (oc + 2) and A = 

•Jv 

Fine. TVow on to frame 32. 


1 . ,(x + 2)\/2 A r 


Now we will establish another standard result. 

32 vi. Consider 

The substitution here is to put Z = A cosh 9. 

Z 2 - A 2 = A 2 cosh 2 0 - A 2 * A 2 (cosh 2 0 - 1) = A 2 sinh 2 0 
/. V(Z 2 - A 2 ) = A sinh 6 
Also Z = A cosh 6 :. dZ = A sinh 0 d6 

■' fJ aTSV*™ h 8 1,8 = \ de =I> * C 

Z = A cosh 0 .'. cosh 0 = ^ .’. 0 = cosh -1 + C 

■ .(v#y)- cosh 1l} + C . (,i) 

This makes the sixth standard result we have established. Add it to your 
11 st - Then move on to frame 33 
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Mz 2 -A 2 r 


33 


Example 1. J " cosh ' |f) + C 
ExampleZ . 


You can do that one on your own. The method is the same as before: 
just complete the square and find out what Z and A are in this case and 
then substitute in the standard result. 


34 

Jsfc’ t , 6*V*" C ° Sh "‘{27f) + C 

Here it is: 

x 2 + 6x + 1 = x 2 + 6x +1 

= X 2 + 6x + 3 2 + 1 - 9 
= (* + 3) 2 -8 
= (x + 3) 2 -(2V2) 2 
So that Z = (x + 3) and A = 2\Jl 

' j vit’tL+I)* ■jv/{(i + 3) ! -(2V2)’}‘ fc 
■“*■‘(5^} +C 

Let us now collect together the results we have established so far so 
that we can compare them. 

So turn on to frame 35. 


404 






Programme 14 


35 


Here are our standard forms so far, with the method indicated in each 


dZ 1 fZ-A) 
Z 2 -A 2 2A (Z + Aj 


1 I 

*■ 

4 Jv^r“‘{!j 4C 
! - Iv@^r sinh "‘{f}* c 
6 - j^rf)=“ !h "{f) +c 


Partial fractions 

Put Z = A tan 9 
Put Z = A sin 0 
Put Z = A sinh 6 
Put Z = A cosh 6 


Note that the first three make one group (without square roots). 

Note that the second three make a group with the square roots in the 
denominators. 

You should make an effort to memorize these six results for you will be 
expected to know them and to be able to quote them and use them in 
various examples. 


You will remember that in the programme on hyperbolic functions, 


,inh '{I} - m : 

(! V(S-) 

= In j 

[fv^l 

H 

\z V(z 2 +a 2 )) 

A A / 

sinh' 1 !^ )= lnj 

fZ+V(Z 2 +A 2 )) 

\AJ 1 

1 A / 




This means that the results of standard integrals 5 and 6 can be expressed 
either as inverse hyperbolic functions or in log form according to the 
needs of the exercise. 

Turn on now to frame 37. 
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The remaining three standard integrals in our list are: 

7. | V(A 2 - Z 2 \dZ 8. j V(Z 2 + A 2 ).dZ 9. J s/(Z 2 - A 2 ).dZ 

In each case, the appropriate substitution is the same as with the 
corresponding integral in which the same expression occurred in the 
denominator. 

he. for J V(A 2 -7?).dZ put Z = Asin0 

j V(Z 2 + A 2 ).dZ ” Z = A sinh 0 
JV(Z 2 -A 2 ). dZ ” Z = A cosh 0 
Making these substitutions, gives the following results. 


j V(A 2 - Z 2 ). dZ = j- 

I . _,/Z\ ZV(A 2 -Z 2 )1 „ 

r (a) + —a 5 —J +c ■ 

... (vii) 

|V(Z 2 + A 2 )dZ = | 2 


... (viii) 

J\/(Z 2 - A 2 ). dZ = y 


... (ix) 


These results are more complicated and difficult to remember but the 
method of using them is much the same as before. Copy them down. 


Let us see how the first of these results is obtained. 

j v /(A 2 -Z 2 ).£?Z Put Z = A sin 0 
A 2 - Z 2 = A 2 - A 2 sin 2 0 = A 2 (l - sin 2 0) = A 2 
V(A 2 -Z 2 )= A cos0 Also <iZ = A cos 0 a 
j" V(A 2 - Z 2 ). dZ = j*A cos 0. A cos 0 dd = A 2 Jcos 


Now sin 0 = - and cos 


iH-M) 


The other two are proved ii 


Now on to frame 39. 
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39 


Here is an example 

| yj(x 2 +4x+ 13 ).dx 

First of all complete the square and find Z and A as before. Right. 
Do that. 


40 


+ 4x + 13 = (x + 2) 2 + 3 2 


This is of the form 


So that, in this case |z -x + 2| and |A = 3 | 

j VC* 2 + 4x + 13).dx = j V{(* + 2) 2 + 3 2 }.dx 
m 

jV(Z 2 + A 2 ).dZ = y jsinhT 1 (|)+ Zv ^, + ^} + C 
So, substituting our expressions for Z and A, we get 

f V(* 2 + 4x + 13 ).dx =. 


41 


|-Jig * 13). dx - C 

We see then that the use of any of these standard forms merely involves 
completing the square as we have done on many occasions, finding the 
expressions for Z and A, and substituting these in the appropriate result. 
This means that you can now tackle a wide range of integrals which were 
beyond your ability before you worked through this programme. 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□anno 


Now, by way of revision, without looking at your notes, complete the 
following: 
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And now the second group: 



You will not have remembered the third group, but here they are again. 
Take another look at them. 


JV(Z^A=). d Z = f{ Sl „h-.(f) + Z ^i>j + C 

Notice that the square root in the result is the same root as that in the 
integral in each case. 

□ ;}□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□ 

That ends that particular section of the programme, but there are 
other integrals that require substitution of some kind, so we will now deal 
with one or two of these. 

Turn on to frame 44. 
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Integrals of the form 


f_I_ 

J a + b sin 2 * + c c 


Example 1. Consider J 3 + c \ s 2 ' x ^ x ’ w ^ ic ^ is different from any we 
have had before. It is certainly not one of the standard forms. 

The key to the method is to substitute t = tan x in the integral. Of 
course, tan x is not mentioned in the integral, but if tan x = t, we can 
soon find corresponding expressions for sin* and cos x. Draw a sketch 
diagram, thus: . 



Also, since t = tan x, — = sec 2 * = 1 + tan 2 x = 1 -t 


So the integral now becomes: 


r 1 _ f 1 + 1 1 dt 

J3 + cos 2 x' J4 + 3t 2 ‘ 1 + t 2 


and from what we have done in the earlier part of this programme, 


t 2 Ul 3‘ 2 U/Vsi 
1 y/3 _,/rV3) _ 

•3 ( 2 ! +c 

e can return to the original variable and obtain 
j 1 . _,/\/3. tanxl 

r c 
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The method is the same for all integrals of the type 



In practice, some of the coefficients may be zero and those terms 
missing from the function. But the routine remains the same. 

Use the substitution t = tan x. That is all there is to it. 



46 



Armed with these substitutions we can deal with any integral of the 
present type. This does not give us a standard result, but provides us with 
a standard method. 

We will work through another example in the next frame, but first ol 
all, what were those substitutions? 
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Right. Now for an example. 

Example 2. Determine \~r 7 —7—T dx 
J 2 sin or + 4 cos x 

Using the substitution above, and that dx = j + ?2 , we have 




IVor/t it right through to the end and then check your result and your 
working with that in the next frame. 
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Here is the working: 


_3+T 
1 + f 2 


• f 1 , f 1 + t 2 dt 

" J 2 cos 2 * + 1 * J 3 + f 2 ’ 1 + f 2 

= J f+7 2 dt = tan ~'(v5') + c 


V3 \ \/3 / 


51 


So whenever we have an integral of this type, with sin 2 * and/or cos 2 * 
in the denominator, the key to the whole business is to make the substitu¬ 
tion t =. 


52 

| r = tan* | 

Let us now consider the integral [ - . - dx 

3 J 5 + 4 cos * 

This is clearly not one of the last type, for the trig, function in the 
denominator is cos* and not cos 2 *. 

In fact, this is an example of a further group of integrals that we are 
going to cover in this programme. In general they are of the form 

l —;-J- dx, i.e. sines and cosines in the denominator but not 

J a + b sin * + c cos * 

squared. 

So turn on to frame 53 and we will start to find out something about 
these integrals. 
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53 


Integrals of the type [ —■— --- dx 

Ja +b sin x + c cos x 

The key this time is to substitute t = tan ^ 

From this, we can find corresponding expressions for sin ^ and cos ^ 
from a simple diagram as before, but it also means that we must express 
sin x and cos x in terms of the trig, ratios of the half-angle — so it will 
entail a little more work, but only a little, so do not give up. It is a lot 
easier than it sounds. 

First of all let us establish the substitutions in detail. 

x_ t 

2 VO+r 2 ) 

X_i_ 

2 V(l+f 2 ) 




dx 


2 dt 


It is worth remembering these substitutions for use in examples. So 
copy them down into your record book for future reference. Then we 
shall be ready to use them. 


On to frame 54. 
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Using the substitution t = tan - we have 


_ 5 + 5t 2 +4 —4t 2 _ 9 +1 2 


J 5 + 4 cos x J 9 + 1 1 ',1 + 1 2 J9 + r 



Using the substitution t = tan— 


6t 4(1 - 1 2 ) 

~ i + 1 2 T+F 


r_ dx _ r i +t 2 2_ 

‘ J 3 sin x + 4 cos x J 4 + 6f - 4f 2 ' 1 -t 

+ 3t — 2t 2 dt 

■y.7 1-,‘ 


Now complete the square in the denominator as we were doing earlier 
in the programme and finish it off. 

Then on to frame 56. 
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You have now reached the end of this programme except for the Test 
Exercise which follows. Before you work through the questions, brush up 
any parts of the programme about which you are not perfectly clear. Look 
back through the programme if you want to do so. There is no hurry. 
Your success is all that matters. 

When you are ready, work all the questions in the Test Exercise. The 
integrals in the Test are just like those we have been doing in the pro¬ 
gramme, so you will find them quite straightforward. 


58 


Test Exercise - XIV 
Determine the following: 


dx 

x 2 + 3x- 5 
dx 


) 2x 2 +8x+ 9 

J VP* 2 + 1 6) dX 


J 9-8x-x 2 
6. f y/il-X-X 2 )^ 


•jv(5* 2 +t 


j 2 cos x + 3 sin x 
10 . f s ecxdx 


You are now ready for your next programme. Well done! 
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Further Problems - XIV 


Determine the following: 


, 1 

’ dx 

2. 

J 

\ x 2 + 12x+ 15 

3 ‘J 

r dx 

4. 

| x 2 + 14x + 60 


f dx 

6. 

5. 1 

| \/(x 2 + ]2x + 48) 

7. 

f dx 


) \/(* 2 + 16x + 36) 

8. 

9 1 

f dx 

in 

9 J 

1 2 + cos x 

' 

“■J 

r dx 

12. 

1 x 2 + 5x + 5 

!3.j 

f \/(3 _ 2x-x 2 ) dx 

14. 

-J 

r dx 

1 V(^-4x-21) 

16. 

"'J 

* dx 

18. 

3 sin x - 4 cos x 

19. 

fvTFT)* 

20. 


f * 2 ~X + 14 
' J (x + 2)(x 2 + 4) dX 
. f x + 2 , 

- f 4 dx 

’■ J ! V{(* + 2)(4-x)} 
1 V(x 2 + 2x+ 10) 

f a dx 

J o (a 2 +x 2 ) 2 
(Put x = a tan 0) 


f dx 
J 8-12x-* 2 

\ x 2 + 4x + \6 dx 
f dx 

J V(17-14jc-x 2 ) 
f 6x~5 

J V(* 2 -12x + 52) 

f w /2_ dx 

Jo 4 sin 2 * + 5 co 


K 


V(6* ~ 8 -x 2 ) 

f —dx _ r 

J 4 sin 2 x + 9 cos x 

\'jT=i dx 

(Put x = 2 sin 2 0) 

[-™x_dx 

J 2-cosx 

22 f dx - _ 

‘ J 5 + 4 cos 2 x 

24 f- dz - 

J \/(2x 2 ~ lx + 5) 

f_ dd _ 

' J 2 sin 2 0 - cos 2 0 

28. | vtlS-2x-x 2 dx) 

30 f - <£dx - 

JU J(x +fl )(x 2 + 2a 2 ) 
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Programme 15 


In an earlier programme on integration, we dealt with the method of 
integration by parts, and you have had plenty of practice in that since 
that time. You remember that it can be stated thus: 


J u dv = u v - j" v i 


So just to refresh your memory, do this one to start with. 

jx 2 e x dx = . 

When you have finished, move on to frame 2. 

^x 2 e !C dx=e x [x 2 -2*+ 2] +C 
Here is the working, so that you can check your solution. 

jx 2 e x dx=x 2 (e x )-2^e x xdx 

= jc 2 e* -2 [xie*)-^ dx] 

= x 2 e x -2xe x + 2e x +C 

= e x [x 2 -2x + 2] +C 
On to frame 3. - 

Now let us try the same thing with this one - 

fx n e x dx=x n (e x ) - nje x x n l dx 

= x n e x -nje x x' 1 - 1 dx 

Now you will see that the integral on the right, i.e. Je* x n ~ l dx, is of 
exactly the same form as the one we started with, i.e. je x x n dx, except 
for the fact that n has now been replaced by (n-1) 

Then, if we denote j"x” e x dx by I„ 
we can denote jV 1 " 1 e* dx by 


^x n e x dx=x n e x -n^e x xr- 1 a 
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Example ConsiderJ x 2 e* dx 

This is, of course, the case of I n =j*x” e x dx in which n = 2. 

We know that I„ = x n e* - n I„.! applies to this integral, so, putting 
n = 2, we get 

h=x 2 e x -2.h 
and then Ii = x l e? - 1.1 0 

Now we can easily evaluate I 0 in the normal manner - 

I 0 = {x°e x dx = (le x dx = (e x dx = e x + C 
So I 2 =x 2 e* - 2.1, 
and Ii =xe x -e* + Ci 
l 2 =x 2 e x - 2xe x + 2e x + C 
= e x [x 2 -2x +2] +C 

And that is it. Once you have established the reduction formula for a 
particular type of integral, its use is very simple. 

In just the same way, using the same reduction formula, determine the 
integral jx 3 e x dx. 

Then check with the next frame. 
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x 3 e* dx = e* [x 3 - 3x 2 + 6x - 6] + C 


Here is the working. Check yours. I„ = x" e* - n \ n _ , 
n = 3 I 3 =x 3 e*-3.I 2 

« = 2 I 2 =x 2 e* -2.1| 

n= 1 Ij = jce^ - l.I 0 

and I 0 = ix 0 e x dx = | , e x dx = e* : + C 
• I 3 = x 3 e* — 3 I 2 

= x 3 e x - 3x 2 e* + 6.1i 
= x 3 e*-3x 2 e x + 6xe x -6e x +C 
= e x [x 3 - 3x 2 + 6x - 6] + C 

Now move on to frame 7. 


Let: us now find a reduction formula for the integral | x n cos x dx. 

\ n = j*x" cos x dx 

= x"(sin x) - n | sin x x"" 1 dx 
= x ” sin x ~n |x”" 1 sinxdx. 

Note that this is not a reduction formula yet, since the integral on the 
right is not of the same form as that of the original integral. So let us 
apply the integration-by-parts routine again. 

l„ = x n sin x - n j* x” _1 sin x dx 


= x n sinx-n.. 


8 


I„ = x n sin x + n x" 1 cos x 


-«(n—l)j* x" 2 o 


Now you will see that the integral Jx” -2 cos x dx is the same as the 
integral jx n c 


n cos x dx, with n replaced by .. 
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EEU 9 

i.e. I„ = x n sin x + n x n ~ l cos x — n(n — 1) I„_ 2 

So this is the reduction formula for I„ = fx" cos x dx 


Copy the result down in your record book and then use it to find 
j* x 2 cos x dx. First of all, put n = 2 in the result, which then 
gives. 



Now 1 0 = J cos x dx = J cos x dx = sin x + Q 

And so 1-2 = x 2 sin x + 2x cos * - 2 sin x + C 

Now you know what it is all about, how about this one? 


Find a reduction formula for J jc n sin x dx. 

Apply the integration-by-parts routine: it is very much like the last one. 
When you have finished, move on to frame 11. 



l n = ~x n cos* + n x" 1 sinjc-n(« - 1) I„_ 2 
Make a note of the result, and then let us find Jx 3 sin x dx. 
Putting n = 3,1 3 =-x 3 cos* + 3 x 2 sin jc- 3.2. Ii 


and then I t = I x sin x dx 


Find this and then finish the result - then on to frame 12. 
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So that 13 =-x 3 cosx + 3x 2 sinx-6Ij 

I 3 = —x 3 cos x + 3 x 2 sin x + 6x cos x - 6 sin x + C 

Note that a reduction formula can be repeated until the value of n 
decreases to n = 1 or n = 0, when the final integral is determined by 
normal methods. 

Now move on to frame 13 for the next section of the work. 


Let us now see what complications there are when the integral has limits. 
Example. To determine I x n cos x dx. 

J ° f * 

Now we have already established that, if I„ = x n cos x dx, then 
I„ =x n sinx + n x n ~ x cos x — n(n - 1) l n _ 2 
If we now define I„ =J x" cos x dx, all we have to do is to apply the 
limits to the calculated terms on the right-hand side of our result 


I„ = j*” sin x + n x n 1 cos jej * - n{n - 1) I n _ 2 
= [0 + n v"- 1 (-1)] -[0 + 0] -n(n - 1) I„_ 2 
I„ =-ng n ' 1 -n(n- 1) I n _ 2 

This, of course, often simplifies the reduction formula and is much 
quicker than obtaining the complete general result and then having to 
substitute the limits. 

Use the result above to evaluate^ x 4 cos x dx. 

First put n = 4, giving I 4 =. 








Reduction Formulae 


l 2 =—2.7T —2.1.I 0 


and 1° = J* x° cos x dx = J cos x dx = f"sin jtJ =0 


So we have 
and 


I 4 = -4tt 3 - 12 I 2 
I 2 = ~ 2 rr 
I 4 =. 


15 


X 4 cos X dx = I 4 = — 47T 3 + 24ar 


Now here is one for you to do in very much the same way. 
r n 

Evaluate I x s cos x dx. 

Work it right through and then check your working with frame 1 7. 


I s = -5 tt 4 + 60 tt 2 - 240 


Working: 


I„ = -nn n ~ l -n(n- 1) I„_ 2 
I s =-57r 4 - 5.4.1 3 
1 3 =-3jt 2 -3.2.1! 

I, = x cos x dx = x(sin jc) — I si 

= J to-01 

= j^cosxj^ = (—1) — (1) = —2 

Is =-5tt 4 -20I3 
I 3 = -3tt 2 - 6(-2) 

/. I s = —5 tt 4 + 60ir 2 - 240 


16 


17 


Turn on to frame 18. 
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13 Reduction formulae for (i) J sin"* dx and (ii) j cos”* dx. 

(i) j* sin"* dx. 

Let I„ = Jsin”jcdx =j*sin”- 1 jc.sinjciic = j sm"' 1 x .d(-cosx) 
Then, integration by parts, gives 

I« = sin" -1 *.(-cos*) + (n-l) J* cos*. sin”~ 2 * .coax dx 
= -sin"* 1 *.cos*+(«-l) j* cos 2 * . sin" -2 * dx 

x + (n - 1) J (1 - sin 2 *) sin”" 2 * dx 
+ (n- 1 ) jj*sin" -2 j: dx - J sin”* dx j 

I n = ^in" -1 *.cos* + (n-l)I„_ 2 -(n-l)I„ 

Now bring the last term over to the left-hand side, and we have 
nl„= -sin" -1 x . cos x + (n - 1) I„ 2 


= -sin x . cos x + 
=-sin" -1 *, cos* + 


So finally, if I, 


'„-p. 


'xdx, I„=- 


Make a note of this result, and then use it to find sin 6 * dx 


Jj^ 


19 


i *. cos * - 94 sin *.. cos * — y? sin * cos * + + C 


X 6 - 6 «u 

I 4 = sin 3 * cos*+|.I; 

_ 


i 0 . i 0 = U*=* + c 


■J* 

jj|-sin 3 * cos * + I 2 J 

sin * cos * + 


g sin 3 * cos * + g ^-^-sin 3 * cos * + I. 
= -g sin 5 * cos * — ^ sin 3 * 

= sin 5 * cos* — A sin 3 * < 
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23 The integrals j*sin"x dx and jcos"x dx with limits x = 0 and x=irl2. 


give some interesting and useful results. 
We already know the reduction formula 


Inserting the limits 

= I --sin" -1 * cos* 


= [o-o] + "^i„_ 2 


And if you do the same with the reduction formula for cos”x dx, yoi 
get exactly the same result. J 

So for j" 7 ^ 2 sin”x: dx and j* ^ cos”* dx, we have 


(i) If n is even, the formula eventually reduces to I 0 

(• 7 t /2 „ n/2 

i.e. lr*c = [x] = tt/2 I 0 = rr/2 

Jo o 

(ii) If n is odd, the formula eventually reduces to It 

/•tt/ 2 r -.jt/2 

i.e. f sinx dx = [-cosx] = -(-1) Ii = 1 

Jo o 

/•W 2 

So now, all on your own, evaluate sin 5 * dx. What do you get? 

J o 


and we know that It = 1 


” Is " 5 3 - 1 _ 15 

pr/2 “ 

n the same way, find I cos 1 x dx. 
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25 


16 "6 14 

u4'. 

h • Io andl 0 =f 
5 3 1 ir_5ir 
6'4'2'2 “ 32 


I 6 


jVore that all the natural numbers from n down to 1 appear alternately 
on the bottom or top of the expression. In fact, if we start writing the 
numbers with the value of n on the bottom, we can obtain the result 
with very little working. 

(n-1) (n-3) (n- 5) .... ^ 

n -- 17 “ etC ' 

If n is odd, the factors end with 1 on the bottom 


e.g. 


6.4,2 


and that is all there is to it. 


7.5.3 . 1 

If n is even, the factor 1 comes on top and then we add the factor rr/2 
7.5.3. 1 7r 


e-g. 


.6.4.2 '2 

So (i) I sin 4 * dx = 
and (ii) 


j* cos 5 * 


_ 37T 


26 


I cos”;t dx between the limits 


This result for evaluating j* sin”* dx or j* cc 

* = 0 and * = rr/2, is known as Wallis’s formula. It is well worth 
remembering, so make a few notes on it. 

Then on to frame 27 for a further example. 
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27 Here is another example on the same theme. 
<* *1 2 

Example. Evaluate I sin 5 * cos 2 * dx. 

_ f */2 

fW2, 


We can write 
r W2 


r W2 « , r */2 

I sin 5 * cos 2 * dx = » sin s *(l — sin 2 x) dx 


=1 


(sin 5 * - sin 7 *) dx 
= Is -I 7 


28 


5.3.1 15 

Is -I 7 = h - 


7.5 . 3.1 35 

16 _ 8 


15 35 105 


29 


All that now remains is the Test Exercise. The examples are all very 
straightforward and should cause no difficulty. 

Before you work the exercise, look back through your notes and 
revise any points on which you are not absolutely certain: there should 
not be many. 


On then to frame 30. 




Reduction Formulae 


Test Exercise—XV 

Work through all the questions. Take your time over the exercise: 
there are no prizes for speed! 

Here they are then. 

1. If I„ = [*" e 2x dx, show that 


30 


and hence evaluate x 3 e 2x dx. 


(ii) I sin 4 * cos 5 * dx 
J o 

3. By the substitution * = a sin 6, determine 

J °*V ~x 2 ) V2 dx 

4. By writing tan"* as tan" -2 *. (sec 2 * - 1), obtain a reduction formula 
for J tan”* dx. 

rW 4 1 

Hence show that I„ = tan"* dx =-r - I„ „ 

“ n- 1 «-2 

oJ 

5. By the substitution* = sin 2 #, determine a reduction formula for the 
integral 

Hence evaluate 

r* 5/2 o -xf 2 dx 
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Further Problems—XV 

r tt/2 

1. If 1„ = x cos"* dx, when n > 1, show that 

n n ~ 2 

2 . Establish a reduction formula for J* sin"* dx in the form 


I„ = - i sin" -1 * cos* 
and hence determine j" sin 7 * dx. 

" e ax dx, show that I„ = —. . Hence evaluate 

x 9 e~ 2x dx 


n-\ - 


,:l “ [> 


4. If I„ = | e x sin"* dx, show that I„ ~ + ~ p I„_ 2 - 

r 12 „ 

5. If I„ = 1 x n sin x dx, prove that, for n ^.2, 

l„ = «(§)” 1 ~n{n~ 1)I„_ 2 
Hence evaluate I 3 and I 4 . 

6. If I„ =jx n e x dx, obtain a reduction formula for \ n in terms of I n i 
and hence determine J" * 4 e* dx. 

1. If I„ = J sec"* dx, prove that 

\ n =—— tan* sec"' 2 * + -—\I (n >2) 

" u - 1 n - 1 ”“ 2 v 

(*w/6 

Hence evaluate I sec 8 * d*. 
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8. If I„ 


■j: 


Show that I 
9. Ifl„ = J(x : 


e x cos n x dx, where n >2, prove that 

r 12 

(i) I„ = 1 — n I e x sin x cos" -1 * dx 

(ii) (n 2 + 1) I n = 1 + n(n — 1) I„_ 2 
_ 263 - 144 e~ nl2 

6 629 

1 + a 2 ) n dx, show that 

= [*(* 2+a2 )" + 2 ™ 2 l n-A 


. If I„ = | cot n x dx, (n > 1), show that 


Hence determine I 6 . 


11. If I„ = J(ln xf dx, show that 

I„ = x(ln xf ~n.\ n i 
Hence find j" (In x) 3 dx. 

12. If I„ = j*cosh"x dx, prove that 

I„ = — cosh^'x sinhx +——-I„_ 2 
n n 

Hence evaluate j* cosh 3 x dx, where a = cosh -1 (y/2). 
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We now look at some of the applica¬ 
tions to which integration can be put. 
Some you already know from earlier 
work: others will be new to you. So 
let us start with one you first met 
long ago. 

Areas under curves 

To find the area bounded by the 
curve y = /(x), the x-axis and the 
ordinates at x = a and x = b 
There is, of course, no mensuration 
formula for this, since its shape 
depends on the function fix). Do 
you remember how you established 
the method for finding this area? 

Move on to frame 2. 



Let us revise this, for the same 
principles are applied in many other 
cases. 

Let P(x, y) be a point on the curve 
y -f{x) and let A x denote the area 
under the curve measured from 
some point away to the left of the 
diagram. 

The point Q, near to P, will have 
co-ordinates (x + 6x, y + 5 y) and 
the area is increased by the extent 
of the shaded strip. Denote this 
by SA X . 



K 8x h 


If we ‘square off the strip at the level of P, then 
we can say that the area of the strip is 
approximately equal to that of the rectangle 
(omitting PQR). 

i.e. area of strip = 6 A x — . 


Turn to frame 3. 
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Therefore, 


8A X 

’8x 


-y 


i.e. the total area of the strip divided by the width, 8x, of the strip gives 
approximately the value y. 

The area above the rectangle represents the error in our stated 
approximation, but if we reduce the width of the strips, the total error is 
very much reduced. 


tf we continue this process and make 8x -> 0, then in the end the error 

SAv 

will vanish, and, at the same time,-r-^ -»•. 

8x 


8A X , dA x 
Sx dx 

dA r - 

Correct. So we have-^* =y (no longer an approximation) 

.'. A x =J y dx 
=j f{x) dx 
A x = F(x) + C 


and this represents the area under the curve up to the point P. 

Note that, as it stands, this result would not give us a numerical value 
for the area, because we do not know from what point the measurement 
of the area began (somewhere off to the left of the figure). Nevertheless, 
we can make good use of the result, so turn on now to frame 5. 



4 
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5 W: 


y dx gives the area up to the point P(x, y). 



(i) If we substitute x = b, we have 
the area up to the point L 

i.e. Afj = J y dx with x = b. 

(ii) If we substitute x = a, we 
have the area up to the point K 

i.e. ha = jy dx with x = a. 


If we now subtract the second result from the first, we have the area 
under the curve between the 
ordinates at x = a and x = b. 





(x=a) 


y dx 


and the boundary values a and b are called the limits of the integral. 
Remember: the higher limit goes at the top. 1 
the lower limit goes at the bottom. I 


That seems logical. 


So, the area under the curve j" =f{x) between x = 1 and x = 5 is written 
A = J y dx. 

Similarly, the area under the curve y = fix) between x = -5 and x = -1 
is written A =. 

On to frame 6. 
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Let us do a simple example. 

Find the area under the curves = x 2 + 2x + 1 between x = 1 and x = 2. 


A = J ydx = J* (x 2 +2x+\)dx 

"[l +4 + 2 + C ] '[ J + 1 * 1 + c ] 

(putting x - 2) (putting x = 1) 

= 6 j units 2 

Note: When we have limits to substitute, the constant of integration 
appears in each bracket and will therefore always disappear. In practice 
therefore, we may leave out the constant of integration when we have 
limits, since we know it will always vanish in the next line of working. 
Now you do this one: 

Find the area under the curve y = 3x 2 + 4jc - 5 between x = 1 and 
x = 3. 

Then move on to frame 7. 


A =32 units 2 


For A= j" +4*~5)cfcc = [jc 3 + 2x 2 -5xJ 

= ^27+18-15^ - j^l + 2-5J 
= [bo] -[~ 2 ] = 32 units 2 

Definite integrals 

An integral with limits is called a definite integral. 

With a definite integral, the constant of integration may be omitted, 
not because it is not there, but because. 


On to frame 8. 
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... it occurs in both brackets and disappears in 
subsequent working. 


So, to evaluate a definite integral 

(i) Integrate the function (omitting the constant of integration) and 
enclose within square brackets with the limits at the right-hand 
end. 

(ii) Substitute the upper limit. 

(iii) Substitute the lower limit. 

(iv) Subtract the second result from the first result. 

J%dx = [Fw] 6 =F(h)-F( a ) 

Now, you evaluate this one. 

f* 

j 4 e 2x dx =. 


1 H--]* 

-*-*] 

= 5166 

r w/2 

Now, what about this one: I x cos x dx. 

J 0- 

First of all, forget about the Umits. 

Jx cos x dx = . 

When you have done that part, turn to frame 10. 
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10 

1 fx cosxdx = x(sinx)- fsinxdx 

l_ 

= x sin x + cos x + C j 


(•Jr/2 

• X 

J 0 

r i* /2 

cos x dx = x sin x + cos x 

L J 0 

=. You finish it off. 


/> w/2 

for x 

J 0 

I" 1 

r i , ,r/2 

cos x dx = x sin x + cos x 

L J 0 

11 


'[f + °]-M 


= t! 

If you can integrate the given function, the rest is easy. 

So move to the next frame and work one or two on your own. 


Exercise 

Evaluate: 

(l)j|(2x-3) 4 dx 

12 





(4)J* x 2 lnxdx 


When you have finished them all, check your results with the solutions 
given in the next frame. 
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13 Solutions 

(1) |, (2 *" 3) " * t *lo { (1)S “ (_1)S ) 

= i5(' , );<- , >)-b4 
<2) j]jT5‘ fa -[ 1 ” (J: + 5) ] S „ 


= ij^(tan' 1 1) - (tan' 1 [-1 ] )J 

= s[i~ W] = i 

(4) jV lnxdx = lnx(y)-jJ;c 3 .j^dx 


_ x 3 lnx _jr* 
3 9 


=(4I)-H) 


On to frame 14. 




In very many practical applications we shall be using definite 
! a fei 

<4 


14 integrals, so let us practise a few more. 

Do these: « ,, 

| 7,12 sin 2x 


1 + COS 2 X 


(6) x ef dx 


4! 


(7) J x 2 sin x dx 

Finish them off and then check with the next frame. 
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Solutions 

<5) jQ 2 Tacos’* ^ = [“ ln (1 + c°s 2 jt)]” /2 

= [-In (1 + 0)]-[-ln(l + 1)] 

= In 1 + In 2J = In 2 

(6) j* x e x dx = x (e*) - j* e x dx 

= xe x -e x + C 

.'.J xe x dx = |e* (x - 1)J 2 

= e 2 - 0 = e 2 

(7) j* x 2 sin x dx = x 2 (-cos x) + 2 j* cos x dx 

= -x 2 cosx + 2 | x(sinx) - j*sin x dx j 
= -x 2 cos x + 2x sin x + 2 cos x + C 
| x 2 sinx dx = j^(2-x 2 ) cosx + 2x sinxj 

= [(2 - tt 2 )(-1) + oj - [2 + 0] 

= it 2 -2-2 = 7r 2 — 4 
JVow move on to frame 16. 


15 


16 

Before we move on to the next piece of work, here is just one more 
example for you to do on areas. 

Example. Find the area bounded by the curve y = x 2 - 6x + 5, the 
x-axis, and the ordinates at x = 1 and x = 3. 

Work it through and then turn on to frame 1 7. 
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Here is the working: 

A = J y dx = j* (x 2 - 6x + 5) dx = |j-j - 3x 2 + 5xJ 
= (9-27+ 15)-(j-3 + 5) 

= (-3) - (2j) = —5 j units 2 

If you are concerned about the negative sign of the result, let us 
sketch the graph of the function. Here it is: 



Yi 


We find that between the limits we are given, the area lies below the 
x-axis. 

For such an area, y is negative 

ySx is negative 

6 A is negative A is negative. 

So remember, 

Areas below the x-axis are negative. 


Next frame. 


18 


The danger comes when we are integrating between limits and part of 
the area is above the x-axis and part below it. In that case, the integral 
will give! the algebraic sum of the area, i.e. the negative area will partly 
or wholly cancel out the positive area. If this is likely to happen, sketch 
the curve and perform the integration in two parts. 


Now turn to frame 19. 
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Parametric equations 

Example. A curve has parametric equations x = at 2 , y = 2 at. Find the 
area bounded by the curve, the x-axis, and the ordinates at t = 1 and 
t = 2. 

f b 

We know that A = l y dx where a and b are the limits or boundary 

values of the variable. 

Replacing y by 2 at, gives 



but we cannot integrate a function of t with respect to x directly. We 
therefore have to change the variable of the integral and we do it thus - 

We are given x = at 2 ~ = 2at dx = 2 at dt 

f 2 r 2 

We now have A =J 2at.2atdt=\ 4 a 2 t 2 dt 

=.Finish it off. 


f 8 _ 1 \ 28a 2 


= 4a 2 


3 3 


The method is always the same - 

(i) Express x and y in terms of the parameter, 

(ii) Change the variable, 

(iii) Insert limits of the parameter. 

Example. If x = a sin d,y = b cos 6, find the area under the curve 
between 0 = 0 and 6 = it . 

A = r y dx = ( b cos 0. a cos 0. dd x = a sin 0 
J a Jo dx = a cos 0 dd 


'"/o' 
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Now do this one on your own: 

Example. If * = 0 - sin 0,_y = 1- cos 0 , find the area under the curve 
between 0 = 0 and 0 = ir. 

When you have finished it, move on to frame 22. 


22 


Working: 



A=j b ydx 


(1 - cos 0) (1 - cos 0)d6 

0 


y = (l 
x = (0 
dx = ( 1 


- cos 0) 
-sin 0) 

- cos 0) dO 


= f * (1 - 2 cos0 + cos 2 0)d0 

Jo 
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Mean values 


To find the mean height of the students in a class, we could measure 
their individual heights, total the results and divide by the number of 
subjects. That is, in such cases, the mean value is simply the average of 
the separate values we were considering. 



To find the mean value of a 
continuous function, however, 
requires further consideration. 


23 


When we set out to find the mean value of the function y = f(x) 
between x = a and x = b, we are no longer talking about separate items 
but a quantity which is continuously changing from* = a to x = b. If we 
estimate the mean height of the figure in the diagram, over the given 
range, we are selecting a value M such that the part of the figure cut off 
would fill in the space below. 



So, to find the mean value of a function between two limits, find the area 
under the curve between those limits and divide by. 

On to frame 24. 
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24 


length of the base line 


So it is really an application of areas. 

Example. To find the mean value of = 3x 2 + 4x + 1 between x = -1 and 


“'rb-J/* 

= | [(8 + 8 + 2)-(-1 + 2 - 1 )] 

=j[l8] = 6 M = 6 

Here is one for you: 

Example. Find the mean value oiy = 3 sin 5t + 2 cos 3 1 between t = 0 
and t = 7T. 

Check your result with frame 25. 


» 25 


Here is the working in full: 




(3 sin 5t + 2 cos 3t) dt 


- 3 cos 5r 2 sin 3f 1 77 
.5 3 J 0 

j_ /f~3 cos 5n 2 sin 37rl 


■i(M) 
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R.M.S. values 

The phrase ‘r.m.s. value of y’ stands for ‘the square root of the me an 
value of the squares of y’ between some stated limits. 

Example. If we are asked to find the r.m.s. value of y = x 2 + 3 between 
x = 1 and x = 3, we have - 


26 


r.m.s. = yj (Mean value ofj y 2 between x = 1 
.'. (r.m.s.) 2 = Mean value of y 2 between x = 1 


and x = 3) 
and x = 3 


(r.m.s.) 2 


= (x* +6x 2 + 9 )dx 

4{Pr +54+27 Hf 2 * 9 ]) 

= | |48*6 + 81 - II- 2 J 

{l 29-6-11-2 j 

» s ( 1184 )‘ 592 

= V59-2 = 7-694 r.m.s. = 7-69 


So, in words, the r.m.s. value of y between x = a and x = b means 
(Write it out) 

Then to the next frame. 
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the square root of the mean value of the squares of y 
between x = a and x = b ’ 


There are three distinct steps: 

(1) Square the given function. 

(2) Find the mean value of the result over the interval given. 

(3) Take the square root of the mean value. 

So here is one for you to do: 


Example. Find the r.m.s. value ofy = 400 sin 20077/ between / = 0 and 



When you have the result, move on to frame 29. 


29 

See if you agree with this - 

y 2 = 160000 sin 2 200 t rt 

= 160000.-^(1 - cos 40077/) 

= 80000 (1 - cos 400 tt/) 

1 f 1/100 

/. (r.m.s.) 2 = -j—80000 (1 - cos 400tr/) dt 

■ 1 oo- 8 oooo['- 5 W f ]‘ ,10 ° 

- 8 - 10< [isr 0 ] 

= 8 . 10 4 

.-. r.m.s. = V(8. 10 4 ) = 200y/2 = 282.8 
Now on to frame 30. 
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Before we come to the end of this particular programme, let us think 
back once again to the beginning of the work. We were, of course, 
considering the area bounded by the curve y = fix), the x-axis, and the 
ordinates at x = a and x = b. 


30 


y = r(or) 



We found that 


-j: 


If P is the point ( x, y) then the 
area of the strip 5 A is given by 

SA^T.Sx 

If we divide the complete figure 
up into a series of such strips, 
then the total area is given 
approximately by the sum of 
the areas of these strips. 


i.e. A = sum of the strips between x = a and x = b 


i.e. A y.Sx £ = ‘the sum of all terms like..’ 

The error in our approximation is caused by ignoring the area over each 
rectangle. But if the strips are made narrower, this error progressively 
decreases and, at the same time, the number of strips required to cover 
the figure increases. Finally, when 5x -*■ 0, 

A = sum of an infinite number of minutely thin rectangles 
r b x = b 

.'. A = I ydx= 2 y.bx when x 0 

It is sometimes convenient, therefore, to regard integration as a summing 
up process of an infinite number of minutely small quantities each of 
which is too small to exist alone. 

We shall make use of this idea at a later date. 

Next frame. 
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31 Summary Sheet 

1. Areas under curves 





y dx 


Areas below the x-axis are negative. 

2. Definite integrals 

A definite integral is an integral with limits. 


= [f(x)]* = F(h)-F(a) 


3. Parametric equations 


x=m,y=m 


4. Mean values 


5. R.M.S. values 


(r.m.s.) 2 =^J y'dx 


6. Integration as a summing process 

x = b f* 

When 5x-»-0, £ ,y.6x=l y dx 


All that now remains is the Test Exercise set out in the next frame. 
Before you work through it, be sure there is nothing that you wish to 
brush up. It is all very straightforward, so take your time. 


On then to frame 32. 


451 



Integration Applications 1 


Test Exercise-XVI 

Work all the questions. 

1. Find the area bounded by the curves y = 3 e xx andy = 3 e~ x and the 
ordinates at x = 1 andx = 2. 

2. The parametric equations of a curve are 

y = 2 %m^t,x = 2 + 2t-2co%j^t 
Find the area under the curve between t = 0 and t = 10. 

3. Find the mean value ofy = j — x — 3x 2 ^ etween x ~ 
and x = +|\ 

4. Calculate the r.m.s. value of i = 20 + 100 sin lOO^r between t = 0 
and t = 1/50. 

5. If i = I sin cot and v = + Ri, find the mean value of the product 

vi between t = 0 and t = ~. 

6. If i = 300 sin lOOfff + I, and the r.m.s. value of i between t = 0 
and t = 0 02 is 250, determine the value of I. 
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Further Problems-XVI 

1. Find the mean height of the curve y = 3x 2 + 5x - 7 above the 
x-axis between x = -2 and x = 3. 

2. Find the r.m.s. value of i = cos x + sinx over the range x = 0 to 

_ 37T 
X 4' 

3. Determine the area of one arch of the cycloid x = 0 - sin 9 , 

y — 1 — cos 0, i.e. find the area of the plane figure bounded by the 
curve and the x-axis between 0 = 0 and 0 = 2i r. 

4. Find the area enclosed by the curves y = sin x andy = sin 2x, 
between x = 0 and x = n/3. 

5. If i = 0-2 sin lOnt + 0 01 sin 30 irt, find the mean value of i between 
t = 0 and t = 0-2. 

6. If i = i x sin pt + i 2 sin 2 pt, show that the mean value of i 2 over a 
period is i#* + i\). 

7. Sketch the curves y = 4e* andy = 9 sinhx, and show that they 
intersect when x = In 3. Find the area bounded by the two curves 
and the y-axis. 

8. If v = v 0 sincut and i = i 0 sin(cot - a), find the mean value of vi 
between t- 0 and t = —. 

E 

9. If 2 = — + I sincof, where E, R, I, co are constants, find the r.m.s. 

value of i over the range t = 0 to t = —. 

co 

10. The parametric equations of a curve are 

x = a cos 2 1 sin t,y = a cos t sin 2 r 
Show that the area enclosed by the curve between t = 0 and t = — 

■ ™ 2 i 

is — units . 
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11. Find the area bounded by the curve (1 ~x 2 )y = (x - 2) (x - 3), the 
x-axis and the ordinates at x = 2 and x = 3. 

12. Find the area enclosed by the curve a(a~x)y = x 3 , the x-axis and 
the line 2 x = a. 

13. Prove that the area bounded by the curves = tanhx and the straight 
line y = 1 between x = 0 and x = is In 2. 

14. Prove that the curve defined by x = cos 3 t,y = 2 sin 3 1, encloses an 

3tt 2 
area— units . 

15. Find the mean value of y = x e~ x ^ a between x = 0 and x = a. 

( 16. A plane figure is bounded by the curves 2 y-x 2 and x 3 y = 16, the ? 
x-axis and the ordinate at x = 4. Calculate the area enclosed. ^ 

17. Find the area of the loop of the curve y 1 =x 4 (4 + x). 

18. If i = Ii sin (cot + a) + I 2 sin(2wf + /3), where , I 2 , w, a, and (3 are 
constants, find the r.m.s. value of i over a period, i.e. from t = 0 


19. Show that the area enclosed by the curve x = a(2t- sin 2 1), 

y = 2a sin 2 1, and the x-axis between t - 0 and t = it is 3 to 2 units 2 . 

20. A plane figure is bounded by the curves y = 1/x 2 ,y = e x ^ 2 - 3 and 
the lines x = 1 and x = 2. Determine the extent of the area of the 
figure. 
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Introduction 

In the previous programme, we saw how integration could be used 

(a) to calculate areas under plane curves, 

(b) to find mean values of functions, 

(c) to find r.m.s. values of functions. 

We are now going to deal with a few more applications of integration: 
with some of these you will already be familiar and the work will serve as 
revision; others may be new to you. Anyway, let us make a start, so move 
on to frame 2. 


Volumes of solids of revolution 

If the plane figure bounded by the curve y = f(x), the x-axis, and 
the ordinates at x = a and jc = b, rotates through a complete revolution 
about the x-axis, it will generate a solid symmetrical about OX. 



Let V be the 
volume of 
the solid 
generated. 


To find V, let us first consider a thin strip of the original plane figure. 


111 


x_j k 


-I h 


The volume generated by the strip - the volume generated by the 
rectangle. 


i.e. 8V^. 
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Correct, since the solid generated is a flat cylinder. 

If we divide the whole plane figure up into a number of such strips, 
each will contribute its own flat disc with volume Tty 2 . Sx. 



Total volume, V—2Z 2 tty 2 .5x 


The error in the approximation is due to the areas above the rectangles, 
which cause the step formation in the solid. However, if Sx -*■ 0, the error 
disappears, so that finally V =. 


r-b 

V = l t ty 2 .dx 


4 


This is a standard result, which you have doubtless seen many times 
before, so make a note of it in your record book and move on to frame 5. 


Here is an example: 

Example. Find the volume generated when the plane figure bounded by 

y = 5 cos 2 jc, the x-axis, and ordinates at x = 0 and x=~-, rotates about 

4 

the x-axis through a complete revolution. 

S w/4 /.jr/4 

ny 2 .dx = 25tt J cos 2 2x dx 

Express this in terms of the double angle (i.e. 4x) and finish it off. 

Then turn on to frame 6. 


5 
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6 



/•w/4 r-n/4 

For: V =- 7TI y 2 dx = 25ir\ cos 2 2 x dx 

JO Jo 


_ 25n M 4 

" 2 Jc 1 


(1 + cos 4.x) d!x 


257T (~ . sin Ax ~|^ 

J„ 




Now what about this one? 


cos 26 = 2 cos 2 0 - 1 
cos 2 0 = ^(1 + cos 20) 


Example. The parametric equations of a curve are x = 3t 2 ,y = 3t — t 2 . 
Find the volume generated when the plane figure bounded by the curve, 
the x-axis and the ordinates corresponding to t = 0 and l = 2, rotates 
about the x-axis. [Remember to change the variable of the integral!] 
Work it right through and then check with the next frame. 


V = 49-6277 = 156 units 3 


Here is the solution. Follow it through. 
V =J 7iy 2 dx 
l*‘= 2 


Ct= 2 

V= tt(3 t-t 2 fdx 

J t - 0 

= irf (9t 2 ~6t 3 +t 4 )6tdt 
J 0 

= 677 J (9t 3 ~ 6t 4 +t s )dt 

= 677 ^2 


x = 3t 2 , y = 3t-t 2 


x = 3t 2 
dx = 6 1 dt 


36 - 38-4 + 10-67] = 677 [46-67 - 38-4] 
= 677(8-27) = 49-6277 = 156 units 3 
So they are all done in very much the same way. 

Turn on now to frame 8. 
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Here is a slightly different example. 

Example. Find the volume generated when the plane figure bounded by 
the curve y =x 2 + 5, the jc-axis, and the ordinates x = 1 and x = 3, rotates 
about the y-axis through a complete revolution. 

Note that this time the figure rotates about the axis of y. 



Half of the solid formed, is shown in the right-hand diagram. We have 


no standard formula for this case. V =J tty 1 dx refers to rotation 

about the x-axis. In all such cases, we build up the integral from first 
principles. » 

To see how we go about this, move on to frame 9. 


If we rotate an elementary strip 
PQ, we can say — 

Vol. generated by the strip — vol. 
generated by rectangle 
(i.e. hollow thin cylinder) 

.'. SV - area of cross section X circumference 
5 V - ydx. 2ttx — 2nxy 8x 
For all such strips between x = 1 and x = 3 

V ^ 25V * 27rxy.5jc 

As usual, if 8x -*■ 0, the error disappears and we finally obtain 
V = 2 J ttxy dx 

Since y = x 2 + 5, we can now substitute for y and finish the calculation. 
Do that, and then on to the next frame. 


Here it is: note the general method. 


Y 

y=- 

r 2 + 5 
/ 


=31l 


X, 0 


X 


8x 
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10 


Here is the working: check yours. 

V = J 2-nxy dx = 2 irj x(x 2 + 5) dx 

= 2tt f 3 (jc 3 + 5 x)dx 


(H 


_ [80 40] 

2 ’I.7 + Tj 

= 27t ^20 + 20^ = 80rr units 3 


Whenever we have a problem not covered by our standard results, we 
build up the integral from first principles. 


11 


This last result is often required, so let us write it out again. 

The volume generated wfien the plane figure bounded by the curve 
y = f(x), the X-axis and the ordinates x = a and x = b rotates completely 
about the y-axis is given by: 

V = 2ir f * xy dx 


Copy this into your record book for future reference. 

Then on to frame 12, where we will deal with another application of 
integration. 
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Centroid of a plane figure 

The position of the centroid of a plane figure depends not only on 
the extent of the area but also on how the area is distributed. It is very 
much like the idea of the centre of gravity of a thin plate, but we cannot 
call it a centre of gravity, since a plane figure has no mass. 

We can find its position, however, by taking an elementary strip and 
then taking moments (i) about OY to find x, and (ii) about OX to find y. 
No doubt, you remember the results. Here they are: 


Ax— YZ x.ySx 

_ x = b y 

A x- jz j>-y Sx - 


12 



Add these to your list of results. 


Now let us do one example. Here goes. 

Find the position of the centroid of the figure bounded byy = e 2X , 
the x-axis, the y-axis, and the ordinate at x = 2. 


Y 

1 ^ 

y = e 2x 

^ First, to find 3c 

r 2 

1 xy dx 

—■ 

c 

x - J 0 


j 

L 

o 


> X 

We evaluate the two integrals quite separately, so let x - 

r 2 2 


Then I x 

= 1 xe 2x dx= . 

J 0 


13 
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14 


For: 





4‘4)-H) 

_ 3 e 4 1 _ 3 e 4 + 1 
4 4 4 

Similarly, I 2 = \ e 2x dx which gives I 2 = 
JO 


15 



For: 


tfc 


1 e 4 - 1 

2 2 


So, therefore, 


x : 


11 . 3 e 4 + 1 _2_ 

1 2 4 X e 4 -1 


16 


3e 4 + 1 = 3(54-60) + 1 _ 163-8 + 1 _ 164-8 
2(e 4 - 1) 2(54-60- 1) 109-2- 1 108-2 


Now we have to findy 


f 2 ydx 
J 0 

2 

y 2 dx = .. 


JQ 


Note that the 
denominator is the 
same as before. 
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I 3 =|-[e 8 -i] -■ y=\l e * + l] 


■.[•■-a 


{(e* ~ 1) 


x = 1-523; y = 13-9 

Now do this one on your own in just the same way. 

Example. Find the position of the centroid of the figure bounded by the 

curve y = 5 sin 2x , the x-axis, and the ordinates at x = 0 and x =7 

6 

(First of all find x and check your result before going on to find}') 


17 


I 03424 1 18 


r rc/6 r n/6 

Ii = I xy dx = 5 l x sin 2 xdx 



= 0-8660 - 0-5236 x = 0-3424 


Do you agree with that? If so, push on and find_y. 
When you have finished, move on to frame 19. 
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19 


Here is the working in detail. 

1 f w/6 


cos 4x) dx 


25 r sin 4x 1 7,16 

J 0 

_ 25[~ 7T _ sin(27r/3)l 

4 L6 4 J 
= 25[V_V3"1 
4 |_6 8 J 

= ^ 0 - 5236 - 0 - 2153 ] 

= ^ ^0-3083^ = 25(0-07708) = H927 


. 2tt . it \/3 
sin T = sin r 2 


v=i2 =1227 = 0^27)4 
y l 2 5/4 5 

So the final results are 

x = 0-342, y = 1-542 

Now to /rame 20. 


20 


Here is another application of integration not very different from the 
last. 

Centre of gravity of a solid of revolution 

To find the position of the centre of gravity of the solid formed when 
the plane figure bounded by the curve y = /(x), the x-axis, and the 
ordinates at x = a and x = b rotates about the x-axis. 
y = fix) 

If we take elementary discs and 
sum the moments of volume (or 
mass) about OY, we can calculate 
x. Cb 

l xy 2 dx 





What abouty? Clearly, y = 
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21 


Correct, since the solid generated is symmetrical about OX and therefore 
the centre of gravity lies on this axis, i.e.y = 0. 

So we have to find only 3c, using 


x 


and we proceed in much the same way as we did for centroids. 

Do this example, all on your own: 

Example. Find the position of the centre of gravity of the solid formed 
when the plane figure bounded by the curve x 2 +y 2 = 16, the x-axis, and 
the ordinates x = 1 and x = 3 rotates about the x-axis. 


r b I 2 


When you have finished, move to frame 22. 


19, y = 0 | 


Check your working. 

I, = j x(16 -x 2 )dx = J (16x -x 3 )dx = [jlx 2 - 

-M-K) 

= 64 - 20 = 44 :. I, =44 
I 2 =( 3 (16-x 2 )dx=ri6x-^1 3 
= (48-9)-(l6-I) 


22 


_ Ii _ 44 3 _ 132 _ 


So 3c = 1 -89, y = 0 
They are all done in the same manner. 

Now for something that may be new to you. 

Turn on to frame 23. 
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Lengths of curves 

To find the length of the arc of the curve y = f(x) between x = a and 
y - t(x) 




Let P be the point ( x, y ) and Q a point on the curve near to P. 
Let 8 s = length of the small arc PQ. 

(6s) 2 ^ i + (M! 


Then 


(6s) 3 - (8x) 2 + (8y) 2 

(I xl a 1 + (to) 


' (hx) 1 (8x)? 




Make a note of this result. 
Then on to the next frame. 


24 


Example. Find the length of the curves 2 = x 3 between x = 0 and x-4. 



= ^ [lOs/M—l]-| [31-62-lJ 
= J; (30-62) = 9-07 units 
That is all there is to it. Now here is one for you: 

Example. Find the length of the curve y = 10 cosh ^ between x = -1 
and* = 2. 

Finish it. then turn to frame 25. 


467 




Integration Applications 2 


s = 3 015 units 


Here is the working set out. 


dy _ . 


+ (f) = ' + 


•• ^fo <fc= [ iosini, fo] 

= 10 [sinh 0-2 - sinh (-0-1)] sinh(-x) = -sinh a: 

= 10 [sinh 0-2 + sinh 0-1] 

= 10 [0-2013 + 0-1002] 

= 10 [ 0-3015 ] = 3-015 units 
Now to frame 26. 


25 


Lengths of curves — parametric equations 

Instead of changing the variable of the integral as we have done before £ 0 
when the curve is defined in terms of parametric equations, we establish 
a special form of the result which saves a deal of working when we use it. 

Let jy =f(t),x = F(f) 

As before 

(6s) 2 - (8x) 2 + (8y) 2 
Divide by (St) 2 

i 1 



(IHfNf)’ 


This is a very useful result. Make a note of it in your book and then turn 
on to the next frame. 
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27 Example. Find the length of the curve x = 2 cos 3 6 , 3 ; = 2 sin 3 0 between 
the points corresponding to 0 = 0 and 0 = n/2. 

Remembe, f J ((If 

We have ^ = 6 cos 2 0 (— sin 0) = -6 cos 2 0 sin 0 

6^0 cos „ 

" + ^) = C0S4 ^ Sinl0 + 36 C0S2 ^ 

= 36 sin 2 0 cos 2 6 (cos 2 6 + sin 2 0) 

= 36 sin 2 0 cos 2 0 


\d6) 


=1 


6 sin 0 cos 0 = 3 sin 20 

r/2 



r n/2 

For we had s = l 3 sin 20 dd 

J 0 



It is all very straightforward and not at all difficult. Just take care not 
to make any silly slips that would wreck the results. 

Here is one for you to do in much the same way. 

Example. Find the length of the curve x - 5 (2r - sin 2f), y = 10 sin 2 t 
between t - 0 and t = rr. 

When you have completed it, turn on to frame 29. 
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| s = 40 units | 


29 


For: x = 5(7t - sin 2t), y - 10 sin 2 f 

dx 

g = 5(2 - 2 cos 2 1) = 10(1 - cos It) 

^ = 20 sin t cos t - 10 sin 2 1. 
dt 

(ft) + (ft) = 100(1 _2 cos 2t + cos22r) + 100 sin22t 

= 100( 1 - 2 cos 2 1 + cos 2 2 1 + sin 2 2 1) 

= 200( 1 - cos 2 1) But cos 2r = 1 - 2 sin 2 1 

= 400 sin 2 f 

•V(( 

Next frame. 



30 


So, for the lengths of curves, there are two forms: 

(0 s =| V ( 1 + (i?) K wheny = F(x) 

( ii} s= J 62 y((S + (S)V f0r P arametric 

^ 0i ' equations. 

Just check that you have made a note of these in your record book. 

Now turn on to frame 31 and we will consider a further application of 
integration. This will be the last for this programme. 
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Surfaces of revolution 

If an arc of a curve rotates about an axis, it will generate a surface. Let 
us take the general case. 

Find the area of the surface generated when the arc of the curve 
y = f(x ) between x = x t and x = x 2 rotates about the x-axis through a 
complete revolution. 
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This is another standard result, so copy it down into your record 
book. 

Then on to the next frame. 



Here is an example requiring the last result. 

Example. Find the area generated when the arc of the parabola y 2 = 8x 
between x = 0 and x = 2 rotates about the x-axis. 

We have A = J 2ny ^/{ 1 + (^*) } 



33 


For we had 


A = | ^ 2tt 2sj2 x? J {} dx 



Finish it off: then move 
on. 


A = 19-57T = 61-3 units 2 



- 8 f [8V2-4]-f [7.312] 


34 




= 19-5 7r = 61-3 units 2 

Now continue the good work by moving on to frame 35. 


All 
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35 Surfaces of revolution - parametric equations 

We have already seen that if we rotate a small arc 5s, the area 6 A of 
the thin band generated is given by 

5 A — 2ny.bs 

If we divide by 5 0, we get 

6 A _ „ Ss 


> 0 , this becomes 


We already have established in our work on lengths of curves that 



36 



This is a special form of the result for use when the curve is defined as a 
pair of parametric equations. 

On to frame 36. 

Example. Find the area generated when the curve x = a(0 - sin 0), 
y = a(l - cos 0) between 0 = 0 and 6 = n, rotates about the x-axis 
through a complete revolution. 

Here ^ = 41 - cos 6) :. = a 1 (1 - 2 cos 0 + cos 2 0) 

fe = asine •'® I=fl2sin ^ 

(i) 2 + (i ) 2= * 2(1 ~2 cos 0 + cos 2 * + sin 2 *) 

= 2 a 2 (1 - cos 0) But cos 0 = 1 - 2 sin 2 — 

. 2 . 2 0 
= 4 a 1 sin — 

; Vi(S) + (f)) = . 

Finish the integral and so find the area of the surface generated. 
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= 27r f a(l - cos 0). 2 a sin-^. d0 

Jo 2 

= 2w [ a(2 sin 2 2a sin-^r <20 


= 8 m 2 
= 8 to 2 


37 


(1 - cos 2 -|) sin-|. dd 

( . 0 2 0 • 6 \ JO 
^sm y - cos y sm y 

, 0 , 2 cos 3 0/2l" 

C0$2 3 Jo 

(0) - ( - 2 + 2/3) J 

'1 32 tta 2 2 
4/3 = —— units 2 

Here is one final one for you to do. 

Example. Find the surface area generated when the arc of the curve 
y = 3t 2 , x = 3t~t 3 between t = 0 and t = 1 rotates about OX through 
27r radians. 

When you have finished - next frame. 


Here it is in full. 


y = 3? 


-(f) - 


36r 2 


38 


f-3-3<’ = 3(i-f) :.(f) 

(tHf)’- 9 - 18 '**" 4 * 3 ** 

j = 9 + 18r 2 + 9f 4 = 9(1 + r 2 ) 2 

A=| 2tt3t 2 V9(l + t 2 ) 2 - dt 

J 0 

= 18tt f 1 r 2 (l + r 2 )dt= 18 tt (* (t 2 +t 4 )dt 
Jo Jo 

= 187r [i + i] 0 =187r [3 + ?l =187r B =i r units2 
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Rules of Pappus 

There are two useful rules worth knowing which can well be included 
with this stage of the work. In fact we have used them already in our 
work just by common sense. Here they are: 


1. If an arc of a plane curve rotates about an axis in its plane, the area 
of the surface generated is equal to the length of the line multiplied by 
the distance travelled by its centroid. 

2. If a plane figure rotates about an axis in its plane, the volume 
generated is equal to the area of the figure multiplied by the distance 
travelled by its centroid. 

You can see how much alike they are. 

By the way, there is just one proviso in using the rules of Pappus: the 
axis of rotation must not cut the rotating arc or plane figure. 

So copy the rules down into your record book. You may need to 
refer to them at some future time. 


Now on to frame 40. 


40 


Revision Summary 
1. Volumes of solids of revolution 
(a) about x-axis 


y = fix) 








Integration Applications 2 
2. Centroids of plane figures 



3. Centres of gravity of solids of revolution 



5. Surfaces of revolution 

A =f* 2 2*VM£) 2 )^ .o*) 


Parametric equations A=| 27r x/{(ftf ) + }- d ® . ( x ) 

10 . 

All that now remains is the Test Exercise in frame 41, so when you are 
ready , turn on and work through it. 
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Test Exercise-XVII 


The problems are all straightforward so you should have no trouble 
with them. Work steadily: take your time. Do all the questions. Off 
you go. 


1. Find the position of the centroid of the plane figure bounded by the 
curve y = 4 — x 2 and the two axes of reference. 


2. The curve y 2 = x(l -x ) 2 between* = 0 and * = 1 rotates about the 
x-axis through 2ir radians. Find the position of the centre of gravity 
of the solid so formed. 


3. If x = a(6-sind),y = a(l -cos 0), find the volume generated when 
the plane figure bounded by the curve, the x-axis, and the ordinates at 
0=0 and 0 = 27t, rotates about the x-axis through a complete 
revolution. 


4. Find the length of the curve 4 xy = x 2 + 4 between x = 1 and x-e. 

5. The arc of the catenary y = 5 cosh-y-between* = 0 and x = 5 rotates 
about OX. Find the area of the surface so generated. 

6 . Find the length of the curve x = 5(cos 0 + 0 sin 0), 
y = 5 (sin 0 - 0 cos 0) between 0 = 0 and 0 = 7 r/ 2 . 

7. The parametric equations of a curve are x = e ( sin t,y =e l cos t. If the 
arc of this curve between t = 0 and t = 7 t/2 rotates through a complete 
revolution about the x-axis, calculate the area of the surface generated. 


Now you are all ready for the next programme. Well done, keep it up! 
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Further Problems-XVII 

1. Find the length of the curves + ^ln(l - x) betweenx = 0 

and x = 

2 For the catenary y = 5 cosher, calculate 

(i) the length of arc of the curve between x = 0 and x = 2. 

(ii) the surface area generated when this arc rotates about the x-axis 
through a complete revolution. 

3. The plane figure bounded by the parabola y 2 = 4<zx, the x-axis and 
the ordinate at x = a, is rotated through a complete revolution about 
the line x = -a. Find the volume of the solid generated. 

4. A plane figure is enclosed by the parabola y 2 = 4x and the liney = 2x. 
Determine (i) the position of the centroid of the figure, and (ii) the 
centre of gravity of the solid formed when the plane figure rotates 
completely about the x-axis. 

5. The area bounded by y 2 x = 4a 2 (2a -x), the x-axis and the ordinates 
x = a, x = 2a, is rotated through a complete revolution about the 
x-axis. Show that the volume generated is 4mi 3 (2 In 2 - 1). 

6. Find the length of the curve x 2 ^ 3 + y 2 ^ 3 = 4 between x = 0 and 
x = 8. 

7. Find the length of the arc of the curve 6xy = x 4 + 3, between x = 1 
and x = 2. 

8. A solid is formed by the rotation about the y-axis of the area bounded 
by the y-axis, the lines y = -5 andy = 4, and an arc of the curve 

2x 2 -y 2 =8. Given that the volume of the solid is , find the 
distance of the centre of gravity from the x-axis. 

9. The liney = x - 1 is a tangent to the curvey = x 3 - 5x 2 + 8x - 4 
at x = 1 and cuts the curve again at x = 3. Find the x coordinate of 
the centroid of the plane figure so formed. 
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10. Find by integration, the area of the minor segment of the circle 
x 2 + y 2 = 4 cut off by the liney = 1. If this plane figure rotates 
about the x-axis through 2n radians, calculate the volume of the 
solid generated and hence obtain the distance of the centroid of the 
minor segment from the x-axis. 

11. If the parametric equations of a curve are x = 3a cos 0 - a cos 36, 
y = 3a sin 6 - a sin 30, show that the length of arc between points 
corresponding to 0 = 0 and 0 = <t> is 6a(l — cos <t>). 

12. A curve is defined by the parametric equations 

x = 0 - sin 0, y = 1 - cos 0 

(i) Determine the length of the curve between 0 = 0 and 0 = 27r. 

(ii) If the arc in (i) rotates through a complete revolution about the 
x-axis, determine the area of the surface generated. 

(iii) Deduce the distance of the centroid of the arc from the x-axis. 

13. Find the length of the curve y = cosh x between x = 0 and x = 1. 
Show that the area of the surface of revolution obtained by rotating 

the arc through four right-angles about the y-axis is units. 

14. A parabolic reflector is formed by revolving the arc of the parabola 
y 2 = 4 ax from x = 0 to x = h about the x-axis. If the diameter of the 
reflector is 21, show that the area of the reflecting surface is 

^|(!’ + 4 A’)*' 1 -?} 

15. A segment of a sphere has a base radius r and maximum height h. 
h 2 + 3 r 2 j 

16. A groove, semi-circular in section and 1 cm deep, is turned in a solid 
cylindrical shaft of diameter 6 cm. Find the volume of material 
removed and the surface area of the groove. 

17. Prove that the length of arc of the parabola y 2 = 4 ax, between the 
points where y = 0 and y = 2a, is a\ y/2 + ln(l + \/2) j This arc is 
rotated about the x-axis through 2n radians. Find the area of the 
surface generated. Hence find the distance of the centroid of the 
arc from the line y = 0. 


Prove that its volume is~ 
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18. A cylindrical hole of length 2 a is bored centrally through a sphere. 
Prove that the volume of material remaining is ■ 

19. Prove that the centre of gravity of the zone of a thin uniform 
spherical shell, cut off by two parallel planes is halfway between the 
centres of the two circular end sections. 

20. Sketch the curve 3 ay 2 - x{x - a) 2 , when a > 0. Show that 

= ± 2^(3 ax) anc * h ence P rove that the perimeter of the loop is 
4 a! \/3 units. 
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1 . Moments of inertia 

The amount of work that an object of mass m, moving with velocity v, 
will do against a resistance before coming to rest, depends on the values 
of these two quantities: its mass and its velocity. 

The store of energy possessed by the object, due to its movement, is 
called its kinetic energy, and it can be shown experimentally that the 
kinetic energy of a moving object is proportional 
(i) to its mass, 

and (ii) to the square of its. 


velocity 


That is, 

K.E. otfflv 2 K.E. =kmv 2 

and if standard units of mass and velocity are used, the value of the 
constant £ is j. 

K.E .=jmv 2 

No doubt, you have met and used that result elsewhere. 

It is important, so make a note of it. 


3 r - 

K.E. =%mv 2 


In many applications in engineering, we are concerned with objects 
that are rotating — wheels, cams, shafts, armatures, etc. — and we often 
refer to their movement in terms of‘revolutions per second’. Each 
particle of the rotating object, however, has a linear velocity, and so has 
its own store of K.E. — and it is the K.E. of rotating objects that we are 
concerned with in this part of the programme. 

So turn on to frame 4. 


I 
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Let us first consider a single particle P of mass m rotating about an 
axis X with constant angular velocity co radians per second. 

This means that the angle 6 at the 
centre is increasing at the rate of 
co radians/ per second. 


Of course, the linear velocity of P, v cm/s, depends upon two quantities 
(i) the angular velocity (to rad/s) 
and also (ii) . 



4 


how far P is from the centre 


To generate an angle of 1 radian in a 
second, P must move round the circle 
a distance equal to 1 radius length, 
i.e. r(cm). 


If 6 is increasing at 1 rad/s, P is moving at r cm/s, 

” ” ” ” ”2 ” Pis moving at 2r cm/s, 

” ” ” ” ” 3 ” P is moving at 3 r cm/s, etc. 

So, in general, 

if 6 is increasing at co rad/s, P is moving at tor cm/s. 

Therefore, if the angular velocity of P is to rad/s, the linear velocity, 
v, of P is. 



5 



We have already established that the kinetic energy of an object of 
mass m moving with velocity v is given by 


6 


K.E. = 
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So, for our rotating particle, we have 
K.E. =\mv 2 



and changing the order of the factors we can write 
K.E .=\co 2 .mr 2 

where co = the angular velocity of the particle P about the axis (rad/s) 
m = mass of P 

r = distance of P from the axis of rotation 
Make a note of that result: we shall certainly need that again. 


8 



If we now have a whole system of particles, all rotating about XX 
with the same angular velocity co rad/s, each particle contributes its own 
store of energy. 
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Integration 



So that, the total energy of the system (or solid object) is given by 
K.E. = K.Ej + K.E 2 + K.E 3 + K.E 4 + .. . 

= •5 ri 2 c o 2 .m 2 r 2 2 +iu 2 .m 3 r 3 2 + . . . 

K.E , = S|w 2 .mr 2 

K.E, =7 oj 2 . "Lmr 2 (since co is a constant) 

This is another result to note. 



This result is the product of two distinct factors: 

(i) \ co 2 can be varied by speeding up or slowing down the rate of 
rotation, 

but (ii) I,m r 2 is a property of the rotating object. It depends on the 
total mass but also on where that mass is distributed in relation to 
the axis XX. It is a physical property of the object and is called its 
second moment of mass, or its moment of inertia (denoted by the 
symbol I). 

.'. I = Tm r 2 (for all the particles) 

Example: For the system of particles shown, find its moment of inertia 
about the axis XX. 
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[ I — 21 kg m 2 | 

Since I = T,mr 2 

= 2.3 + l.l'+ 3.2 + 4.2^ 

= A ' + 1 +X V ^ kg m 2 


Move on to frame 12. 


fC 


U* 


12 


2. Radius of gyration 


13 


If we imagine the total mass M of 
the system arranged at a distance k 
from the axis, so that the K.E. of M 
would be the same as the total K.E. 
of the distributed particles, 


then \ to 2 . Mk 2 oo 2 . Emr 2 
••• M k 2 = -Zmr 2 

and k is called the radius of gyration of the object about the particular 
axis of rotation. 

So, we have i = y wl .2. u t 2-, 


I - moment of inertia (or second moment of mass) 
k= radius of gyration about the given axis. 

Now let us apply some of these results, so on you go to frame 13. 


Example 1. To find the moment of inertia (I) and the radius of 
gyration ( k ) of a uniform thin rod about an axis through one end perpendi¬ 
cular to the length of the rod. 


Let p = mass per unit length of rod 
;s of element PQ = p.Sx. 

'. Second moment of mass of PQ about XX = mass X (distance) 2 
= p.8x.x 2 = px 2 .bx. 

'. Total second moment for all such elements can be written 
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The approximation sign is included since x is the distance up to the 
left-hand side of the element PQ. But, if 8x -* 0, this becomes 


I = \ px 2 .dx 


- r*- 3 ] fl _ P‘ 
P \l Jo 


. i=- 


Now, to find k, we shall use M k 2 = 1, so we must first determine the 
total mass M. 

Since p = mass per unit length of rod, and the rod is a units long, the 
total mass, M =. 


[~M =ap | 

Uk 2 = \ ap.k 2 = P -^r 


“* = 3 - K ~y/3 

•' 1=P ~f and k= sfe 


Now for another: - 

Example 2. Find I for a rectangular plate about an axis through its c.g. 
parallel to one side, as shown. 


h-i*- 

— 

l p 

G l 

1 


Q 


1 H 

k 1 


T 


Let p = mass per unit area of plate. 

Mass of strip PQ = b.hx.p 

Second moment of mass of strip 
about XX 

~b 6 x p.x 2 
(i.e. mass X distance 2 ) 

. Total second moment for all strips covering the figure 
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Did you remember the limits? 
So now, if 8x-+ 0, 

rd/2 


bpx 2 .dx = 




\d/2 

-d/2 


■ T - bd3 P 

12 

and since the total mass M = bdp, I = 

• t - bd3 P - Md2 
12 12 


This is a useful standard result for a rectangular plate, so make a note of 
it for future use. 


17 


Here is an example, very much like the last, for you to do. 

Example 3. Find I for a rectangular plate, 20 cm X 10 cm, of rr 
about an axis 5 cm from one 20-cm side as shown. 


is 2 kg, 


Take a strip parallel to the axis and 
argue as before. 


Note that, in this case, 
= 0-01 


H 10.20 200 
i.e. p = 0-01 kg/cm 2 


Finish it off and then turn on to the next frame. 
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- 

-15cm- 

—*- 


P f 

i'aocm 

-. 5cnr V 

Ql 


xr — 

X -n 

s 



= 217 kg cm 2 

Here is the working ir 


Area of strip = 20.5.x 
.'. Mass of strip = 20.5x.p 
.'. 2nd moment of mass of strip 
about XX ^ 20.5x.p.x 2 


.'. Total 2nd moment of mass = I — 2 20px 2 .5x. 


If5x->0, 1= 2Qpx 2 dx = 20 p : 


3 r i 100 3 — 

Now, for the same problem, find the value of k. 


for Mk-I and M = 2kg 

/. 2fc 2 = 217 /- A: 2 = 108-5 

:. k = Vl08-5 = 104 cm 
Normally, then, we find I this way: 

(i) Take an elementary strip parallel to the axis of rotation at a 
distance x from it. 

(ii) Form an expression for its second moment of mass about the 

(iii) Sum for all such strips. 

(iv) Convert to integral form and evaluate. 


490 






Programme 18 


20 


3. Parallel axes theorem 

If I is known'about an axis through the c.g. of the object, we can easily 
write down the value of I about any other axis parallel to the first and a 
known distance from it. 



Let G be the centre of gravity of the 
object 

Let m = mass of the strip PQ 
Then I G = Xmx 2 
and l AB =Xm(x + l) 2 


! ab = 2 m(x 2 + 2lx + l 2 ) 

= Xmx 2 + E2 mxl + Xml 2 

= Xmx 2 + 2 IXmx + l 2 Xm (since / is a constant) 

Now, Xmx 2 =. 

and Xm =. 


21 

Right. In the middle term we have Xmx. This equals 0, since the axis XX 
by definition passes through the c.g. of the solid. 

In our previous result, then, 

Xmx 2 = 1 G ; Emjc = 0; Xm = M 
and substituting these in, we get 

Iab=Ig + m i 2 

Thus, if we know I G , we can obtain I AB by simply adding on the 
product of the total mass X square of the distance of transfer. 

This result is important: make a note of it in your book. 


Xmx 2 = I G ; Xm = M 
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You do this one: 

Example 2. A metal door, 40 cm X 60 cm, has a mass of 8 kg and is 
hinged along one 60-cm side. 

Here is the figure: 

A f 



Find all three results: then turn on to frame 24 and check your working. 


23 
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(ii) I ab =1 g +M/ 2 = 1067 +8. 20 2 = 1067 + 3200 


= 4267 kg cm 2 

(iii) Mk 2 = I AB /. 8k 2 = 4267 k 2 = 533-4 k = 23-l cm 

If you made any slips, be sure to clear up any difficulties. 

Then move on to the next example. 


25 


Let us now consider wheels, cams, etc. — basically rotating discs. 

To find the moment of inertia of a circular plate about an axis through 
its centre, perpendicular to the plane of the plate. 



If we take a slice across the disc as an elementary strip, we are faced 
with the difficulty that all points in the strip are not at the same distance 
from the axis. We therefore take a circular strip as shown. 

Mass of strip — 2irx.8x.p (p = mass per unit area of plate) 

.'. 2nd moment of strip about ZZ —. 
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j 2nx.8x.pjc 2 I 

2nd moment of strip about ZZ = 2 npx 3 .8x 
Total 2nd moment for all such circular strips about ZZ, is given by 

I-.- - 2 2itpx 3 .8x 
x = 0 

If 6x^-0, I z 2ttpx 3 .dx = 2wpj^-J 

_ litpr 4 _ nr 4 p 

~4 T 


Total mass, M = nr 2 p 


_ 7 tr 4 p _M .r 2 
" l *~~2 = 2 


This is another standard result, so note it down. 
Next frame. 


_ nr 4 p _ M .r 2 
~ ~2 2 ~~ 

Example 1. Find the radius of gyration of a metal disc of radius 6 cm 
and total mass 0-5 kg. 

We know that, for a circular disc, 

I z and, of course, M& 2 = I 

so off you go and find the value of k. 


27 


|~ fc = 4-24cm 

M.r 2 _ 0-5. 36 _ t 
lz “ 2 ~ 
M£ 2 = i :.\k 2 = 9 

k = 4-24 cn 


kg cm 2 
k 2 = 18 


28 


They are all done in very much the same way. 
Turn to frame 29. 
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29 4 Perpendicular axes theorem (for thin plates) 

Let 8m be a small mass at P. 



Then I x — H8m.y 2 
and I Y — 25/n.x 2 


Let ZZ be the axis perpendicular to both XX and YY. 


Then I z = 26m.(OP) 2 = 28m.(x 2 +y 2 ) 

= 26 m.y 2 + 25m.x 2 
= + 

If we know the second moment about two perpendicular axes in the 
plane of the plate, the second moment about a third axis, perpendicular to 
both (through the point of intersection) is given by 

I Z = Ix + I Y 

And that is another result to note. 


30 


To find I for a circular disc about a diameter as axis. 



We have already established that 
_ irr 4 p _ M.r 2 

Iz_ T "T 

Let XX and YY be two diameters 
perpendicular to each other. 


Iv + I Y ~ 1 7. - 


But all diameters are identical 


’■ 2 -T ’ ■ ! X _ a 


For a circular disc: 


Make a note of these too. 


t _nr 4 p M.r 2 . _ nr 4 p _ M.r 

l Z ~ ~2 2 and A X _ “4“ _ 4 
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Example. Find I for a circular disc, 40 cm diameter, and of mass 12 kg, 

(i) about the normal axis (Z axis), 

(ii) about a diameter as axis, 

(iii) about a tangent as axis. 

Work it through on your own. When you have obtained (ii) you can 
find (iii) by applying the parallel axes theorem. 

Then check with the next frame. 


31 



In the course of our work, we have established a number of important 
results, so, at this point, let us collect them together, so that we can see 
them as a whole. 

On then to the next frame. 


496 






Programme 18 


33 Useful standard results, so far. 

1. I = Smr 2 ; M.fc 2 = I 

2. Rectangular plate (p = mass/unit area) 



3. Circular disc 




j _bd 3 p _M.d 2 
G 12 12 


_ ar 4 p _ M.r 2 



5. Perpendicular axes theorem 



These standard results cover a large number of problems, but some¬ 
times it is better to build up expressions in particular cases from first 
principles. Let us see an example using that method. 
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36 


I x =256ttp ;fc = 2-19cm 


Solution: 

For elementary disc: 


j 


x 10 ny 4 8xp 


If6*-*0, \ x = [ 10 ^ 4 dx=^[ 10 y*dx 

Jo 2 2 Jo 

Now, from the figure, the slope of the generating line is 4/10. 


=?o.,4r 

= 7tp 0-0256 j~10 5 j 
= 7rp0-0256. 10 4 - 256 np 

Now we proceed to find k. 

Total mass = M = -| 7 t 4 2 lOp = 
Mk 2 =l 


. ^*’=256 


up 


2 - 3-256.7 rp 
160.7rp 
_ 3.64 
40 


.'. k=yj 4-8 = 2-19 ci 


Turn now to frame 37. 
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5. Second moments of area 


37 

In the theory of bending of beams, the expression "Ear 2 , relating to the 
cross-section of the beam, has to be evaluated. This expression is called 
the second moment of area of the section and although it has nothing 
to do with kinetic energy of rotation, the mathematics involved is 
clearly very much akin to that for moments of inertia, i.e. Emr 2 . 

Indeed, all the results we have obtained for thin plates, could apply to 
plane figures, provided always that ‘mass’ is replaced by ‘area’. In fact, 



the mathematical processes are 

so nearly alike that the same symbol (I) 


is used in practice both for moment of inertia and for second moment 


of area. 



Moments of inertia 

Second moments of area 

38 

I = Emr 2 

I = Ear 2 

Mfc 2 = I 

Ak 2 = I 


Rectangular plate 

Rectangle 


bd 3 p 

bd 3 


12 

l C~ 12 


M.d 2 

A.d 2 


12 

12 


Grcular plate 

Circle 


nr*p 

nr 4 


Iz 2 

Iz 2 


M.r 2 

A.r 2 


2 

2 


it r 4 p 

nr 4 


l x- 4 

l x 4 


M.r 2 

_ A.r 2 


4 

4 


1 Parallel axes theorem — applies to both. 


Iab = I G +m ' 2 

Ub i C + a/ 2 


\ Perpendicular axes theorem — 

applies to thin plates and plane figures only 


j Turn on. 

h = l X + 
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For, again by the parallel axes theorem, 

I Y = 72 + 24.3 2 = 72 + 216 = 288 cm 4 
So we have therefore: I x = 128 cm 4 

and Iy = 288 cm 4 

I z (which is perpendicular to both I x and I Y ) =. 
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j I z = 416 cm*j 


□□□□□□□□□□□□□a 


!□□□□□□□ 
e proceed in 


43 


When the plane figure is bounded by an analytical curve, \ 
much the same way. 

Example 2. Find the second moment of area of the plane figure bounded 
by the curve y = x 2 + 3, the x-axis, and the ordinates at x = 1 and x - 3, 
about the y-axis. 


Area of strip PQ = y.Sx 
2nd mt. of strip about OY = y.Sx. x 2 
= x 2 .y. Sx 



2 x 2 y Sx 


[ I Y ~ 74-4 units 4 | 

^ = j x 2 (x 2 + 3) dx = J (x 4 + 3x 2 ) dx 


44 


_ 242 


+27 )i r 1 ) 

26 = 48-4 + 26 = 74-4 units 4 


Note: Had we been asked to find I x , we should take second moment of 
the strip about OX, i.e. y5x^~j ; sum for all strips 2^ 5x;and then 
evaluate the integral. 

Now, one further example, so turn on to the next frame. 
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First consider an elementary strip. Area of strip = x.8y 
2nd mt. of strip about AB = x. 8y.y 2 = xy 2 .8y 
Total 2nd mt. about AB for all such strips 
y = 5 

- 2 xy 2 .Sy 
y = 0 

If 8y -*■ 0, I AB = ( xy 2 dy 

JO 

We must now write x in terms of y — and we can obtain this from the 
figure by similar triangles. 

Finish the work off, so that I AB =. 


46 


I = 250 cm 4 ; k = 3-536 ci 


Iab = \ xy 2 dy=T\ y 3 dy 


= i l’ z T 

5 L4 Jo 


: [5 4 — 0] = ^(625) = 250 cm 4 


:. 20k 2 = 250 
:. k 2 = 12-5 
:. k = 3-536 cm 
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Composite figures 

If a figure is made up of a number of standard figures whose individual 
second moments about a given axis are I 1; I 2 ,1 3 , etc., then the second 
moment of the composite figure about the same axis is simply the sum 
of I 1; I 2 ,1 3 , etc. 

Similarly, if a figure whose second moment about a given axis is I 2 
is removed from a larger figure with second moment 1 1 about the same 
axis, the second moment of the remaining figure is I = I 2 — I 2 
Now for something new. 


47 
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6. Centres of pressure 

Pressure at a point P depth z below the surface of a liquid. 


s_ 



_S 


If we have a perfect liquid, the 
pressure at P, i.e. the thrust on unit 
area at P, is due to the weight of the 
column of liquid of height z above it. 


Pressure at P = p = wz, where w = weight of unit volume of the liquid. 
Also, the pressure at P operates equally in all directions. 


s s 



Note that, in our considerations, we 
shall ignore the atmospheric pressure 
which is also acting on the surface of 
the liquid. 


The pressure, then, at any point in a liquid is proportional 
the.of the point below the surface. 
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Total thrust on a vertical plate immersed in liquid. 


s 

y 


gj 

J- 


dz 

1 

r 

\ _ 

t 


Consider a thin strip at a depth z 
below the surface of the liquid. 
Pressure at P = wz. 

Thrust on strip PQ —wz (area of strip) 
-w.z.a.Sz 


Then the total thrust on the whole plate 
z=d 2 

— awz8z 
rd 2 

If 8z -* 0, total thrust = j awzdz= . 


50 



for: total thrust = a w |yj 2 = \d 2 2 ~ 

This can be written 


Total thrust =—~(d 2 -df) (d 2 + di) 



Now,(^- 2 ^ j is the depth half way down the plate, i.e. it indicates 

the depth of the centre of gravity of the plate. Denote this by z. 

Then, total thrust = wa(d 2 -d x )Z = a{d 2 -di)wz. 

Also a(d 2 ~di) is the total area of the plate. 

So we finally obtain the fact that 

total thrust = area of plate X pressure at the c.g. of the plate. 

In fact, this result applies whatever the shape of the plate, so copy the 
result down for future use. 

On to the next frame. 
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Depth of G = di + ^ sin 30° = ^ 

Pressure at G = +-^w 

Total area = ab 

Total thrust =. 



Remember this general rule enables us to calculate the total thrust on 
an immersed surface in almost any set of circumstances. 

So make a note of it: 

total thrust = ar ea of surface X pressure at the c.g. 

Then on to frame 55. 


507 






Integration Applications 3 


Depth of centre of pressure 


55 



The pressure on an immersed plate 
increases with depth and we have seen 
how to find the total thrust T on the 
plate. 


The resultant of these forces is a single force equal to the total thrust, 
T, in magnitude and acting at a point Z called the centre of pressure of 
the plate. Let f denote the depth of the centre of pressure. 

To find f we take moments of forces about the axis where the plane of 
the plate cuts the surface of the liquid. Let us consider our same rectangu¬ 
lar plate again. 


1 

r 

1 


i! 


7 ■ 

[' 

y 


L 

L 

- a -- 

1 


The area of the strip PQ = 


a.5z 


The pressure at the level of PQ - 


56 



So the thrust on the strip PQ - 
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| a.bz.w.z i.e. awzSz j 

The moment of this thrust about the axis in the surface is therefore 
-awzSz. z 
= awz 2 . 6z 

So that the sum of the moments of thrusts on all such strips 


59 


2 awz 2 Sz 


Now, if Sz -* 0, 

e d 2 

the sum of the moments of thrusts = \ awz 2 .dz 

Jd, 

Also, the total thrust on the whole plate =. 


60 


Right. Now the total thrust X z = sum of moments of all individual thrusts. 
j^awzdzXf awz 2 dz 

Mi 

■ ■ Total thrust X z = wj az 2 dz 

= wl 

Therefore, we have 


total thrust Awz 
. =_k 2 


Make a note of that and then turn on. 
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So we have these two important results: 

(i) The total thrust on a submerged surface 

= total area of face X pressure at its centroid (depth z) 

(ii) The resultant thrust acts at the centre of pressure, the depth of 

— - k? 

which, z, is given by z = — . 


61 


Now for an example on this. 


Example 1. For a vertical rectangular dam, 40m X 20m, the top edge 
of the dam coincides with the surface level. Find the depth of the centre 
of pressure. 



In this case,z = 10m. 
To find k 2 about AB 




Ad 2 40.20.400. 


80 000 
— n 
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A k 2 = I 
? = ^ = 


= |.(80 000) 

4 80 000 _ 400 


k = j 

400 _ 40 


Note that, in this case, 

(i) the centroid is half-way down the rectangle, 
but (ii) the centre of pressure is two-thirds of the way down the 
rectangle. 
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Here is one for you. 

Example 2. An outlet from a storage tank is closed by a circular cover 
hung vertically. The diameter of the cover = 1 m and the top of the cover 

S_ s is 2-5 m below the surface of the 

t liquid. Determine the depth of the 

centre of pressure of the cover. 



Work completely through it: then check your working with the next 

^ . si __ 1 ; . 


64 


We have: 


1 


-© 


(i) Depth of centroid = z = 3 m 

(ii) To find k 2 about AB 

r = = 7r ^ )2 -^) 2 = £ 

c 4 4 64 

I AB = g5 +A - 32 

= £ + *<±) 2 -9 


_ Iab _ 1457T 4 _ 145 


145 1 _ 145_ 
16 '3 48 


And that brings us to the end of this piece of work. Before you work 
through the Test Exercise, check down the revision sheet that follows in 
frame 65 and brush up any part of the programme about which you may 
not be absolutely clear. 

Then, when you are ready, turn on to the Test Exercise. 
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Revision Sheet 
1. SECOND MOMENTS 



Mts. of Inertia 


2nd Mts. of Area 

(0 

l = "Lmr 2 

0) 

I = 2<zr 2 


M/c 2 = I 


A fc 2 = I 

(ii) 

Rectangular plate: 

00 

Rectangle: 


_bd 3 p _M.d 2 


b.d 3 A.d 2 


1g 12 12 


l C~~12 12 

(iii) 

Circular disc: 

(iii) 

Circle: 


T w 4 p M.r 2 


_7tr 4 _A 1 r 2 


*2“ = ~2 


Iz ~~2 ‘ 2 


_nr 4 p_M.r 2 


, = s 4 = Af 2 


! X - 4 4 


4 4 


(iv) Parallel axes theorem: 

I A b=I g + W 2 Iab =i c + a/2 

(v) Perpendicular axes theorem (thin plates and plane figures only): 

I Z =I X +I Y 

2. CENTRES OF PRESSURE 

(i) Pressure at depth z = wz (w = weight of unit volume of liquid) 

(ii) Total thrust on plane surface 

= area of surface X pressure at the centroid. 

(iii) Depth of centre of pressure (I): 

Total thrust X z = sum of moments of distributed thrust 



where k = radius of gyration of figure about axis in surface of 
liquid, 

z = depth of centroid. 

Note: The magnitude of the total thrust 

= (area X pressure at the centroid) 
but it acts through the centre of pressure. 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 

Now for the Test Exercise, on to frame 66. 
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Work through all the questions in theTest Exercise.They are very 
much like those we have been doing, so will cause you no difficulty: 
there are no tricks. Take your time and work carefully. 


Test Exercise - XVIII 

1. (i) Find the moment of inertia of a rectangular plate, of sides a and b, 
about an axis through the mid-point of the plate and perpendicular to 
the plane of the plate, (ii) Hence find also the moment of inertia 
about an axis parallel to the first axis and passing through one corner 
of the plate, (iii) Find the radius of gyration about the second axis. 

2. Show that the radius of gyration of a thin rod of length / about an axis 
through its centre and perpendicular to the rod is - 

An equilateral triangle ABC is made of three identical thin rods 
each of length /. Find the radius of gyration of the triangle about an 
axis through A, perpendicular to the plane of ABC. 


3. A plane figure is bounded by the curve xy = 4, the x-axis, and the 
ordinates at x = 2 and x = 4. Calculate the square of the radius of 
gyration of the figure (i) about OX, and (ii) about OY. 


4. Prove that the radius of gyration of a uniform solid cone with base 


radius r about its natural axis is 




5. An equilateral triangular plate is immersed in water vertically with 
one edge in the surface. If the length of each side is a, find the total 
thrust on the plate and the depth of the centre of pressure. 
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Further Problems - XVIII 

1. A plane figure is enclosed by the curve y = a sin x and the x-axis 
between x = 0 and x = n. Show that the radius of gyration of the 

figure about the x-axis is . 

2. A length of thin uniform wire of mass M is made into a circle of 
radius a. Find the moment of inertia of the wire about a diameter 
as axis. 


3. A solid cylinder of mass M has a length / and radius r. Show that its 
moment of inertia about a diameter of the base is M^j- + jJ. 

4. Show that the moment of inertia of a solid sphere of radius r and 
mass M, about a diameter as axis, isyMr 2 . 


5. Prove that, if k is the radius of gyration of an object about an axis 
through its centre of gravity, and ic, is the radius of gyration about 
another axis parallel to the first and at a distance / from it, then 

=V(* 2 +/ 2 )- 

6. A plane figure is bounded by the parabola y 2 = 4ax, the x-axis and 
the ordinate x = c. Find the radius of gyration of the figure 

(i) about the x-axis, and (ii) about they-axis. 

7. Prove that the moment of inertia of a hollow cylinder of length l, 
with inner and outer radii r and R respectively, and total mass M, 
about its natural axis, is given by I =-j-M (R 2 + r 2 ). 

8. Show that the depth of the centre of pressure of a vertical triangle 
with one side in the surface is-5 -h, if h is the perpendicular height 
of the triangle. 

9. Calculate the second moment of area of a square of side a about a 
diagonal as axis. 

10. Find the moment of inertia of a solid cone of mass M and base 

radius r and height h, about a diameter of the base as axis. Find also 
the radius of gyration. 
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11. A thin plate in the form of a trapezium with parallel sides of length 
a and b, distance d apart, is immersed vertically in water with the 
side ef length a in the surface. Prove that the depth of the centre of 
pressure (z) is given by 

s - d(a + 3b) 

2(a + 2b) 

12. Find the second moment of area of an ellipse about its major axis. 

13. A square plate of side a is immersed vertically in water with its upper 
side horizontal and at a depth d below the surface. Prove that the 

centre of pressure is at a distance .. a . below the centre of the 
6(« + 2d) 

square. 

14. Find the total thrust and the depth of the centre of pressure when a 
semicircle of radius a is immersed vertically in liquid with its diameter 
in the surface. 

15. A plane figure is bounded by the curve y = e x , the x-axis, the y-axis 
and the ordinate at x = 1. Calculate the radius of gyration of the 
figure (i) about OX as axis, and (ii) about OY as axis. 

16. A vertical dam is a parabolic segment of width 12 m and maximum 
depth 4 m at the centre. If the water reaches the top of the dam, 
find the total thrust on the face. 

17. A circle of diameter 6 cm is removed from the centre of a rectangle 
measuring 10 cm by 16 cm. For the figure that remains, calculate 
the radius of gyration about one 10 -cm side as axis. 

18. Prove that the moment of inertia of a thin hollow spherical shell of 

2 

mass M and radius r, about a diameter as axis is — Mr 2 . 

19. A semicircular plate of radius a is immersed vertically in water, with 
its diameter horizontal and the centre of the arc just touching the 
surface. Find the depth of the centre of pressure. 

20. A thin plate of uniform thickness and total mass M, is bounded by 

the curve y = c cosh—, the x-axis, the y-axis, and the ordinate x= a. 
c 

Show that the moment of inertia of the plate about the y-axis is 
M jrz 2 — 2ca coth" 1 ^ + 2 c 2 J. 
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APPROXIMATE INTEGRATION 




Programme 19 


Introduction 

In previous programmes, we have seen how to deal with various types of 
integral, but there are still some integrals that look simple enough, but 
which cannot be determined by any of the standard methods we have 
studied. 

ri 

For instance, I xe x dx can be evaluated by the method of integration 

Jo 

f * . 


by parts. 


What do you get? 


n 


l-We 


for: J r xe x dx = J^.x(e x )j 2 e x dx 

= e^(r\)-e°(-l)=\-We 

That was easy enough, and this method depends, of course, on the fact 
that on each application of the routine, the power of x decreases by 1, 

until it disappears, leaving I e x dx to be completed without difficulty, 

fl ' 

But suppose we try to evaluate x 2 e x dx by the same method. The 

J 0 

process now breaks down. Work through it and see if you can decide why. 
When you have come to a conclusion, move on to the next frame. 


Reducing the power of x by 1 at each application of the 
method, will never give x°, i.e. the power of x will never 
disappear and so the resulting integral will always be a product. 




2 dx 


and in the process, we have hopped over x°. 

So here is a complication. The present programme will show you how 
to deal with this and similar integrals that do not fit in to our normal 
patterns. So on, then, to frame 4. 
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Approximate integration 

First of all, the results we shall get will be approximate in value, but like 
many other ‘approximate’ methods in mathematics, this does not imply 
that they are ‘rough and ready’ and of little significance. 

The word ‘approximate’ in this context simply means that the 
numerical value cannot be completely defined, but that we can state the 
value to as many decimal places as we wish, 
e.g. To say x = s/3 is exact, but to say 

x = 1 -732 is an approximate result since, in fact, s/3 has a 
value 1-7321 .. . with an infinite number of decimal places. 

Let us not be worried, then, by approximate values: we use them 
whenever we quote a result correct to a stated number of decimal places, 
or significant figures. 

n=3h tt = 3-142 : tt = 3-14159 
are all. values 


5 


approximate 


We note, of course, that an approximate value can be made nearer and 
nearer to the real value by taking a larger number of decimal places — and 
that usually means more work! 

Evaluation of definite integrals is often required in science and engineer¬ 
ing problems: a numerical approximation of the result is then quite 
satisfactory. 

Let us see two methods that we can apply when the standard routines 
fail. 

On to frame 6. 
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0 Method 1. By series 

Consider the integral | T x T e x dx, which we have already seen cannot be 

J 0 

evaluated by the normal means. We have to convert this into some other 
form that we can deal with. 


Now we know that 


e x = 1 +x + 


:. f* J 1 e x dx =P 

Jo Jo 


3! 4! ' 

h 2! 3! 4 


C 1 / 2 


v 5 / 2 

x3,2+ ^r + 


dx 


Now these are simply powers of x , so, on the next line, we have 


f 2 * 3 ' 1 

2 x s < 2 

2 x 7/2 2x 9/z I 2 

1 L 3 

1 5 

7.2 9.6 •• j () 

f2* 3 ' 2 

2 x 5 / 2 

x l/2 x 9/2 -u 

L 3 

5 

+ ~T + IT + ‘ "J 0 


To ease the calculation, take out the factor x 2 

I =r x i/2£ + 2^ + ^! + ^ + £l + 

L A 3 5 + 7 + 27 132 ‘ ' jj 0 


II. 


1 


1 


V2l3 4.5 8.7 16.27 

_ s/2 
2 

= V2 


0-3333 + 0-1000 + 0-0179 + 0-0023 + 0-0002 . 


^ 10-45371 
= 1-414(0-2269) 


= 0-3207 

All we do is to express the function as a series and integrate the powers 
of x one at a time. 

Let us see another example, so turn on to frame 8. 
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Here is another. 

, T . , riinn+xK 

To evaluate — 1 —7— ax 

J o 

First we expand ln(l + x) as a power series. Do you remember what it is? 
ln(l +x)= . 


ln(l +x) = *- T + T 



'tad «) dx _ 2 _x± lx»_x2l 

v 'v ax 3 5 21 18 ' 


10 


So that, applying the limits, we get 




1 


1 


1 


i-Ji-iL__ 

V 2 I 3 20 ^ 84 288 T 880 2496 " j 

= 0-7071 ( 0-3333 - 0-0500 + 0-0119 - 0-0035 
+ 0-0011-0-0004... j 

= 0-7071 (0-2924) 

= 0-2067 

Here is one for you to do in very much the same way. 

Evaluate [ \fx. cos x dx 
JO 

Complete the working and then check your result with that given in the 
next frame. 
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I 0-531 to 3 decimal places 


CO, *" 1 “2i + 4r6! + 8!"-” 

. , l/2 x 5 ! 2 x 9 > 2 x l3 > 2 

■ \/x COS X = X 1 2 - —— + —— - —— H 

2 24 720 


\/x cos x dx = 


2 x 3 ^ 2 


132 


x 15 ' 2 
5400 H 


•j: 


2 1 


1 


(3 7 132 5400 ‘' f 
= 0-6667 - 0-1429 + 0-007576 - 0-000185 + . 
= 0-531 to 3 dec, pi. 

Check carefully if you made a slip. Then on to frame 12. 


12 


The method, then, is really very simple, providing the function can 
readily be expressed in the form of a series. 

But we must use this method with caution. Remember that we are 
dealing with infinite series which are valid only for values of x for which 
the series converges. In many cases, if the limits are less than 1 we are 
safe, but with limits greater than 1 we must be extra careful. For instance, 


f 4 1 

the integral —— 3 dx would give a divergent 

J 2 1 + x 

were substituted. So what tricks can we employ 


series when the limits 
in a case such as this? 


On to the next frame, and we will find out. 
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Right. So in this form we can expand without further trouble. 





32 + 5120 524288 + •• • j 

_{_!+J-I_ + ] 

\ 8 160 2048 J 

= -0-03125 + 0-00020 - 0-00000 + 0-12500 - 0-00625 + 0-00049 
= 0 12569-0-03750 
= 0-08819 
= 0 088 to 3 dec. pi. 
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16 


Method 2. By Simpson’s rule 

Integration by series is rather tedious and cannot always be applied, so 
let us start afresh and try to discover some other method of obtaining the 
approximate value of a definite integral. 

We know, of course, that integration can be used to calculate the area 
under a curve y-f{x) between two given points x = a and x = b. 


A=j ydx=j f(x)dx 


So, if only we could find the area A by some other means, this would 
give us the numerical value of the integral we have to evaluate. There are 
various practical ways of doing this and the one we shall choose is to 
apply Simpson’s rule. 



So on to frame 1 7. 


17 


Simpson’s rule 

To find the area under the curve y = f(x) between x-a and x = b. 



(a) Divide the figure into any even number (n) of equal-width strips 
(width s) 

(b) Number and measure each ordinate: jy 1 , j y 2 ,y 3 , ... ,y n + 1 • 

The number of ordinates will be one more than the number of strips. 

(c) The area A of the figure is then given by: 

A -^(F + L) + 4E + 2r] 

Where s = width of each strip, 

F + L = sum of the first and last ordinates, 

4E = 4 X the sum of the even-numbered ordinates, 

2R= 2 X the sum of the remaining odd-numbered ordinates. 
Note that each ordinate is used once — and only once. 

Make a note of this result in your record book for future reference. 
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A-|^(F + L) + 4E + 2Rj 

The symbols themselves remind you of what they represent. 

Example: To evaluate ( y tlx for the function y = f(x), the graph of 
which is shown. 2 

To find | y dx 


If we take 8 strips, then s =—3— = = 4- s = T 

00 2 l 

Suppose we find the lengths of the ordinates to be as follows: 



Ord. No. 
Length 


123456789 
7-5 8-2 10-3 11-5 12-4 12-8 12-3 117 11 -5 


Then we have 


So that 


F + L* 7-5 + 11-5 — 19 

4E= 4(8-2 + 11-5 + 12-8 + 11-7) = 4(44-2)= 176-8 
2R = 2(10-3 + 12-4 + 12-3) = 2(35) = 70 

A ~~ [19+ 176-8 + 70] 


= -j-[265-8]= 44-3 .\ A = 44-3 units 2 

-f 6 

J 2 f(x)dx^ 44-3 

The accuracy of the result depends on the number of strips into which 
we divide the figure. A larger number of thinner strips gives a more 
accurate result. 

Simpson’s rule is important: it is well worth remembering. 

Here it is again: write it out, but replace the query marks with the 
appropriate coefficients. 

A^[(F + L) + ?E + ?r] 
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A — “[(F + L) + 4E + 2r] 

In practice, we do not have to plot the curve in order to measure the 
ordinates. We calculate them at regular intervals. Here is an example. 
f*/3 . 

Example: To evaluate j V s ' n x dx, using six intervals. 

J 0 

(a) Find the value of s : 

w/3-0 is . ,,,o . , . . 

s =-T— = — (=10 mtervals) 

6 18 

(b) Calculate the values of y(i.e. \/s> n x) at intervals of 7r/18 between 

x = 0 (lower limit) and x = n/3 (upper limit), and set your work out 
in the form of the table below. 


X 

sin x 

Vsin x 


0 (0°) 
tt/18 (10°) 

ff/9 (20°) 
tt/6 (30°) 
2tt/9 (40°) 
5^/18(50°) 
tt/3 (60°) 

00000 

0-1736 

0-3420 

0-5000 

0-0000 

0-4166 

Leave the right-hand side of 
your page blank for the 
moment. 


Copy and complete the table as shown on the left-hand side above. 


Here it is: check your results so far. 

___(0 (ii) (lit) 


X 

sin* 

Vsin* 

F + L E R 

0 (0°) 

0-0000 

0-0000 - 

—u... 

rr/18 (10°) 

0-1736 

0-4166 - 

- 

rt/9 (20°) 

0-3420 

0-5848 - 


tt/6 (30°) 

0-5000 

0-7071 - 

-> ''' 

2t r/9 (40°) 

0-6428 

0-8016 h 


5rr/18(50°) 

0-7660 

0-8752 J 


rr/3 (60°) 

0-8660 

0-9306 -| 

—»""" 



Now form three more columns on the right-hand side, headed as shown, 
and transfer the final results across as indicated. This will automatically 
sort out the ordinates into their correct groups. 

Then on to frame 21. 
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(0 

00 

(iii) 

21 


F + L 

E 

R 

Note that 

00000. 



(a) You start in column 1 


0-4166. 


(b) You then zig-zag down the 



~ ,0-5848 

two right-hand columns 


0-7071'.;' 


(c) You finish back in column 1. 



--0-8016 



__.JD.8752* 



0-9306' 



Now total up each of the three columns. 




(0 

00 

(iii) 

22 

Your results should be: 

F + L 

E 

R 



0-9306 

1-9989 

1-3864 


Now (a) Multiply column (ii) by 4 so as to give 4E, 


(b) Multiply column (iii) by 2 so as to give 2R, 


(c) Transfer the result in columns (ii) and (iii) to column (i) and 

total column (i) to obtain (F + L) + 4E + 2R. 


Now do that. 





F + L 

E 

R 

23 

This gives: p + L _* 

0-9306 

1-9989 

1-3864 

4E-* 

7-9956 

4 

2 

2R-* 

2-7728 

7-9956 

2-7728 

(F + L) + 4E + 2R- 

11-6990 



The formula is A — ^ [(F + L) + 4E + 2R] s 

o to find A we simply need 

to multiply our last result by -j. Remember s = 

7 r/l 8. 


1 So now you can finish it off. 





•v/sin xdx = 

0 
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24 | 0-681 | 

For: A-| [(F + L) + 4E + 2R] 

-^[11-6990] 

— tt/54 [11-6990] 

- 0-6806 
r W3 

I \/sin x dx — 0-681 

J 0 

Before we do another example, let us see the last solution complete. 

f 

To evaluate I Vsin x dx by Simpson’s rule, using 6 intervals. 


s = —^ — = 7r/18 (=10° intervals) 


X 

sinx 

Vsin x 

F + L 

E 

R 

0 (0°) 

0-0000 

0-0000 

0-0000 



?r/18 (10°) 

0-1736 

0-4166 


0-4166 


rr/9 (20°) 

0-3420 

0-5848 



0-5848 

tt/6 (30°) 

0-5000 

0-7071 


0-7071 


2tt/9 (40°) 

0-6428 

0-8016 



0-8016 

5tt/18 (50°) 

0-7660 

0-8752 


0-8752 


77/3 (60°) 

0-8660 

0-9306 

0-9306 




F+L 


0-9306 

1-9989 

1-3864 


4E 


7-9956 

4 

2 


2R 


2-7728 

7-9956 

2-7728 

(F + L) 

t 4E + 2R 


11-6990 

— 


1^| [(F + L) + 4E + 2R] 


--Jj [11-6990] 

-0-6806 

.\ J^ 3 Vsin xdx ^0-681 

Now we will tackle example 2 and set it out in much the same way. 
Turn to frame 25. 
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pl-0 

Example 2. To evaluate l V(1 +x 3 )dx, using 8 intervals. 

J 0-2 

First of all, find the value of s in this case. 


25 


For s = 



s = 0-1 


Now write the column headings required to build up the function 
values. What will they be on this occasion? 


26 


I X | x 3 \l+x 3 |V(l+x 3 )| F + L | E | R | 27 

Right. So your table will look like this, with x ranging from 0-2 to 1-0. 


X 

X 3 

1 + X 3 

V(l+* 3 ) 

F + L 

E 

R 

0-2 

0-3 

04 

0-5 

0-6 

0-7 

0-8 

0-9 

1-0 

0-008 

0-027 

0-064 

0-125 

0-216 

0-343 

1-008 

1-027 

1-0039 

1-0134 




F + L-» 

4E—► 

2R-> 

(F + L) + 4E + 2R-» 


4 

2 






Copy down and complete the table above and finish off the working to 


evaluate 1 >/( 1 + jc 3 )dx. 

J 0-2 

Check with the next frame. 
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+ x 3 )dx = 0-911 


X 

* 3 

1 +x 3 

V(l+* 3 ) 

F + L 

E 

R 

0-2 

0-008 

1-008 

1 -0039 

1-0039 



0-3 

0-027 

1-027 

1-0134 


1-0134 


04 

0-064 

1-064 

1-0316 



1-0316 

0-5 

0-125 

1-125 

1-0607 


1-0607 


0-6 

0-216 

1-216 

1-1027 



1-1027 

0-7 

0-343 

1-343 

1-1589 


1-1589 


0-8 

0-512 

1-512 

1-2296 



1-2296 

0-9 

0-729 

1-729 

1-3149 


1-3149 


1-0 

1-000 

2-000 

14142 

14142 





F + L 


24181 

4-5479 

3-3639 



4E 


18-1916 

4 

2 



2R 


6-7278 

18-1916 

6-7278 


(F + L) + 

4E + 2R 


27-3375 



I = | [(F + L) + 4E + 2R] 


= ^y [27-3375] =-± [2-73375] =0-9113 
p 1-0 

| V(1 + x 3 )<£c^0-911 

J 0-2-- 

There it is. Next frame. 


29 


Here is another one: let us work through it together. ^ 

Example 3. Using Simpson’s rule with 8 intervals, evaluate l ydx, where 
the values of y at regular intervals of x are given. J 1 



1-0 

1-25 

1-50 

1-75 

2-00 

2-25 

2-50 

2-75 

3-00 

y 

245 

2-80 

3-44 

4-20 

4-33 

3-97 

3-12 

2-38 

1-80 


If these function values are to be used as they stand, they must satisfy the 
requirements for Simpson’s rule, which are: 


(i) the function values must be spaced at.intervals of x, 

and 

(ii) there must be an.number of strips and therefore an 

.number of ordinates. 
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regular; even; odd 


These conditions are satisfied in this case, so we can go ahead and 
evaluate the integral. In fact, the working will be a good deal easier for 
we are told the function values and there is no need to build them up a 
we had to do before. 

In this example, s =. 


30 


s = 0-25 | 

„ 3-1 2 

For s=-g-=-= 0-25 


31 


Off you go, then. Set out your table and evaluate the integral defined 
by the values given in frame 29. When you have finished, move on to 
frame 32 to check your working. 



6-62 


X 

y 

F + L 

E 

R 

1-0 

2-45 

2-45 



1-25 

2-80 


2-80 


1-50 

3-44 



3-44 

1-75 

4-20 


4-20 


2-00 

4-33 



4-33 

2-25 

3-97 


3-97 


2-50 

3-12 



3-12 

2-75 

2-38 


2-38 


3-00 

1-80 

1-80 



F 

+ L—» 

4-25 

13-35 

10-89 


4E —> 

53-40 

4 

2 


2R-> 

21-78 

53-40 

21-78 

L) + 4E H 

t 2R-—> 

79-43 



1 = 3 [(F + L)+4E + 2R] =-^ [79-43] 


= [79-43] = 6-62 

.’. ^ ydx-6-62 


32 
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Here is one further example. 

Example 4. A pin moves along a straight guide so that its velocity 
v (cm/s) when it is a distance x (cm) from the beginning of the guide at 
time t (s), is as given in the table below. 

t{4 0 0-5 HO H5 24} 2A 34) 3d5 A0~ 

v (cm/s) 0 4-00 7-94 11-68 14-97 17-39 18-25 16 08 0 

Apply Simpson’s rule, using 8 intervals, to find the approximate total 
distance travelled by the pin between t = 0 and t = 4. 

We must first interpret the problem, thus: 



and since we are given values of the function v at regular intervals of t, 
and there is an even number of intervals, then we are all set to apply 
Simpson’s rule. 

Complete the problem, then, entirely on your own. 

When you have finished it, check with frame 34. 
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Proof of Simpson’s rule 

So far, we have been using Simpson’s rule, but we have not seen how it is 
established. You are not likely to be asked to prove it, but in case you are 
interested here is one proof. 


35 



Divide into an even number of strips 
(2«) of equal width (s). Let the 
ordinates beyi,y 2) y 3 ,..._y 2 „ + 1 ■ 
Take OX and OY as axes in the 
position shown. 

Then A = (—s,yi); 

B = (0,y 2 ); C = (s,y 3 ) 


Let the curve through A, B, C be represented by y =a + bx + cx 2 
y t . =a +b(-s) + cs 2 (i) 

y 2 =a (ii) 

y 3 = a + bs + cs 2 (iii) 

(hi) - (i) y 3 -y, =2 bs b = ~(y 3 -jq) 

(i) + (iii) - 2(ii) y 2 +y 3 -2y 2 = 2 cs 2 c=p Oi - 2 y 2 +y 3 ) 
Let A! = area of the first pair of strips. 

Aj =| (a + bx + cx 2 )dx - +■— 

*2as+~- -2sy 2 .^2 Oi -2^ 2 + y 3 ) 

(6y 2 +y\- 2y 2 +y 3 ) (y x + 4y 2 +y 3 ) 


So Aj ===| (y x +4y 2 +y 3 ) 

Similarly A 2 -1 (y 3 + 4y 4 + y s ) 

A 3 -j(Ps+4y 6 +y 7 ) 


A„ - | (y 2 n-i + 4y 2n +T2«+i) 

Total area A = Aj + A 2 + A 3 +.+ A„. 

A ~ 3 [Oi +T 2 „+i) + 4 (y 2 +y 4 + . . . + J> 2 „) + 2(y 3 + y s + . . . +y 2 „. 1 )J 
A = | [(F + L) + 4E + 2R] 

On to frame 36. 
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We have almost reached the end of the programme, except for the 
usual Test Exercise that awaits you. Before we turn to that, let us revise 
once again the requirements for applying Simpson’s rule. 


(a) The figure is divided into an even number of strips of equal 
width s. There will therefore be an odd number of ordinates or 
function values, including both boundary values. 

ffc 

(b) The value of the definite integral t f(x) dx is given by the 

numerical value of the area under the curve y = f(x) between 
x = a and x = b 

I=A-f [(F + L) + 4E + 2R] 

where s = width of strip (or interval), 

F + L = sum of the first and last ordinates, 

4E = 4 X sum of the even-numbered ordinates, 

2R = 2 X sum of remaining odd-numbered ordinates. 

(c) A practical hint to finish with: 

Always set your work out in the form of a table, as we have 
done in the examples. It prevents your making slips in method 
and calculation, and enables you to check without difficulty. 


Now for the Test Exercise. The problems are similar to those we have 
been considering in the programme, so you will find them quite straight¬ 
forward. 

On then to frame 37. 
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Test Exercise - XIX 

Work through all the questions in the exercise. Set the solutions out 
neatly. Take your time: it is very easy to make numerical slips with work 
of this kind. 


37 


1 . Express sin x as a power series and hence evaluate 
f sinx ^ ^ pi acesG f decimals. 


2. Evaluate \ x~ l e 2x dx correct to 3 decimal places. 

Jo -1 

3. The values of a function y =f(x) at stated values of x are given below. 


X 

2-0 

2-5 

3-0 

3-5 

4-0 

4-5 

5-0 

5-5 

6-0 

y 

3-50 

6-20 

7-22 

6-80 

5-74 

5-03 

6-21 

8-72 

11-10 


Using Simpson’s rule, with 8 intervals, find an approximate value 
of ^ y dx. 


4. Evaluate \ \/cos 0 dO, using 6 intervals. 

Jo 

PW2 . , 

5. Find an approximate value of l V(1 _ 0-5 sin 2 d)d8 using Simpson’s 

rule with 6 intervals. J 0 


Now you are ready for the next programme. 
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Further Problems — XIX 

fi 

1. Evaluate t %/(I -x 2 )dx (i) by direct integration, 

0 (ii) by expanding as a power series, 

(iii) by Simpson’s rule (8 intervals). 

2. State the series for ln(l + x) and for In (I -x) and hence obtain a 
series for ln(-|—— 


•IMS) 


dx, correct to 3 decimal places. 


3. In each of the following cases, apply Simpson’s rule (6 intervals) to 
obtain an approximate value of the integral. 

«S’ /2 0»$V4c<*<l)U 9 

(c) C ' 2 _ 

J Jo V(l~isin 2 0) 

4. The coordinates of a point on a curve are given below. 

*01 2 34 5678 

7 4 TO 64 44$ 34 2^5 U7 T 


The plane figure bounded by the curve, the x-axis and the ordinates 
at x = 0 and x = 8, rotates through a complete revolution about the 
*-axis. Use Simpson’s rule (8 intervals) to obtain an approximate value 
of the volume generated. 

5. The perimeter of an ellipse with parametric equations * = 3 cos 6 , 

y - 2 sin 0 , is 2\j2 f (13 — 5 cos 20)^ dO. Evaluate this integral 
JO 

using. Simpson’s rule with 6 intervals. 

6. Calculate the area bounded by the curve y = e x , the x-axis, and the 
ordinates at x = 0 and x = 1. Use Simpson’s rule with 6 intervals. 
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7. The voltage of a supply at regular intervals of 0-01 s, over a half¬ 
cycle, is found to be: 0, 19-5, 35, 45, 40-5, 25, 20-5, 29, 27, 
12-5, 0. By Simpson’s rule (10 intervals) find the r.m.s. value of the 
voltage over the half-cycle. 

8. Show that the length of arc of the curve x = 30 - 4 sin 9, 

y = 3 — 4 cos 9, between 0=0 and 9 = 27r, is given by the integral 

r2n 

\ \/(25 - 24 cos 9)d0. Evaluate the integral, using Simpson’s rule 

Jo 

with 8 intervals. 

9. Obtain the first four terms of the expansion of (1 + x 3 ) 7 and use 

them to determine the approximate value of^ V(1 + * 3 )dx, correct 
to three decimal places. 

10. Establish the integral in its simplest form representing the length of 
the curve y = \ sin 9 between 9=0 and 9 = n/2. Apply Simpson’s 
rule, using 6 intervals, to find an approximate value of this integral. 

11. Determine the first four non-zero terms of the series for tan -1 * and 

hence evaluate \ VxtaiT 1 * dx correct to 3 decimal places. 

Jo 

12. Evaluate, correct to three decimal places, 

(i) [ x/x-cos xdx, (ii) ( y/x. sin * dx. 

Jo Jo 

f «/2 

13. Evaluate \ y(2-5 - 1 -5 cos 2 9)d9 by Simpson’s rule, using 6 

Jo 

intervals. 

f 1 4 4 

14. Determine the approximate value of l (4 + * ) 2 dx 

Jo 

(i) by first expanding the expression in powers of x, 

(ii) by applying Simpson’s rule, using 4 intervals. 

In each case, give the result to 2 places of decimals. 
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Progi 


Introduction to polar co-ordinates 

We already know that there are two main ways in which the position of 
a point in a plane can be represented. 


(i) by Cartesian co-ordinates, i.e. (x,y) 

(ii) by polar co-ordinates, i.e. (r, 6). 

The relationship between the two systems can be seen from a diagram. 



Or, working in the reverse direction, the co-ordinates r and 6 can be found 
if we know the values of x and y. 


0 = 


3 

This is just by way of revision. We first met polar co-ordinates in an 
earlier programme on complex numbers. In this programme, we are going 
to direct a little more attention to the polar co-ordinates system and its 
applications. 

First of all, an easy example or two to warm up. 

Example 1. Express in polar co-ordinates the position (-5, 2). 

Important hint: always draw a diagram; it will enable you to see 
which quadrant you are dealing with and prevent your making an initial 
slip. 

Remember that d is measured from 
the positive OX direction. 

In this case, the polar co-ordinates of P are. 
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(5-385, 158°12') 

= 2 2 + 5 2 = 4 + 25 = 29 
r = x/29 = 5-385 . 

(ii) tan E =|= 0-4 E = 21°48' 
e = 158°12' 

Position of Pis (5-385,158°12') 

A sketch diagram will help you to check that 6 is in the correct quadrant. 
Example 2. Express (4, -3) in polar co-ordinates. Draw a sketch and you 

cannot go wrong! , , , 

When you are ready, move to frame 5. 




| (5,323°8 , )~| 

(i) r 2 = 3 2 + 4 2 = 25 r = 5 
x (ii) tan E=-^ = 0-75 E = 36 52 

e = 323°8' 

(4, —3) = (5, 323°8') 

Example 3. Express in polar co-ordinates (-2, -3). 
Finish it off and then move to frame 6. 


| 3-606,236°19' | 


Check your result. 



(i) r 2 = 2 2 + 3 2 = 4 + 9 = 13 
r = Vl3 = 3-606 

E =■§■= 1*5 -■- E = 56°19' 

:. 6 =236°19' 

(-2,-3) = (3-606, 236°19') 

Of course, conversion in the opposite direction is just a matter of evaluat¬ 
ing x = r cos 6 and y = r sin 6 . Here is an example. 

Example 4. Express (5, 124°) in Cartesian co-ordinates. 

Do tha t, and then move on to frame 7. _ — 
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x 0 


.-.(5, 124°) = (-2-796, 4-145) 

That was all very easy. 

Now, on to the next frame. 

O Polar curves 

In Cartesian co-ordinates, the equation of a curve is given as the general 
relationship between x andy, i.e.y = f(x). 

Similarly, in the polar co-ordinate system, the equation of a curve is 
given in the form r = f(0). We can then take spot values for 9 , calculate 
the corresponding values of r, plot r against 9 , and join the points up with 
a smooth curve to obtain the graph of r=f(9). 

Example 1. To plot the polar graph of r = 2 sin 6 between 0=0 and 
9 = 277. 

We take values of 9 at convenient intervals and build up a table of 
values giving the corresponding values of r. 




9° 210 240 270 300 330 360 


Complete the table, being careful of signs. 
When you have finished, turn on to frame 9. 
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Here is the complete table. 



240 ° 270 ® 300 ® 


(i) We choose a linear scale for r and indicate it along the initial line. 

(ii) The value of r is then laid off along each direction in turn, points 
plotted, and finally joined up with a smooth curve. The resulting graph is 
as shown above. 

Note that when we are dealing with the 210° direction, the value of r is 
negative (-1) and this distance is therefore laid off in the reverse direc¬ 
tion which once again brings us to the point A. So for values of 9 between 
6 = 180° and 9 = 360°, r is negative and the first circle is retraced exactly. 
The graph, therefore, looks like one circle, but consists, in fact, of two 
circles, one on top of the other. 

Now, in the same way, you can plot the graph of r = 2 sin 2 0. 

Compile a table of values at 30° intervals between 0=0° and 9 = 360° 
and proceed as we did above. 

Take a little time over it. 

When you have finished, move on to frame 10. 
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Here is the result in detail. 


0 

0 30 

60 

90 

120 

150 

180 

sin 9 

0 0-5 

0-866 

1 

0-866 

0-5 

0 

sin 2 d 

0 0-25 

0-75 

1 

0-75 

0-25 

0 

r= 2 sin 2 0 

0 0-5 

1-5 

22 

1-5 

0-5 

0 



e 

210 

240 

270 

300 

330 

360 

sin 9 

-0-5 

-0-866 

-1 

-0-866 

-0-5 

0 

sin 2 9 

0-25 

0-75 

1 

0-75 

0-25 

0 

r = 2 sin 2 0 

0-5 

1-5 

2 

1-5 

0-5 

0 



This time, r is always positive and so there are, in fact, two distinct 
loops. 

Now on to the next frame. 


11 


Standard polar curves 

Polar curves can always be plotted from sample points as we have done 
above. However, it is often useful to know something of the shape of the 
curve without the rather tedious task of plotting points in detail. 

In the next few frames, we will look at some of the more common 
polar curves. 


So on to frame 12. 
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Sketch these 12 standard curves in your record book. They are quite 
common in use and worth remembering. 

Then on to the next frame. 


The graphs of r = a + b cos d give three interesting results, according 

14 to the relative values of a and b. 


(i) Ifa=b, we get 


e 


(ii) If a <b, we get — 


(iii) If a > fc, we get 



(cardioid) 


(re-entrant loop) 


(no cusp or re-entrant 
loop) 


So sketch the graphs of the following. Do not compile tables of values. 

(i) r = 2 + 2 cos 6 (iii) r = 1 + 2 cos 6 

(ii) r = 5 + 3 cos 0 (iv) r = 2 + cos 6 
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If you have slipped up with any of them, it would be worth while to plot 
a few points to confirm how the curve goes. 

On to frame 16. 
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25|~7T sin 2rr/3 ~| 

4 L3 2 J 


■ jOt i ]' 3 ' 8388 

A = 3-84 t o 2 decimal places 

Now this one: 

Example 2. Find the area enclosed by the curve r = 1 + cos 6 and the 
radius vectors at 0 - 0 and 6 = n/2. 

First of all, what does the curve look like? 


! 
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1 

I 

I 


So the area of a polar sector is easy enough to obtain. It is simply 



Make a note of this general result in your record book, if you have not 
already done so. 

Next frame. 


Example 3. Find the total area enclosed by the curve r = 2 cos 3 0. 

Notice that no limits are given, so we had better sketch the curve to see 
what is implied. 

This was in fact one of the standard polar curves that we listed earlier 
in this programme. Do you remember how it goes? If not, refer to your 
notes: it should be there. 


21 


Then on to frame 22. 
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Since we are dealing with r = 2 cos 30, r will become zero when 
cos 30 = 0, i.e. when 36 = n/2, i.e. when 6 = 7r/6. 

We see that the figure consists of 3 equal loops, so that the total 
A, is given by 

A = 3 (area of one loop) 

= 6 (area between 6 = 0 and 6 = 77/6.) 
rn/6 r* jt /6 

A - 6J ^ \ r 2 dd = 3 I 4 cos 2 30 dd 



Now here is one for you to do on your own. 


Example 4. Find the area enclosed by one loop of the curve r = a%\ 


First sketch the graph. 



Arguing as before, r = 0 when a sin 29 = 0, i.e. sin 20 = 0, i.e. 26 ~ C 
so that 26 = 0, n, 2n, etc. 

.'. 0=0,77/2,77, etc. 


So the integral denoting the area of the loop in the first quadrant w 
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rn/2 , 

A =i\ r 2 dd 

Jo 

25 

Correct. Now go ahead and calculate the area. 


r 

A = 7Tfl 2 /8 units 2 | 

26 

Here is the working: check yours. 


fir/2 a 2i‘n/2 

A=i r 2 dd =7-1 sin 2 20 dd 

Jo 2 Jo 

»r/2 

= —I (1 - cos 40) dd 


_fl£T sin 40~ W 2 = H 2 t 


Now on to frame 27. 


To find the volume generated when the plane figure bounded by 
r = f(8 ) and the radius vectors at 6 =6i and 8 = 8 2 rotates about the 
initial line. \e=e 2 


27 



If we regard the elementary sector OPQ as approximately equal to the 
2 /* 

A OPQ, then the centroid C is distance —from 0. 

We have: Area OPQ -^r(r + 5r) sin 60 

Volume generated when OPQ rotates about OX = SV 

.'. 5V = area OPQ X distance travelled by its centroid (Pappus) 

= ^r{r + Sr) sin 50.2rrCD 
= 2 r (r + Sr) sin SO ,2it-^r sin 0 
=^nr 2 (r + Sr) sin 50. sin 0 
sin 50 . 


■ ^^nr 2 (r 
■■ 50 ^ 1 

Then when 


Sr) — 


dV_ 
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28 


and 



V = 


29 


v-r 

J si 


Correct. This is another standard result, so add it to your notes. 
Then move to the next frame for an example. 


30 


Example 1. Find the volume of the solid formed when the plane figure 
bounded by r = 2 sin 6 and the radius vectors at 0 = 0 and 9 = rr/2, rotates 
about the initial line. 


Well now, 


-r 


6d6 


/*W2 2 , rrr/2 ig 

4-w.( 2 sin 0) 3 .sin 0 d6 = sin 4 0 d6 

Jo 3 Jo 3 

Since the limits are between 0 and n/2, we can use Wallis’s formula for 
this. (Remember?) 

So V =. 


31 


For 


V = 


1677 f w / 2 

3 Jo 


sin 4 0 d& 


16tt 3.1 77 
3 '4.2 '2 


77 2 units 3 


Example 2. Find the volume of the solid formed when the plane figure 
bounded by r = 2a cos 6 and the radius vectors at 6 = 0 and 9 = 7r/2, 
rotates about the initial line. 

Do that one entirely on your own. 

When you have finished it, move on to the next frame. 


j 
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= - l^ 3 f 71/2 cos 3 0 (- sin 0) dO 

3 J 0 

-_ i67ra 3 r cos 4 0~ [ ,r ^ 2 . _ 167ra 3 f 1_"1 

3 L 4 Jo 3 L 4J 

V = units 3 


So far, then, we have had 

(i) A=f ° 2 ir*dO 

J e, 

(ii) V = f 2 \ nr 3 sin 0 dd 

J 3 


Check that you have noted 
these results in your book. 



With the usual figure 


8s‘ 


! .S0 2 +5 r‘ 
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Example 1. Find the length of arc of the spiral r = ae 36 from 0 = 0 to 
& = 2 n. 

dr 


r 2 + (^) = fl 2 e 6fl + 9a 2 e 60 = 1 Oa 2 e 60 


35 


Since 


0 



VlO.a.e 36 



As you can see, the method is very much the same every time. It is merely 
a question of substituting in the standard result, and, as usual, a knowledge 
of the shape of the polar curves is a very great help. 

Here is our last result again. 

Make a note of it: add it to the list. 


36 


Now here is an example for you to do. 

Example 2. Find the length of the cardioid r = a( 1 + cos 6) between 
0 = 0 and 6 = tt. 

Finish it completely, and then check with the next frame. 
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: r Ale) ' 2 » - 2 “ s 2 

; '7{ r,+ (s)’!‘ 2 “ c “! 

s = j* 2a cos^dd = 2a |2 sin 
= 4a [l - 0] = 4 a units 


37 


Let us pause a moment and think back. So far we have established 
three useful results relating to polar curves. Without looking back in this 
programme, or at your notes, complete the following. 


38 


If r =/(0), (i) A = 

00 v = 

(iii) s = 


To see how well you have got on, turn on to frame 39. 
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39 



If you were uncertain of any of them, be sure to revise that particular 
result now. When you are ready, move on to the next section of the 
programme. 


40 



Finally, we come to this topic. 

To find the area of the surface generated when the arc of the curve 
r=f(6 ) between 6 =6 1 and 6 =d 2 rotates about the initial line. 

Once again, we refer to our usual figure. 

V 2 

If the elementary arc PQ rotates 
about OX, then, by the theorem of 
Pappus, the surface generated, 5S, is 
given by (length of arc) X (distance 
travelled by its centroid). 


.'. SS -6s. 2jtPL -8s.2nr sin 6 

. SS_ . .Ss 
..--^rsmd- 

From our previous work, we know that ~ -^/|r 2 } 

2rrr sin 9 J{r> +Q ) 

2nr sin 6 ^J\ r% +(|j) ) 

This is also an important result, so add it to your list. 


so that 

And now, if 5 6 -*■ 0, 
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41 


S= 1 


e 2 

01 


2^sin0/(r 2 +(|))d0 


This looks a little more involved, but the method of attack is much 
the same. An example will show. 

Example 1. Find the surface area generated when the arc of the curve 
r = 5(1 + cos 0) between 0=0 and 6 = it, rotates completely about the 
initial line. 

Now, r= 5(1 + cos0) ^=-5sin0 


42 

150(1 + cos e)~| 

for r 2 = 25(1 + 2 cos 0 + cos 2 0 + sin 2 0) 

= 25(2+ 2 cos0) 

= 50(1 + cos 0) 

We would like to express this as a square, since we have to take its root, 
so we now write cos 0 in terms of its half angle. 

50(1+2 ““i- 1 * 

, 0 

= 100 cos 2 - 

So the formula in this case now becomes 

S =. 
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We can make this more convenient if we express (1 + cos 9) and sin 6 


also in terms of 
What do we get? 



S = 1607T units 


And finally, here is one for you to do. 

Example 2. Find the area of the surface generated when the arc of the 
curve r = ae & between 0=0 and 9 = 7r/2 rotates about the initial line. 
Finish it completely and then check with the next frame. 
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'•♦(a) *** 

•'V(' 1+ (S)W 

S = 2na e 6 sin 6.\/2ae e <26 


Let I = J e 26 sin 6 dd = e 20 (- cos 6) + 2jcos 6 e 2B <26 
= -e 2e cos 6 + 2 je 20 sin 6 - 2 jsin 6 e 26 <26 1 

I = -e 20 cos 6 + 2e 20 sin 0 - 41 

51 =e 20 12 sin 6 - cos 6 ) 

e 20 r 

1 = y| 2 sin0 -cos 6 

S = 2s/2.iia 2 j^|2 sin 6 - cos <?jj” /2 


We are almost at the end, but before we finish the programme, let us 
collect our results together. 

So turn on to frame 47. 
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47 


Revision Sheet 


Polar curves — applications. 


1. Area 


2. Volume 


3. Length of arc 


4. Surface of revolution 


A 


V 


s 


S 


f ®2 2 , 

=j -^nr 3 sin Odd 

=f„;yHD> 


It is important to know these. The detailed working will depend on 
the particular form of the function r=f(d), but, as you have seen, the 
method of approach is mainly consistent. 

The Test Exercise now remains to be worked. First brush up any 
points on which you are not perfectly clear; then, when you are ready, 
turn on to the next frame. 
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Test Exercise - XX 

Answer all the questions. They are quite straightforward: there are no 
tricks. But take your time and work carefully. 


1. Calculate the area enclosed by the curve rd 2 = 4 and the radius 
vectors at 0 = tt/2 and 6 =n. 

2. Sketch the polar curves: 

(i) r = 2 sin 0 (ii) r = 5 cos 2 0 . (iii) r = sin 20 
(iv) r = 1 + cos 0 (v) r = 1 + 3 cos 0 (vi) r = 3 + cos 0 

3. The plane figure bounded by the curve r = 2 + cos 0 and the radius 
vectors at 0 = 0 and 6 =ir, rotates about the initial line through a 
complete revolution. Determine the volume of the solid generated. 

4. Find the length of the polar curve r = 4 sin 2 between 0 = 0 and 
0 = n. 

5. Find the area of the surface generated when the arc of the curve 
r = a (1 - cos 0) between 0=0 and 0 = it, rotates about the initial 
line. 


That completes the work on polar curves. You are now ready for the 
next programme. 
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Further Problems - XX 

1. Sketch the curve r - cos 2 0. Find (i) the area of one loop and 

(ii) the volume of the solid formed by rotating it about the initial 
line. 

2. Show that sin 4 0 = -|-ycos 20 +-^ cos 40. Hence find the area 

bounded by the curve r = 4 sin 2 0 and the radius vectors at 0 = 0 
and 0 = 7T. 


3. Find the area of the plane figure enclosed by the curve r=a sec^^j 
and the radius vectors at 0 = 0 and 0 = -nil. 

4. Determine the area bounded by the curve r = 2 sin 0 + 3 cos 0 and 
the radius vectors at 0 = 0 and 0 = 7r/2. 


2 

5. Find the area enclosed by the curve r = --— and the radius 

1 + cos 20 

vectors at 0 = 0 and 0 = ir/4. 

6. Plot the graph of r = 1 + 2 cos 0 at intervals of 30° and show that it 
consists of a small loop within a larger loop. The area between the 
two loops is rotated about the initial line through two right-angles. 
Find the volume generated. 

7. Find the volume generated when the plane figure enclosed by the 
curve r = 2a sin 2 ^^between 0=0 and 0 = n, rotates around the 
initial line. 


8. The plane figure bounded by the cardioid r = 2a(l + cos 0) and the 
parabola r(l + cos 0) = 2 a rotates around the initial line. Show that 
the volume generated is 18 tt« 3 . 

9. Find the length of the arc of the curve r = a cos 3 ^ between 0=0 
and 0 = 37T. 

10. Find the length of the arc of the curve r = 3 sin 0 + 4 cos 0 between 
0 = 0 and 0 = 7 t/2. 
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11. Find the length of the spiral r = ad between 0=0 and 6 = 2tt. 

12. Sketch the curve r = a sin 3 ^—j and calculate its total length. 

13. Show that the length of arc of the curve r = a cos 2 # between 6 = 0 
and 6 = 71-/2 is a[2y/3 + ln(2 + yj3)] /(2\/3). 

14. Find the length of the spiral r = a e be between 0=0 and 6 =6 X , and 
the area swept out by the radius vector between these two limits. 

15. Find the area of the surface generated when the arc of the curve 

r 2 = a 2 cos 20 between 0=0 and 0 = 7r/4, rotates about the initial 
line. 
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2 


Summation in two directions 

Let us consider the rectangle bounded by the straight lines, x = r, 
x = s,y = k,y = m, as shown. 



Then the area of the shaded element, 5 a = .. 

[~5g = 5y. 5x~| 

If we add together all the elements of area, like 8a, to form the 
vertical strip PQ, then 5 A, the area of the strip, can be expressed as 
6A =. 


3 


8A 


- y i : 5jc 

y = k 


Did you remember to include the limits? 

Note that during this summation in they-direction, 8x is constant. 


If we now sum all the strips across 
the figure from x = r to x = s, 
we shall obtain the total area of 
the rectangle, A. 

O ~r 3 S X 

A= 2 (all vertical strips like PQ) 

Removing the brackets, this becomes 

A = *2* y X M 8y.5x. 
x=r y=k 

If now 8y -*■ 0 and 8x -* 0, the finite summations become integrals, 
so the expression becomes A =. 


TT 
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4 

To evaluate this expression, we start from the inside and work 
outwards. 


A=[* * \\ y m dy 
Jx=r ;Jy = * 

= ( m~k)dx 


and since m and k are constants, this gives A = 



A = (m - k). (s - r) 

which we know is correct, for it is merely A = length X breadth. 

That may seem a tedious way to find the area of a rectangle, but we 
have done it to introduce the method we are going to use. 

First we define an element of area by ■ bx. 

Then we sum in the y-direction to obtain the area of a. 

Finally, we sum the result in the x-direction to obtain the area of 
the. 
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Ai = V ~L (all horizontal strips like CD) = y Ps* Bx. By j 
y =k y=k\x=r J 

As before, if we now remove the brackets and consider what this 
becomes when bx -> 0 and §j -*■ 0, we get 


Ai = 



To evaluate this we start from the centre 



Complete the working to find Ai and then move on to frame 9. 



Fo ' A - .r■ JT■ r) ^■ (s ■ r) Hr 

Ai = (s — r). (m — k ) which is the same result as before. 

So the order in which we carry out our two summations appears not to 
matter. 

Remember 

(i) We work from the inside integral. 

(ii) We integrate w.r.t. jc when the limits are values of x. 

(iii) We integrate w.r.t. y when the limits are values of y. 

Turn to the next frame. 










Multiple Integrals 


Double integrals 

I* yt pX2 

The expression 1 f(x, y) dx dy is called a double integral 

J yi J xi 

(for obvious reasons!) and indicates that 

(i) f(x, y) is first integrated with respect to x (regarding y as being 
constant) between the limits x=x t and x = x 2 , 

(ii) the result is then integrated with respect to y between the limits 
y =yi andy = y 2 . 

Example 1 f 2 f 4 

Evaluate 1 = j J (x + 2y) dx dy 

So (x + 2y) is first integrated w.r.t. x between x = 2 and x = 4, withy 
regarded as constant for the time being. 


Finish it off. 




dy 


i |(8 + 8y)-(2 + 4y)J dy 
2 

(6 + 4 y)dy = . 


10 


I=| (6 + 4y) dy = j^6y + 2y 2 J ^ 

= (12 + 8 ) - (6 + 2 ) = 20 - 8 = 12 


It 


Here is another. 

Example 2 2 3 

Evaluate 1 = 1 I x 2 y dx dy 

10 C 3 o 

Do this one on your own. Remember to start with I x y dx with 
y constant. 

Finish the double integral completely and then turn on to frame 12. 
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12 HlED 

Check your working: 

I=J J x 2 ydxdy=j ;J* x 2 y dx dy 

•au:>‘ u 


13-5 
me way. 

-nr.* 


= 18-4-5 = 13-5 

Now do this one in just the same way. 

Example 3 

Evaluate I = | | (3 + sin 6) dO dr 

0 

When you have finished, check with the next frame. 



: j^{(3ir+ !)-(-!)} dr 


=J* 2 (3ir + 2) dr 
-[(Sir+ 2 )/]* 

= (3tt + 2) (2 - 1) = 3rr + 2 

On to the next frame. 
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Triple integrals. Sometimes we have to deal with expressions such as 

1 ~J J J f(x,y,z)dx.dy-dz 

but the rules are as before. Start with the innermost integral and work 
outwards. 

.-.-.( 5 ) 

,, ^ . ^ 

f{x,y,z)dx ; dy \ dz 


/: !/: !/: 


All symbols are regarded as constant for the time being, except the om 
variable with respect to which the stage of integration is taking place. 
So try this one on your own straight away. 


Example 1. Evaluate I 




(x + 2y- z ) dx. dy. dz 


I = -8 


Did you manage it first time? Here is the working in detail. 
I=| J J (x + 2y-z)dx.dy.dz 

= IiI j (2 + 4y ~ 2z) dy - dz = j 3 1 2 ? + 2yi ~ 2yz \ 1 dz 

= | 3 {(2 + 2-2z)-(-2 + 2 + 2 2 )Jrfz = j 3 (4~4z)cfe 

= [ 42_2z2 ] i = ( 12 - 18 >-(4-2) = -8 

Example 2. Evaluate f I* j* (p 1 + q 2 ~ r 2 ) dp. dq .dr 

J 1 J oJo 

When you have finished it, turn on to frame 16. 
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15 
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QED 

I=[ I I (p 2 + Q 2 ~r 2 )dpdqdr 

-J>M> 

= f (1 + 9 - 3r 2 ) dr 


■[‘O'-'’]'' 


( 20 - 8 )-( 10 - 1 ) 


= 12- 9 = 3 

It is all very easy if you take it steadily, step by step. 

Now two quickies for revision: 

Evaluate (i) J J dy dx, (ii) J J 2 y dy dx. 
Finish them both and then move on to the next frame. 
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(i) 1 = 2; (ii) 1=188 


Here they 

•2 r S 


=4-2=2 

00 1 =| o J 1 2 :y dy dx = J q jVJ ** dx =J (9x 2 - 1) dx 
= |^3x 3 -xJ* = 192-4= 188 

And finally, do this one. 

l=j 5 j 2 Ox* -4)dxdy= . 
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Check the working. 

I =| J (3x 2 - 4) dx dy 

“loH/-’’ 

= j*^ |(8 ~8) ~ (1 ~4)j dy 

■j>-Ho - L5 

Now let us see a few applications of multiple integrals. 
Move on then to the next frame. 
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Applications 

Example 1. Find the area bounded by y = -j, the *-axis and the 



Finish it off. 


19 
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Right. Now what about this one? 

Example 2. Find the area under the curve y = 4 sin ^ between x = ~ 
and x = 7r, by double integral method. 

Steps as before. 

Area of element = S.y. 5.x 
Area of vertical strip 

^ = 0 

Total area of figure: x _ n t _ 

A— E | 2 1 Sy.Sx 
x = tt/3| y = 0 

If Sy -*■ 0 and 8x -* 0, then 


A = f f dydx- . 

J ir/3 J 0 

Complete it, remembering that y t = 4 sin^- 



= (-8 cos tt/ 2) - (-8 cos rr/6) 

= 0 - 8. = 4y/3 units 2 

Now for a rather more worthwhile example — on to frame 22. 
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Example 3. Find the area enclosed by the curves 
yi 2 = 9x and y 2 

First we must find the points of intersection. For that,j, =y 2 - 

■ 9x = fl * = 0 01x3 = 729 > Le -* = 9 

So we have a diagram like this: 



Now finish it off, remembering that y 1 2 = 9x andy 2 = 


= [ 9 dydx4 9 \yV 

JoJ y 2 JoL J y 


= (yi~yi)dx 

-[--ST. 

= 54-27 = 27 units 2 

Now for a different one. So turn on to the next frame. 


sol^j 
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Q n Double integrals can conveniently be used for finding other values 
fc>*T besides areas. 

Example 4. Find the second moment of area of a rectangle 6 cm X 4 cm 
about an axis through one corner perpendicular to the plane of the figure. 



Second moment of element P about OZ 6a (OP) 

^by.bx. (x 2 + y 2 ) 

Total second moment about OZ 

I^ x £ 6 y i (x 2 +y 2 )dydx 
x = 0 y = 0 

If Sx 0 and Sy -> 0, this becomes 

t *6 /*4 

I=j j (X 1 +y*)dydx 
Now complete the working. !^ ...—— : — 






T4x 3 64x1 6 = 288 + i28 = 416 cm 4 

L"3 3 Jo --— 


about one 5 cm side as axis. 

Complete it and then turn on to fra me 26. .... . 
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26 


Here it is: check through the working. 


T\\ 

I : ! 


Ik 


Area of element = da = 5 y. bx 
Second moment of area of 5 a 
about OX = bay 2 

= y 2 5 y bx 


y = 3 

Second moment of strip — 2 y 2 . by . bx 

y = o 

x ~ s y ~ 3 

Second moment of whole figure - 2 2 y 2 . by. bx 

x = 0 y = 0 

If 5y -> 0 and bx -* 0 


''My** 


On to frame 27. 


Now a short revision exercise. Finish both integrals, before turning on to 
the next frame. Here they are. 


27 


Revision 

Evaluate the following: 


(0 j o ^ (y 2 ~xy)dydx 

(U) l\\> +y2)dydx - 


When you have finished both, turn on. 
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|~(i) I = 9|; (ii) 1=16 


Here they are in detail. 



= 9 + 7= 16 


Now on to frame 29. 


29 


Alternative notation 

Sometimes, double integrals are written in a slightly different way. 

f 3 f 2 

For example, the last double integral I = l (x 2 + y 2 ) dy dx could 
JO Jl 


have been written 


<•3 <• 2 

{x 2 +y 2 )dy 

The key now is that we start working from the right-hand side integral 
and gradually work back towards the front. Of course, we get the same 
result and the working is identical. 

Let us have an example or two, to get used to this notation. 

Move on then to frame 30. 
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(• 2 rW2 

Example 1. I = l dx\ 5 cos 6 dO 

Jo Jo 

-hh? 

= 10 


It is all very easy, once you have seen the method. 
You try this one. 

1*6 1*71/2 

Example 2. Evaluate I = l dy I 4 sin 3x dx 
J 3 Jo 


30 


E3 


Here it is. 


|»6 1*77/2 

I = dy I 4 sin 3x dx 
J 3 JO 

= [f]'-(8)-( 4 )-4 

Now do these two. 

r 3 ,*1 

Example 3. J dx j (x-x 2 )dy 

r 2 /*2 y 

Example 4. j dyj (x -y) dx 

(Take care with the second one) 

When you have finished them both, turn on to the next frame. 


31 
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32 


Ex. 3. I = -4-5, Ex. 4. l = ± 


Example 3. I = f dx (* (x~ x 2 ) dy 

Jo Jo 


= 1 dx (.x - x 2 ) = \ (x-x 2 )dx 


(• 2 (• 2y 

Example 4 1 = 1 dy l (x-y)dx 

Mkc: 

“J dy{(2y 2 -2y 2 )-{^-y 2 )} 

•Wf* 

=M 2 =1-1=2 

L 6j 6 6 6 


33 Now, by way of revision, evaluate these. 


f 4 

(i) JJ (2x + 3y) dx dy 

(ii) J * dx^ (2y ~ 5x) dy. 

When you have completed both of them, turn on to frame 34. 
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|~ (i) 128, (ii) -54 5 | 

Working 

/*4 r2y 

0)1 = (2*+ 3 y)dxdy 

=J o { (4 > ,2+6 >’ 2) “^ 2+3 ->' 2) ) a, -> ; 

=J 4 {lOy 2 - 4 y 2 } dy =j 4 6y 2 dy 

(ii) l=^dx^(2y-5x)dy 
p4 r 1 y=Jx 

~-\ X dX V SXy \y-, 

= j 4 ^{x-5^ 2 } 

=j 4 (x - Sx 3/2 ) dx «[-£ - 2x 5/2 ] 4 
= (8 -64) -(1-2) 

= -56+ 1-5 = -54-5 


34 


So it is just a question of being able to recognize and to interpret the 
two notations. 

Now let us look at one or two further examples of the use of 
multiple integrals. 

Turn on then to frame 35. 
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35 Example 


To find the area of the plane figure bounded by the polar curve r = /(0 ), 
and the radius vectors at 0 = 0 t and 0 = 0 2 . 




We proceed very much as before. 

Area of element — 8r.r86 
Area of thin sector — *2 1 5r.r86 


Small arc of a circle of radius r, 
subtending an angle 88 at the 
centre. 

arc = r. 50 


Then if 60 -*• 0 and 8r -*■ 0, 


O n 

0 


36 


The working continues: 




Which is the result we have met before. 

Let us work an actual example of this, so turn on to frame 37. 
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Example. By the use of double integrals, find the area enclosed by the 
polar curve r = 4(1 + cos 6) and the radius vectors at 6 = 0 and 0 = n. 

r = 4 (1 + cos 9) 



37 


rdrdO 

"rzir 1 


-JI 

to: 


But r l =f(6) 

= 4(1 + cos 0 


-r. 


= 8(1 + 2 cos 0 + cos 2 6) dd 


For 


A = 1 27t units 2 


A = 8^* (1 + 2 cos 0 + cos 2 0) dO 

- 8 [ #t2 ™ 6+ ! +S T ? ]; 

= 8(7t+!)-(0) 

= 87t + 4w = 127T units 2 


38 


Now let us deal with volumes by the same method, so move on to the 
next frame. 
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Determination of volumes by multiple integrals 



Element of volume 6v = 8x. 6y. 6 z. 

Summing the elements up the column, we have 

SV C = 2 f 8x.by.bz 

If we now sum the columns between y =y, andy =y 2 , we obtain 
the volume of the slice. 


bV s = y 2 y2 Z i Zl bx.Sy.8z 
y=y\ z = 0 

Then, summing all slices between x = x t and x = x 2 , we have the 
total volume. 


V = 2 


x = *i x = xi z = 0 

Then, as usual, if 8x -* 0,6y -*• 0 and Sz~* 0 
x 2 r y 2 - 


m z i 
0 


The result this time is a triple integral, but the development is very 
much the same as in our previous examples. 

Let us see this in operation in the following examples. 

Next frame. 
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Example 1. A solid is enclosed by the plane z = 0, the planes*- l,x- 4, JI|1 
y - 2,y = 5 and the surface z = x +y. Find the volume of the solid. 

First of all, what does the figure look like? 

The plane z = 0 is the x-y plane and the plane x = 1 is positioned thus: 
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Volume of element — 8x.8y.8z 

2 — (x+y) 

Volume of column — Sx.Sy £ g z 
z = 0 

Volume of slice — 5.x ^ 2 5 5y Z £ * y 8z 
y = 2 z = 0 

Volume of total solid - * 2 4 8x y % 5 Sy* £* + y 8z 
x=l y=2 z = 0 


Then, as usual, if 8x -*0,8y-*- 0, 8z -*■ 0, this becomes 

And this you can now finish off without any trouble. (With this form 
of notation, start at the right-hand end. Remember?) 

So V =. 


43 


lv = 54 units 3 ! 

=j i 4*J* ^(pc+y) dy =J ^ dx Jjxy + } ~j ^ 

= 4 [(48 + 84) -(3 + 21)j = ^ [l32- 241 = 54 units 3 


585 





Multiple Integrals 


Example 2. Find the volume of the solid bounded by the planes, 
z = 0,x= l,x = 2,y = -l,y= 1 and the surface z = x 2 + y 2 . 

In the light of the last example, can you conjure up a mental picture 
of what this solid looks like? As before it will give rise to a triple integral. 


44 




Evaluate this and so find V. V = .. 


For we have: 


Next frame. 





dy(x 2 +y 2 ) 


4 V**,♦£]' 

-M 


= |J(8 + 2)-(l + l)) 

= -y units 3 


45 
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That brings us almost to the end of this programme. 


In our work on multiple integrals, we have been developing a form of 
approach rather than compiling a catalogue of formulae. There is little 
therefore that we can list by way of revision on this occasion, except 
perhaps to remind you, once again, of the two forms of notation. 


Remember: 

(i) For integrals written 
outwards. 


x,y) dx.dy, work from the centre 


■j;j> 

(ii) For integrals writtenJ dyj f(x,y) dx work from the right-hand 


Now there is the Test Exercise to follow. Before working through it, 
turn back into the programme and revise any points on which you are not 
perfectly clear. If you have followed all the directions you will have no 
trouble with the test. 

So when you are ready , move on to the Test Exercise. 


587 


Multiple Integrals 


Test Exercise-XXI 

Answer all questions. They are all quite straightforward and should 
cause you no trouble. 

1. Evaluate (i) j* j* (y 3 -xy)dydx 

f dx f (x -y ) dy, where y x =\J{a 1 -x 2 ) 

J 0 Jo 


I* ~^3 + 2 <• ir/3 

(i) I 1 (2 cos 6 - 3 sin 30) dd. dr 

J 0 J 0 

GO m: xy(z + 2) dx dy dz 
(iii) j* dzj dx j* (x+y +z)dy 

3. The liney = 2x and the parabola y 2 = 16x intersect at x = 4. Find by 
a double integral, the area enclosed byy = 2x, y 2 = 16x and the 
ordinate at x = 1. 

4. A triangle is bounded by the x-axis, the liney = 2x and the ordinate 
at x = 4. Build up a double integral representing the second moment 
of area of this triangle about the x-axis and evaluate the integral. 

5. Form a double integral to represent the area of the plane figure 
bounded by the polar curve r = 3 + 2 cos 6 and the radius vectors at 
0=0 and 6 = n/2, and evaluate it. 


(ii) 

2. Determine 


A solid is enclosed by the planesz = 0,y = l,y = 3,x = 0,x = 3, and 
the surface z = x 2 + xy. Calculate the volume of the solid. 
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Further Problems-XXI 
1. Evaluate 


r 2 ) dr dd 


JT'r * 

J OJO 

2. ” rT , (9 . 

j 0 j 0 

fl r3x + 2 

3. II dydx 
J-2* x 2 + 4x 

4. ” f “Cr (x 2 +y 2 )dxdydz 

J oJoJ 0 

5. f f f x 2 sin 6 dx dd dip 

J OJ 0 Jo 

6. Find the area bounded by the curve y = x 2 and the line y = x + 2, 

7. Find the area of the polar figure enclosed by the circle r = 2 and the 
cardioid r = 2(1 + cos 6). 


J dxj dyj xy 2 zdz 

cl r /4 
dr 

Jo Jo 


+ y 2 )dy 


11. Determine the area bounded by the curves x=y 2 and x = 2y -y 2 . 

12. Express as a double integral, the area contained by one loop of the 
curve r = 2 cos 36 and evaluate the integral. 


n tan 1 (2) z-4 

tt/4 J 0 

0 4 cos z <• J(16 - 

0 Jo 
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15. A plane figure is bounded by the polar curve r = a(l + cos 0) between 
0 = 0 and 0 = tt, and the initial line OA. Express as a double integral 
the first moment of area of the figure about OA and evaluate the 

integral. If the area of the figure is known to be units 2 , find the 
distance (h) of the centroid of the figure from OA. 

16. Using double integrals, find (i) the area and (ii) the second moment 
about OX of the plane figure bounded by the x-axis and that part of 

the ellipse +^5- = 1 which lies above OX. Find also the position of 
the centroid. 

17. The base of a solid is the plane figure in the xy-plane bounded by 

x = 0, x = 2,y = x, andy = x 2 + 1. The sides are vertical and the top 
is the surface z = x 2 + y 2 . Calculate the volume of the solid so 
formed. 

18. A solid consists of vertical sides standing on the plane figure enclosed 
by x = 0, x = b, y = a andy = c. The top is the surface z = xy. Find 
the volume of the solid so defined. 

19. Show that the area outside the circle r - a and inside the circle 
r = 2a cos 0 is given by 

r tt/3 pin cos 6 

A = 2j J rdrde 

Evaluate the integral. 

20. A rectangular block is bounded by the co-ordinate planes of reference 
and by the planes x = 3,y = 4, z = 2. Its density at any point is 
numerically equal to the square of its distance from the origin. Find 
the total mass of the solid. 
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Introduction 

A differential equation is a relationship between an independent 
variable, x, a dependent variable,y, and one or more differential 
coefficients of y with respect to x. 

, dy 

e g ‘ x = 0 

v <Lz H 


xy 


+y&- + e 
' dx 


Differential equations represent dynamic relationships, i.e. quantities 
that change, and are thus frequently occurring in scientific and engineering 
problems. 

The order of a differential equation is given by the highest derivative 
involved in the equation. 

X'~j~~y 2= 0 is an equation of the 1st order 



So that+ 2— + lOy = sin 2x is an equation of the.order. 

dx 2 dx 


| second | 

Since in the equation + 2^ + 10 y = sin 2x, the highest 


derivative involved is -r-4. 

dx 2 


Similarly, 


+ 1 >■- 

... order equation 

(if) cos 2 x^ -V-y = 1 isa... 

... order equation 

(iii)^-3^ + 2y=*Msa... 
v ' dx 2 dx x 

... order equation 

(iv) (y 3 + l)^-xy 2 = xisa ... 

... order equation 


On to frame 3. 
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First Order Differential Equations 


(i) first, (ii) first, (iii) second, (iv) first. 


Formation of differential equations 


Differential equations may be formed in practice from a consideration 
of the physical problems to which they refer. Mathematically , they can 
occur when arbitrary constants are eliminated from a given function. 

Here are a few examples: 


Example 1. Consider y = A sin a 
arbitrary constants. 

If we differentiate, we get 

A 


+■ B cos x, where A and B are two 


£.y= 

dx 2 


-A sin x - B cos x 


which is identical to the original equation, but with the sign changed. 
d 2 y . d 2 y 

i-e. =-y - ^2+^ = 0 


This is a differential equation of the.order. 


second 


Example 2. Form a differential equation from the function^ = x + — 
A 

Wehave y =x +— =jc + Ax 

x 

dx x 1 

A 

From the given equation, ~~y ~x A = x(y—x) 

■ dy~ i x(y-x) 

" dx x 2 

= i ~ y~ x ~ x ~y +x - ix-y 

XXX 

:.x^=2x~y 


This is an equation of the.order. 


594 






Programme 22 


Now one more. 

Example 3. Form the diff. equation for y = A; 
We have y = Ax 2 + Bx (i) 

£ = 2AX + B (ii) 


' dx 2 

Substitute for 2A in (ii) 


(iii) A = ^ 
dx dx 2 

dx *d? 

Substituting for A and B in (i), we have 

Idx 

= * 2 £z +x &- 

2 dx 2 dx 


d? 


y=x 2 i 

y x Idx 2 


dy x 2 d 2 y 
X dx 2 ' dx 2 
and this is an equation of the.order. 


d 2 y\ 

C dPJ 

'dx 2 


6 


| second [ 

If we collect our last few results together, we have: 

d? y 

y = A sin x + B cosx gives the equation +y = 0 (2nd order) 

y = Ax 2 + Bx ” ” ” y =x ±c~Y ^ (2nd order) 

y = x+^ „ „ „ x & = 2x-y (1st order) 

If we were to investigate the following, we should also find that 
y = Axe* gives the diff. equation x-^--^(l +x) = 0 (1st order) 

y = Ae" 4 * + Be~ 6 * ” ” ” ” ^5 + 10 ^ + = 0 ( 2nc * orc ^ er ) 

Some of the functions give 1st order equations: some give 2nd order 
equations. Now look at these five results and see if you can find any 
distinguishing features in the functions which decide whether we obtain 
a 1st order equation or a 2nd order equation in any particular case. 

When you have come to a conclusion, turn on to frame 7. 
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A function with 1 arbitrary constant gives a 1st order equation. 
” ” ” 2 arbitrary constants ” » 2nd order ” 


7 


Correct, and in the same way, 

A function with 3 arbitrary constants would give a 3rd order equation. 
So, without working each out in detail, we can say that 

(i) y = e~ 2x (A + Bx) would give a diff. equation of.order. 

(ii) y =A jr\ ” ” ” ” ” ”. ” 

(iii) y = e 3x (A cos 3x + B sin 3x) ” ” ” ” . ” 


8 

(i) 2nd, (ii) 1st, (iii) 2nd I 


since (i) and (iii) each have 2 arbitrary constants, 
while (ii) has only 1 arbitrary constant. 


Similarly, 


(i) x 2 — +y = 1 is derived from a function having .... 

.... arbitrary 
constants. 

(ii) cos 2 x^~ = 1 -y ” 

” a function having .... 

.... arbitrary 
constants. 

(ii ° £* + 4 d£ + J> “‘“ 

” a function having .... 

.... arbitrary 
constants. 
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(i) 1, (ii) 1, (iii) 2 


So from all this, the following rule emerges: 

A 1st order diff. equation is derived from a function having 1 arbitrary 

constant. 

A 2nd ” ” ” ” ” ” ” ” ” 2 arbitrary 

constants. 

An nth order differential equation is derived from a function having n 
arbitrary constants. 

Copy this last statement into your record book. It is important to 
remember this rule and we shall make use of it at various times in the 
future. 

Then on to frame 10. 


Solution of differential equations 

To solve a differential equation, we have to find the function for which 
the equation is true. This means that we have to manipulate the equation 
so as to eliminate all the differential coefficients and leave a relationship 
between y andx 

The rest of this particular programme is devoted to the various 
methods of solving first order differential equations. Second order 
equations will be dealt with in a subsequent programme. 

So, for the first method, turn on to frame 11. 
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Method 1 By direct integration 

dy 

If the equation can be arranged in the form-^ =/(x), then the 
equation can be solved by simple integration. 

Example 1. ^ = 3x 2 - 6x + 5 

Then y = j ( 3x 2 - 6x + 5) dx = x 3 - 3x 2 + 5x + C 
i.e. y=x 3 - 3x 2 + 5x + C 

As always, of course, the constant of integration must be included. Here 
it provides the one arbitrary constant which we always get when solving 
a first order differential equation. 

Example 2. Solve x^j- = 5x 3 + 4 


In this case, 


dx 


So, y = 


I <: v 3 I 

| ln* + C | 

As you already know from your work on integration, the value of C 
cannot be determined unless further information about the function is 
given. In its present form, the function is called the general solution 
(or primitive) of the given equation. 

If we are told the value of y for a given value of x, C can be evaluated 
and the result is then a particular solution of the equation. 

Example 3. Find the particular solution of the equation e* & = 4, given 
thaty = 3 when* =0. 

First re-write the equation in the form -^-== 4e~ x 

Then y = dx = —4e~ x + C 

Knowing that when x = 0,y = 3, we can evaluate C in this case, so that 
the required particular solution is 

y= . 
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13 


Method 2 By separating the variables 


If the given equation is of the form^ = f(x,y), the variable y on the 

right-hand side, prevents solving by direct integration. We therefore have 
to devise some other method of solution. 

Let us consider equations of the form^ = f(x) .F(y) and of the form 
— =-p^,i.e. equations in which the right-hand side can be expressed as 

products or quotients of functions of* or ofy. 

A few examples will show how we proceed. 

dy_ 2x 
dx y+l 


Example 1. 


Solve ^ = 


We can re-write this as (v + 1) ^ = 2x 
v dx 

Now integrate both sides with respect to x 


j(y+l)-gdx = |2xdx 

and this gives 2L +y = 


Jo* + 1) dy = 
tC 


14 




Example 2. Solve 

-±£-i+x 

1 +y dx 

Integrate both sides with respect to 


{ \h% dx= \ {l +x)dx ^ Jr^; d y “Jo +*)dx 


In (1 +y) = x + 


The method depends on our being able to express the given equation in 
the form F(y). ^ =/(*)- If this can be done, the rest is then easy, for 

we have j*F(y) ^ dx =j/0) dx J F(y) dy = jf(x) dx 

and we then continue as in the examples. 

Let us see another example, so turn on to frame 15. 


599 


First Order Differential Equations 


This can be written as —L_ & = _i 

1 + ydx 2 + 

Integrate both sides with respect to x 


■ J’rb*’-JVh * 


In(1 + y) = ln(2+;c) + C 

It is convenient to write the constant C as the logarithm of some other 
constant A , ., . . , , , , 

In (1 +>0 = In (2 + x) + In A 

/. l+y = A(2+;c) 

Note: We can, in practice, get from the given equation (i) to the form 
of the equation in (ii) by a simple routine, thus: 

dy _ 1 +y 
dx~ 2 + x 

First, multiply across by the dx 

*- 52 * 

Now collect the ‘y-factor’ with the dy on the left, i.e. divide by (1 +y) 
1 . 1 . 

T —dy = —dx 




and then continue as before. 

This is purely a routine which enables us to sort out the equation 
algebraically, the whole of the work being done in one line. Notice, how¬ 
ever, that the R.H.S. of the given equation must first be expressed as 
bc-factors’ and ‘y-factors’. 

Now for another example, using this routine. 

Example 4. Solve ——^r 

dx x y-x 

First express the R.H.S. in bc-factors’ and ‘y-factors’ 

dy_ y\ (1 +*) 
dx x i (y - 1 ) 

Now re-arrange the equation so that we have the ‘y-factors’ and dy on 
the L.H.S. and the bc-factors’ and dx on the R.H.S. 

So we get. 
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y~ 1 = Ax 2 (y + 1) 


You see they are all done in the same way. Now here is one for you to do: 
dy x 2 + 1 

Example 6. Solve xy dx~ ~y + 1 

First of all, re-arrange the equation into the form 
F(y) dy =f(x) dx 

i.e. arrange the ‘j>-factors’ and dy on the L.H.S. and the ‘x-factors’ and 
dx on the R.H.S. 

What do you get? 
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•' x ydy=j^\dx 
y(y + 1) dy + l dx 


So we now have 

j(y 2 +>’)^=J(x+i)^ 

Now finish it off, then move on to the next frame. 

19 



□ □□□□□□□□□□□a □□□□□□□□□□□□□□□□□□□□□□□ 

Provided that the R.H.S. of the equation^ = f(x,y) can be separated 

into ‘x-factors’ and ‘jy-factors’, the equation can be solved by the method 
of separating the variables. 

Now do this one entirely on your own. 

dy 

Example 6. Solve x-^-y+xy 

When you have finished it completely, turn to frame 20 and check your 
solution. 
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Here is the result. Follow it through carefully, even if your own answer 
is correct. dy dy , , 

X 7te =y Xy " X l& =y(<l X) 


xdy =y( 1 +x)dx 



In y = In* + x + C 


At this stage, we have eliminated the differential coefficients and so we 
have solved the equation. However, we can express the result in a neater 
form, thus: 


In y - In jc = * + C 



— = e* + c = e x .e c Now e c is a constant; call it A. 
x 

-^=Ae* y = Axe? 

Next frame. 


This final example looks more complicated, but it is solved in just the 
£ I same way. We go through the same steps as before. Here it is. 

Example 7. Solve y tan x ^ = (4 +y 2 ) sec 2 * 

First separate the variables, i.e. arrange the ‘^-factors’ and dy on one 
side and the ‘x-factors’ and dx on the other. 

So we get. 


22 


Adding the integral signs, we get 


J 4 + y 2 y J tan * 
Now determine the integrals, so that we have .. 
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In (4 + y 2 ) = In tan* + C 


This result can now be simplified into: 

In (4 + y 2 ) - 2 In tan * + In A (expressing the 

constant 2C as In A) 

4+y 2 = A tan x 
:. y 2 = A tan 2 * - 4 


So there we are. Provided we can factorize the equation in the way we 
have indicated, solution by separating the variables is not at all difficult. 

So now for a short revision exercise to wind up this part of the programme. 

Move on to frame 24. 


Revision Exercise 


Work all the exercise before checking your results. 
Find the general solutions of the following equations: 

1 dy=L 

dx x 

2. g = (y + 2) (x + 1) 


3. 

4. 

5. 


sin* dy _ 
l+ydx 


24 


When you have finished them all, turn to frame 25 and check your 
solutions. 
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25 


,f—dv=f—d* 
dx x J y 7 J * 

In y = lnx + C 
= In x + In A 
y = Ax 

-- / 7T2 ^ “J ( * +1:1 

x 2 

In iy + 2) =— + x + C 


In (y + 3) 


=J sec 2 x dx 
= tan x + C 


4y = 

dx 


-§=**-1) 


•'• lny =J y -x + C 
sin j: dy 

— -= cos* 

1 +y dx 

In (1 + y) = In sin x + C 

= In sin x + In A 
l+j = A sin x 
■ ■y = A sin x — 1 


If you are quite happy about those, we can start the next part of the 
jrogramme, so turn on now to frame 26. 
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Method 3 Homogeneous equations - by substituting y = 


dy 

Here is an equation: —7- = 




dx 2x 

This looks simple enough, but we find that we cannot express the R.H.S. 
in the form of‘x-factors’ and ‘^-factors’, so we cannot solve by the 
method of separating the variables. 

In this case we make the substitution y - vx, where v is a function of x 
So y = vx 

Differentiate with respect to x (using the product rule). 

• dy -v 


' dx 


dx 


dx 


Also 


x + 3y _ x + 3vx _ 1 + 3v 
2x 2x 2 

, . A dv 1 +3v 

The equation now becomes v + x—=—2— 


dx 


1 + 3v - 2v _ 1 + v 




dv 1 + v 
" x dx* 2 

The given equation is now expressed in terms of v and x, and in this 
form we find that we can solve by separating the variables. Here goes: 

dv =|-i-dx 

2 In (1 + v) = In x + C = In x + In A 
(1 + v) 2 = Ax 

But y = vx V= |^J (l + 3^) =Ax 
which gives (x + y) 2 = Ax 3 

jVofe — - x + ^ y is an example of a homogeneous diff equation. 

' dx 2x 

This is determined by the fact that the total degree inx andy for each 
of the terms involved is the same (in this case, of degree 1). The key to 
solving every homogeneous equation is to substitute y =vx where v is a 
function of x. This converts the equation into a form in which we can 
solve by separating the variables. 

Let us work another example, so turn on to frame 27. 


26 
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27 Example 2 


dy = x 2 +y 2 


Here, a]] terms on the R.H.S. are of degree 2, i.e. the equation is 
homogeneous. We substitute^ = vx (where v is a function of x) 


and _ + y 

xy 

The equation now becomes 


dv 1 + v 
x Tx = ~ 
dv 1 + v 


Now you can separate the variables and get the result in terms of v and x. 
Off you go: when you have finished , move to frame 28. 


28 


/’*■/: 


dx 
= In x + C 


All that now remains is to express v back in terms of x and y. The 
substitution we used was y = vx v =— 

y 2 = 2x 2 (lnx + C) 


Now, what about this one? 
Example 3. Solve 


dy _ 2xy + 3 y 2 
dx x 2 + 2 xy 


Is this a homogeneous equation? If you think so, what are your reasons? 
When you have decided, turn on to frame 29. 
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Correct. They are all, of course, of degree 2. 
So we now make the substitution, y =. 



Right. That is the key to the whole process. 

dy_ 2xy + 3y 2 
dx x 1 + 2 xy 

So express each side of the equation in terms of v and x. 

dy = 

dx . 


and 


2 xy + 3 y 2 
x 2 + 2 xy 


When you have finished, move on to the next frame. 


30 
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Now you can separate the variables, giving 



Integrating both sides, we can now obtain the solution in terms of v and 
x. What do you get? 



We have almost finished the solution. All that remains is to express v back 
in terms of x and y. 

Remember the substitution was_y = vx, so that v =— 


So finish it off. 
Then move on. 



xy + y 2 = Ax 3 


And that is all there is to it. 
Turn to frame 36. 
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Here is the solution of the last equation, all in one piece. Follow it 
through again. 


36 


To solve 


dy _ 2xy + 3y 2 
dx x 1 + 2xy 
This is homogeneous, all terms of degree 2. Put y = 



. In(v + v 2 ) = lnx + C = lnx 
v + v 2 = Ax 


= Ax 

X X 

xy +y 2 = Ax 3 


Now, in the same way, you do this one. Take your time and be sure that 
you understand each step. 

(j[y 

Example 4. Solve (x + y 2 )-^ = xy 

When you have completely finished it, turn to frame 37 and check your 
solution. 
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Q Here is the solution in full. 

O / fr* + y =*y ' ^ = J2U 

7 'dx ^ dx x 2 +y 2 

Put y = vx 

dx dx 


J* (v~ 3 +y) dv = -In x 

-y- + In v = -In x + 
lni> + lnx + lnK=- 


2p 2 In Ky = x 2 

This is one form of the solution: there are of course other ways of 
expressing it. 

Now for a short revision exercise on this part of the work, move on i 
frame 38. 


Solve the following: 1. 


When you have finished all three, turn on and check your results. 


First Order Differential Equations 


The solution of equation 1 
can be written as 



39 


Did you get that? If so, move straight on to frame 40. If not, check your 
working with the following. 


Put 


(■ x ~y)7K. =x+ y 


dy = x+y 

dx x -y 


y = vx 


• & = 
" dx 


x+y_l+v 
x-y 1-v 


dv = l_fv ■ dv _ 1 + v 
" V X dx 1-v dx 1-v 



l + v-v + v 2 _l + v 2 
1-v 1-v 


dv = In 


C 


But 


.'. tan 1 v 


tan 1 


-•jin (1 + v 2 ) = In x + In A 
|^~J = ln A + lnx+-^ln(l + 


This result can, in fact, be simplified further. 
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41 One form of the result for equation 3 is [ xy = A | Follo> 
through the working and check yours. 

3. 

dx x dx x 2 + xy 

„ . dy ^ dv xy-y 2 vx 2 -v 2 x 2 v~v 2 

* dx dx x + xy x 2 + vx 1 + v 




■ In v — = -2 In x + C. Let C = In A 


Now move to the next frame. 

Method 4 Linear equations - use of integrating factor 

Consider the equation &+ 5y = e 2x 

This is clearly an equation of the first order, but different from those \ 
have dealt with so far. In fact, none of our previous methods could be 
used to solve this one, so we have to find a further method of attack. 
In this case, we begin by multiplying both sides by e sx . This gives 

gSx dy_ + y 5 e sx = e 2x e sx ~ & 2X 
dx 

We now find that the L.H.S. is, in fact, the differential coefficient of 


f course, the rest is easy. Integrate both sides w.r.t. x. 
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7 = - 


+ C e~ s: 


43 


Did you forget to divide the C by the e SXr ! It is a common error so watch 
out for it. 

□ □□□□□□□□□□□□□□□□□□□□□□□□□□□□ £3t;Ei ODDQPDO 

The equation we have just solved is an example of a set of equations 

of the form 4^ + P y = Q, where P and Q are functions of x (or constants). 
dx 

This equation is called a linear equation of the first order and to solve any 
such equation, we multiply both sides by an integrating factor which is 

always e^ p dx . This converts the L.H.S. into a complete differential 
coefficient. 

In our last example,-^ + 5y = e 2x , P = 5. .'. j ? dx = 5x and the 
integrating factor was therefore e sx . Note that in determining j* P dx, 

we do not include a constant of integration. This omission is purely for 
convenience, for a constant of integration here would in fact give a 
constant factor on both sides of the equation, which would subsequently 
cancel. This is one of the rare occasions when we do not write down the 
constant of integration. 

So: To solve a differential equation of the form 

! +p >" q 

where P and Q are constants or functionsof x, multiply both sides by 
the in tegrating factor J P dx . 

This is important, so copy this rule down into your record book. 

Then move on to frame 44. 


dy 
dx 

4^pv=c 


Example 1. To solve 


If we compare this with-^ + Py = Q, we see that in this c; 

P = -1 and Q = x 

The integrating factor is always e^ and here P = —1. 

.'. f P dx =~x and the integrating factor is therefore .. 


44 
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45 H 

We therefore multiply both sides by e x . 

. -x dy _ x 

■ e ——y e =xe 
dx 

£{e-‘y}-xe-* 

The R.H.S. integral can now be determined by integrating by parts. 
y e~ x =x (~e~ x ) +J e~ x dx =- x e~ x - e~ x + C 

y = -x~ l + Ce x y = C e* - x - l 
The whole method really depends on 

(i) being able to find the integrating factor, 

(ii) being able to deal with the integral that emerges on the R.H.S. 
Let us consider the general case. 


dy 

46 Consider ^ + Py = Q where P and Q are functions of x. Integrating 

„ . T „ fprfx . dy IP dx _ J Pdx fP dx 
factor, IF = e^ " e +p y e = Q e 

You will now see that the L.H.S. is the differential coefficient of y 


d ( fPdx) 
dx\ ye r 


JPdx 


Integrate both sides with respect to x 

S vdx fr> a 

ye =jQe dx 

This result looks far more complicated than it really is. If we indicate 
the integrating factor by IF, this result becomes 

y.IF^Q.IF dx 

and, in fact, we remember it in that way. 

So, the solution of an equation of the form 

dy 

-fe + Py = Q (where P and Q are functions of x) 
is given by y. IF = f Q. IF dx , where IF = e^ dx 


Copy this into your record book. Then turn to frame 47. 
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So if we have the equation 


then in this case 

(0 P=. 0 




dx 


- 3 y = sin x 


47 


P dx = . (iii) IF = 


48 

Before we work through any further examples, let us establish a very 
useful piece of simplification, which we can make good use of when we 
are finding integrating factors. We want to simplify e to F , where F is a 
function of x. 

Let y = e ln F 

Then, by the very definition of a logarithm, lny = In F 
y = F F = e ln F i.e. e ln F = F 
This meahs that (function) = function. Always! 

e inx =x 

e \n sinx = s j nx 
e ln tanh x = tanh x 
e ln (x 2 ) =. 


(i) P = 3; 




Pdx = 3x; (iii) IF = e i: 


0 49 

Similarly, what about e k ln F ? If the log in the index is multiplied by 
any external coefficient, this coefficient must be taken inside the log as 
a power. 

eg g2 1nx =gln(x 2 ) =x 2 

g3 In sin x = gin (sin 3 x) = s i n 3 ^ 
g-ln x = gin (X -1 ) = = J_ 

and e~ 2hlx = . 
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50 

51 


e ~ 2 Inx = e ln (x 2 ) = x ~2 =-1 


So here is the rule once again: e ln F = F 
Make a note of this rule in your record book. 

Then on to frame 51. 

Now let us see how we can apply this result to our working. 

Example 2. Solve x~ + y =x 3 

First we divide through by x to reduce the first term to a single 

dx 

dy , 1 2 

i.e. + —: y=x 
dx x 

Compare with P.y = Q J P = ^ and Q = x 2 

\Y = J Vdx j P£& = J^-dx = ln;c 

IF = e lnjc =^ IF=x 
The solution is y. IF = |"q.IF dx 

so yx=jx 2 .xdx=^x 3 dx=^ + C xy=^ + C 
Move to frame 52. 


52 


P = cot X 
cosx 


Example 3. Solve -~- + y cot x = cosjc 

Compare with £-^-+ P_y = Q J [ q =' 

IF = e$ Pdx Jpdx = ^cot xdx = dx ~ ln sil 

.'. IF = e lnsm * = sinx 

y.IF = J*Q.IFcfoc y sin* =j*sinx cosjccfcc - sin * ~ + C 


Now here is another. 

Example 4. Solve (x + l)^ + y = (* + l) 2 
The first thing is to.,. 





First Order Differential Equations 


| Divide through by (x + 1) | 
dy 

e must reduce the coefficient of — to 1. 
, , dx 

dy 1 

~7 + —rr-y =x+l 

dx x + 1 


Compare with 




53 


Now determine the integrating factor, which simplifies to 
IF =. 


for J P dx = dx = In (x + 1) 

IF = e ln (* + D = (x + 1) 

The solution is always y.IF =j > Q.IF dx 

and we know that, in this case, IF = x + 1 and Q = x + 1. 

So finish off the solution and then move on to frame 55. 


y = + _ 


Here is the solution in detail: 


y.{x+ l)=J(x+ l)(x+ 1 )dx 
= f(x + l) 2 dx 

(x+l) 2 f c 


Now let us do another one. 
Example 5. Solve 

In this case, P = ... 


*^-5y=x 7 

dx 

. Q= •• 


54 


55 
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So the integrating factor, IF = 



Did you remember to multiply the C by x s ? 


Fine. Now you do this one entirely on your own. 
Example 6. Solve (\ -x*)^-xy = \. 
When you have finished it, turn to frame 59. 



619 









First Order Differential Equations 


jV(1 -X 1 ) = sin 'x + C 


Here is the working in detail. Follow it through. 

. dy _ jc _ _ 1 

dx 1 - x 2 ' y ~ 1 - x 2 


IF = e J p ^ Jp dx = J-p^ d* =j In (1 -x 2 ) 

/. IF=^ In ( 1 - Jc2 ) = e ln{(l-x 2 ) i} = ( - 1 
Now >>.IF = Jq.IF dx 

Ml-^ 2 ) = |—2 V(l-* 2 ).dx 


jVO -X 2 ) = sin ‘x + C 

jVow on to frame 60. 


59 


In practically all the examples so far, we have been concerned with 
finding the general solutions. If further information is available, of 
course, particular solutions can be obtained. Here is one final example 
for you to do. 

Example 7. Solve the equation 

given that y = 10 when x = 4. 

Off you go then. It is quite straightforward 

When you have finished it, turn on to frame 61 and check your solution. 
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61 


I 2y = (* - 2) 3 + 6(x - 2) I 

( x -2)^-y = (x-2) 3 

j* P dx = j'~2 dx = ~\n(x~ 2) 

IF = e' ln (x - 2) = e ln { ( *' 2 > _1 ) = (x - 2) -1 
1 

*-2 

«f(x-2)dx 

=W + C 

y = — . ^ + C(jc - 2) ... General solution. 



When* = 4, y - 10 



10 = 

I+C.2 2C = 6 .-. C = 3 



. 2>> = (x-2) 3 +6(x-2) 

62 

Finally, for this part of the programme, here is a short revision exercise. 
Revision Exercise 


Solve the following: 

1. 

II 


2. 

dy 

x-£+y = xsmx 


3. 

dy , 

tan x~r~ + y = sec x 
dx 


Work through them all: then check your results with those given in 
frame 63. 
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Results: 




63 

(IF = e 3x ) 

(IF-*) 

(IF = sin x) 


There is just one other type of equation that we must consider. Here 
is an example: let us see how it differs from those we have already dealt 
with. 

dy 1 9 

To solve te + T y = xy 

Note that if it were not for the factory 2 on th& right-hand side, this 
equation would be of the form ^ + Py = Q that we know of old. 

To see how we deal with this new kind of equation, we will consider 
the general form, so move on to frame 64. 
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65 


& + Py = Qy n 


y ~ n dI +Pyl ~ n=Q (ii) 

Putz = v 1_ " so that = (1 - n)y~ n 

dx dx 

If we now multiply (ii) by (1 - n) we shall convert the first term into 
-5T (l-n)y- n ^ + {l-n)Py'- n =(l-n)Q 

Remembering that z =y 1 ~ n and that ^ = (1 ~ n)y~ n ^ , this last line 
can now be written dz _ 

dx + 1 2 

with P x andQi functions of x. 

This we can now solve by use of an integrating factor in the normal 
way. 

Finally, having found z, we convert back to y using z =y 1 ~ n . 

Let us see this routine in operation — so on to frame 66. 


00 Example 1. Solve ^ + ^y - x 

(i) Divide through by y 2 , giving .... 


67 


2 dy 1 
dx ' 


y =x 


(ii) Now put z^ 1 ", i.e. in this case z =y l 2 =y 1 

. dz dy 

z=y -^ = - y Tx 

(iii) Multiply through the equation by (—1), to make the first 

dz 

term —. 
dx 


- + P z = Q so that you can 

now solve the equation by the normal integrating factor method. What 
do you get? 

When you have done it, move on to the next frame. 
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Check the working: 

dz 1 

— -2 = 

dx x 

ip= g 'f pd * jpdx = =-In* 

if = g"ln x = gin (x 1 ) - x ~i = L 

z.lF = ^ Q.IFdx zj^=^-xAdx 
.•.-^=j-ld;c=-;t + C 
z-Cx-x 2 

But z=y~ l :.y=Cx-x 2 y = (Cx-x 2 )~ 1 

Right! Here is another. 

O ■* dv A. 

Example 2. Solve x l y~x-—_=y cosjc 

dv n 

First of all, we must re-write this in the form-^ + P_y = Q _y 
So, what do we do? 



Now divide by the power of y on the R.H.S., giving 



69 

70 
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71 


If we now multiply the equation by (-3) to make the first term into 


3 cos x 
“ x 3 


«f£ + 3 i-.y 


dz 3 3 cosjc 

+ * 3 


This you can now solve to find z and so back to y. 
Finish it off and then check with the next frame. 


72 


J> dx 


Mi 


dx x 

—dx = 3 In x 
x 

jp _ g 3 In x _ e ln (x 3 ) _ 

2 JF =J Q-IF dx 

- x 3 dx 


3 cos* 


,zx 3 =f 

=J*3 cos x dx 
zx 3 = 3 sin x + C 


But, in this example, z-y 


= 3 sin x + C 
x 3 

3 sin x + C 


Let us look at the complete solution as a whole, so on to frame 73. 
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To solve x 2 y - x 3 — = v 4 cos x 

dx 

. dy _ 1 _ y 4 cos x 


73 


Put z =T 
Equation becomes 


4 dy + 3_ 


" dx iy dx 
, 3 3 cos x 


, = g /P dx 


1 - 1 : 

e 3lnx =e ln 
3 _ |* 3 COS X 

4 ’ 


* 3 

-dx = 3 In x 
,ln (x 3 ) = ^3 
dx 


J 3 cos x dx 
z x 3 = 3 sin x + C 
x 3 

— =3 sin x + C 


They are all done in the si 
very straightforward. 

On to the next frame. 


e way. Once you know the trick, the rest is 


Here is one for you to do entirely on your own. 

Example 3. Solve 2y - 3 ^ = y 4 e 3x 

Work through the same steps as before. When you have finished, check 
your working with the solution in frame 75. 


74 
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75 


Solution in detail: 


^ 3 = ; 




■si 1 '- 

-* dy 2 _ 3 
y ~£r~3 y 


Put z=y 1 '* = y 3 = 

Multiplying through by (-3), the equation becomes 
-3y*% + 2y- 3 =e 3x 


,-*dy 

dx 


r+2z = e 3x 


IF = e-fP dx 


J ?dx~^2dx = 2x 

e 2x =| e 3x e 2x dx =J e 


. IF = e 
c dx 


But z =y~ 3 
On to frame 76. 


y 3 


Finally, one further example for you, just to be sure. 

*0 Example 4. Solve y-2x~ = x(x+l)y 3 

First re-write the equation in standard form ^ + Py = Qj>" 


This gives .. 


77 


dy _J_ _ (*+ 1)T 3 

dx 2x y 7. 


Now off you go and complete the solution. When you have finished. 
check with the working in frame 78. _ _ 
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78 


Put 

Equation becomes 


dx 2x 

z=y 1-3 =y~ 2 


-2y->$ + Ly 
dx x 


= (x+l) 


IF = e P dx 

z.if=Jq.i 


Mi 


•• IF =e m 
IF dx zx 


=J (x 2 +x)dx 
x 3 ^ x 2 . „ 
' 2, = 1*2 ,C 
x - 2x 3 + 3x 2 + A 


□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 


There we are. You have now reached the end of this programme, 
except for the Test Exercise that follows. Before you tackle it, however, 
read down the Revision Sheet presented in the next frame. It will 
remind you of the main points that we have covered in this programme 
on first order differential equations. 

Turn on then to frame 79. 
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79 


Revision Sheet 


1. The order of a differential equation is given by the highest derivative 
present. 

An equation of order n is derived from a function containing 
n arbitrary constants. 


2. Solution of first order differential equations. 

(a) By direct integration: =f(x) 

gives y =Jf(x)dx 

(b) By separating the variables: F(y). ^ = f(x) 

gives j*F(y) dy =j f(x) dx 

(c) Homogeneous equations: Substitute y = vx 

give s v+x^=FO) 

(d) Linear equations: ^ + Py = Q 

Integrating factor, IF = e^ p dx 
and remember that e 1 " F = F 
gives y IF =Jq.IF dx 

dy n 

(e) Bernoulli’s equation: + Py -Qy 

Divide by y" : then put z =y 
Reduces to type (d) above. 

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 


If there is any section of the work about which you are not perfectly 
clear, turn back to that part of the programme and go through it again. 
Otherwise, turn on now to the Test Exercise in frame 80. 
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The questions in the test exercise are similar to the equations you 
have been solving in the programme. They cover all the methods, but are 
quite straightforward. 

Do not hurry: take your time and work carefully and you will find 
no difficulty with them. 

80 

Test Exercise-XXII 


Solve the following differential equations: 


1 . 

x^- = x 2 +2x-3 
dx 


2 . 

(l + x) 2 ^=l 


3. 

dy - 3x 

4* 2) ” e 


4. 

5. 

7 . dy 

x —f -x sin 3 jc + 4 
dx 


6 . 

dy n 

x cosy-—-- sin_y = 0 


7. 

1? 

+ 

fife 

n 


8. 

{x 2 ~\)^2xy=x 


9. 

dy 

—fa + y tanhx = 2 sinhx 


10 . 

11 . 

dy 0 3 

x-f- -2 y=x 3 cos x 
dx 


12 . 
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Further Problems-XXlI 

Solve the following equations. 

I. Separating the variables 

1. x <y~ 3 ^ = *y 

2. (1 + x3 )~j^~ x *y given thatx = 1 wheny = 2. 

3. x 3 +(y + l) 2 ^ = 0 

4 cos^ + (1 + e~ x ) sin7-^ = 0, given that y = tr/4 when x = 0. 

5. x 2 (y+l)+y 2 (.x~l)& = 0 

II. Homogeneous equations 

6. (2 y-x)^f x = 2x+y, given that y-3 when x = 2. 

7. (xy+y 2 ) + (x 2 -xy)^ = 0 

8. (x 3 +y 3 ) = 3xy 2 ~£ 

9. y-3x + (4y + 3x)^ = 0 

10. (x 3 +3 X y 2 )^=y 3 +3x 2 y 

III. Integrating factor 

“• * 

12. -y- + y tan x = sin x 
dx 

13 x— -v=x 3 cosx, given that y -0 when x--n. 
dx 

14. (1 + x 2 ) ^ + 3xy = 5x, given that y = 2 when x = 1. 

15 -£&L + v cotx = 5 e cosx , given that y =-4 when x = ff/2. 

dx ' __ 
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IV. 


Transformations. Make the given substitutions and work in much 
the same way as for first order homogeneous equations. 


16. (3x + 3y-4)g=-(x+y) 

17. (y-xy 2 ) = (x+x 2 y)^ 

18. (x-y-l) + (4y + x-l)&=0 

19. (3y-7x + 7) + (7.y-3x + 3)|£ = 0 

20. y(xy+ 1) + jc(1 +xy+x 2 y 2 )^ = 0 


Put x +y = v 

Put y~7 

Put V = X - 1 


Put V = X - 1 


Puty=^ 


V. 


Bernoulli’s equation 

2L fv-V 

22. ^ + y=y*e x 

23. 2^y=y\x-\) 


24. “I" - 2y tan x =>’ 2 tan 2 x 

25. + y tan x = y 3 sec 4 x 


VI. Miscellaneous. Choose the appropriate method in each case. 

26. (l-x 2 )^=l+xy 

27. ^£-(i + ^)\/0 2 -i) = o 

28. (x 2 -2xy + 5y 2 ) = (x 2 + 2xy+y 2 )^- 

29. —y cot x=y 2 sec 2 x,given y= — 1 whenx = w/4. 

30. y + (x 2 -4x)^=0 
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VII. Further examples 

31. Solve the equation ^ -y tan x = cos x - 2x sin x, given 

that y = 0 when x = it/6. 

32. Find the general solution of the equation 

dy _ 2 xy +y 2 
dx ~ x 2 + 2 xy 

33. Find the general solution of (1 + x 2 ) ^ = *(1 +y 2 ). 

34. Solve the equation + 2y = 3x - 1, given that y = 1 

when* = 2. 

35. Solve * 2 -^ = y 2 ~ *y-—, given that y = 1 when * = 1. 

36. Solve^ = e 3 * -2j, ,giventhatjg = 0 when* = 0. 

37. Find the particular solution of-^ + y = sin 2*, such 

that y = 2 when * = 7r/4. 

38. Find the general solution of y 2 + x 2 ^ = xy^. 

39. Obtain the general solution of the equation 

~ y2 

40. By substituting z = * - 2y, solve the equation 

dy _ x - 2y + 1 
~dx 2* - 4 y 

given that y = 1 when * = 1. 

41. Find the general solution of (1 -x 2 )~^+x 2 y =* 2 (1 -* 3 ). 

42. Solvent— = sin*, given that v = 0 at * = jt/2. 

dx x 

43. Solve^ + * + xy 2 = 0, given y = 0 when * = 1. 
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44. Determine the general solution of the equation 

dy ( 1 2x |_1_ 

dx { x 1 -x 


45. Solve (1 + x 2 )-^ + xs = (l + x 2 ) 


46. Solve x(l + S 2 )-y(l +x 2 )-^ = 0,given.y = 2atji: = 0. 

47. Solve r~ = 1, given r = 0 when 0 = 7r/4. 


Solve -r~ + y cot x 


>sx, given that y = 0 when x = 0. 


49. Use the substitutions =—, where v is a function of x only, 
to transform the equation 

dx X 

into a differential equation in v and x. Hence finds m terms 
ofx. 


50. The rate of decay of a radio-active substance is proportional 
to the amount A remaining at any instant. If A = A 0 at t = 0, 
prove that, if the time taken for the amount of the substance 

to becomeyAo is T, then A = A 0 e' (t In 2)/T . Prove also 
that the time taken for the amount remaining to be reduced 
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Many practical problems in engineering give rise to second order 
differential equations of the form 

d 2 y , , dy 




where a, b, c are constant coefficients and/(x) is a given function of x. 
By the end of this programme you will have no difficulty with equations 
of this type. 

Let us first take the case where f(x) = 0, so that the equation becomes 
dx 2 dx 

Let y = u and y = v (where u and v are functions of x) be two solutions 
of the equation. 


i- cy = 0 


dx 2 


dx 

, dv , 


Adding these two lines together, we get 




d , . du , dv , < 

Now s ( U + v)-^ + s »nd- 

equation can be written 

a lb? ( u + v ) + b + + c ^ u + = 0 

which is our original equation withy replaced by (u + v). 

i.e. If y = u and y = v are solutions of the equation + b^+ cy = 0, 


This is an important result and we shall be referring to it later, so make a 
note of it in your record book. 

Turn on to frame 2. 
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Our equation 


is + cy = 0. If a = 0, 


get the first order 


equation of the same family 

b^r + cy = 0 i.e. ^-+ky = 0 where k = f 
dx J dx b 

Solving this by the method of separating the variables, we have 



which gives 


2 


3 

| In y = -kx + c | 

/. y = e kx + c = e kx . e c = A e~ kx (since e c is a constant) 
i.e. y = Ae kx 

If we write the symbol m for -k, the solution is y = Ae mx 
In the same way ,y = Ae mx will be a solution of the second order 

equation a ~j~l + c ? ~ if it satisfies this equation. 

Now, if y = A e mx 



and substituting these expressions for the differential coefficients in the 
left-hand side of the equation, we get. 

On to frame 4. 
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| a Am 2 e mx +bAme mx +cAe mx = 0 | 

Right. So dividing both sides by Ae mjc ,we obtain 
am 2 +bm + c = 0 

which is a quadratic equation giving two values for m. Let us call these 
m = m x and m = m 2 

i.e. y = A e m lX andy = Be 7 ” 2 * are two solutions of the given equation. 

Now we have already seen that if y = u andy = v are two solutions so 
also is y = u + v. 

If y - A e miX and y = B e™ 2 * are solutions, so also is 
y = Ae miX + Be m2X 

Note that this contains the necessary two arbitrary constants for a second 
order differential equation, so there can be no further solution. 

Move to frame 5. 


0 The solution, then, of a ^5 + b-^- + cy = 0 is seen to be 
y = Ae m ' x +Be m t x 

where A and B are two arbitrary constants and m, and m 2 are the roots 
of the quadratic equation am 2 + bm + c = 0. 

This quadratic equation is called the auxiliary equation and is obtained 

directly from the equation a + ^ c y = by writing m 2 for ^ ^ , 

r dy , c 
m for —f— 1 for y. 
dx 

Example: For the equation 2^=j + 5 6_y = 0, the auxiliary equation 

is 2 m 2 + 5m + 6 = 0. 

In the same way, for the equation + 3 ^7+ 2 y = 0, the auxiliary 

equation is. 

Then on to frame 6. 
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| m 2 + 3m + 2 =~0~| 

Since the auxiliary equation is always a quadratic equation, the values 
of m can be determined in the usual way. 
e.g. if m 2 + 3m + 2 = 0 

(m + 1) (m + 2) = 0 m = -1 and m=- 2 

the solution of-^-r + 3^-+ 2y = 0 is 
dx ax 

y = Ae x + Be -2 * 


In the same way, if the auxiliary equation were m 2 + 4m -5 = 0, this 
factorizes into (m + 5) (m - 1) = 0 giving m = 1 or -5, and in this case the 
solution would be. 


\y = A^+Be 5 *] 

The type of solution we get, depends on the roots of the auxiliary 
equation. 

(i) Real and different roots 

Example 1. ^ + 5-^-+ 6v = 0 

dx dx 

Auxiliary equation: m 2 + 5m + 6 = 0 


• • (m + 2)(m + 3)-0 m = - 2 or m = - 3 

Solution is y = A e 2x + Be -3 * 

Example 2. -g- 7 |^ + l2y = 0 

Auxiliary equation: m 2 - lx + 12 = 0 

(m-3)(m-4) = 0 .'. m = 3 or m = 4 

So the solution is. 

Turn to frame 8. 
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8 


Here you are. Do this one. 

Solve the equation 4-== + 3 lOv = 0 
dx 2 dx 

When you have finished, move on to frame 9. 


\y = Ae 2x + 

Now consider the next case. 

(ii) Real and equal roots to the auxiliary equation. 

Let us take + 6 ^-+ 9 y = 0. 

dx 2 dx ' 

The auxiliary equation is: m 2 + 6m + 9 = 0 

(m + 3) (m + 3) = 0 m=- 3 (twice) 

If m, = -3 and m 2 =~ 3 then these would give the solution 
y = A e~ 3x + B e~ 3x and their two terms would combine to give 
y = Ce" 3x . But every second order differential equation has two 
arbitrary constants, so there must be another term containing a 
second constant. In fact, it can be shown that y = K.xe~ 3x also 
satisfies the equation, so that the complete general solution is of 
the formy = Ae' 3x + Bxe~ 3x 

i.e. y = e~ 3X (A + Bx) 

In general, if the auxiliary equation has real and equal roots, giving 
m = m, (twice), the solution of the differential equation is 

y = e m i x (A + Bx) 

Make a note of this general statement and then turn on to frame 10. 
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Here is an example: 

Example 1. Solve^-7 + + 4v = 0 

dx l dx 

Auxiliary equation: m 2 +4m + 4 = 0 

(m + 2) (m + 2) = 0 m~— 2 (twice) 

The solution is: y - e~ 2x (A + Bx) 

Here is another: 

Example 2. Solve-^ + 10^-+ 25 y = 0 
Auxiliary equation: m 2 + 10m + 25 = 0 


(m + 5) 2 = 0 m = -5 (twice) 
y =. e~ s *(A + Bx) 

Now here is one for you to do: 

Solve %x* + 8 dx + l6y = 0 

When you have done it, move on to frame 11. 




I y = e~ 4X (A + Bx) | 

Since if 


the auxiliary equation is 

m 2 + &m + 16 = 0 

••• 0» 

+ 4) 2 = 0 m=- 4(twice) 


y = e _4 *(A + Bx) 


So, for real and different roots m = m x and m = m 2 the solution is 
y = Ae m i x + Be m i x 

and for real and equal roots m = m, (twice) the solution is 
y=e m i x ( A+Rx) 

Just find the values of m from the auxiliary equation and then substitute 
these values in the appropriate form of the result. 

Move to frame 12. 


11 
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12 


(iii) Complex roots to the auxiliary equation. 

Now let us see what we get when the roots of the auxiliary equation 
are complex. 

Suppose m = a ± jfi, i.e. m x = a +jj3 and m 2 = a- j|3. Then the 
solution would be of the form 


^ = Ce (a+j(3)x +De (a-jf3)x 
= Ce ax J 0x +De ax .e-' iPx 
= e aX {Ce^ x + De-iP) 


Now from our previous work on complex numbers, we know that 


and that 


gj* = cosx+jsinx 
e -jx = cos x - j sin x 
e*P x = cos fix +j sin 0* 
e~tt x = cos fix - j sin (lx 


Our solution above can therefore be written 

y = e“*{C(cos fix +j sin fix) + D(cos fix - j sin |3x)} 
= e ax {(C + D) cos /3x+j(C-D) sin /3x} 
y = e ax {A cos fix + B sin <3x} 

where A = C + D 
B=j(C-D) 

If m = a ± jfi, the solution can be written in the form 
y = e ax {A cos fix + B sin |3x} 


Example: If m = -2 ± j3, 

then y = e 2x {A cos 3x + B sin 3x} 
Similarly, if m = 5 ± j2, 

then y = . 
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I y = e sx [A cos 2x + B sin 2x\ | 

Here is one of the same kind: 

Solve 4^ + 4^-+9y = 0 

dx 2 dx 

Auxiliary equation: m 2 + Am + 9 = 0 

■ -4±V(16-3(i) -4±V-20 

"22 

_ 21jV5 

In this case a = -2 and /? = y/5 

Solution is: y = e 2x (A cos V5x + B sin V5*) 


Now you can solve this one: 


When you have finished it, move on to frame 14. 


| y = e x (A cos 3x + B sin 3x) | 
Just check your working: 

S- 2 £ +io ^=° 

Auxiliary equation: m 2 - 2m + 10 = 0 

wi = 2±V(4-40) 

2 

=^4*L„ 1±i 3 

y = e x (A cos 3x + B sin 3x) 

Turn to frame 15. 
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15 Here is a summary of the work so far. 

Equations of the form a + b ’~j~ + cy = 0 
Auxiliary equation: am 2 + bm + c = 0 


(i) Roots real and different m = m l and m - m 2 

Solution is y = Ae miX + Be"* 2 ' 

(ii) Real and equal roots m = m y (twice) 

Solution is y = e miX (A + fix) 

(iii) Complex roots m = a±)[l 

Solution is y = e ax (A cos ffx + B sin fix) 

In each case, we simply solve the auxiliary equation to establish the 
values of m and substitute in the appropriate form of the result. 


On to frame 16. 


\ 


^0 Equations of the form-^r ± n 2 y - 0 

v consider the special case of the equation b—+ cy =0 

•* r . 

and this can be written as-^j ±n 2 y = 0 to cover the two cases when the 
dx 


Let us n 
when b = 0. 


coefficient ofy is positive or negative. 

(i) li^ + n 2 y = 0, m 2 +n 2 = 0 :.m 2 =-n 2 :.m = ±jn 

v 7 dx 

(This is like m = a ± j/3, when a = 0 and 0 = n) 
y = A cos nx + B sin nx 

(ii) If4^ “ n 2 y = 0, m 2 ~n 2 = 0 m 2 =ri l m = ±n 

dx 

y = Ce" x +De nx 


This last result can be written in another form which is sometimes 
more convenient, so turn on to the next frame and we will see what it is. 




Order Differential Equations 



You will remember from your work on hyperbolic functions that 



Adding these two results: 2 e" x = 2 cosh nx + 2 sinh nx 
e nx = cosh nx + sinh nx 
Similarly, by subtracting: e nx = cosh nx - sinh nx 

Therefore, the solution of our equation ,y = Ce nx + D e nx , can be 
written 

y = C(cosh nx + sinh nx) + D(cosh nx - sinh nx) 

= (C + D) cosh nx + (C - D) sinh nx 
i.e. y = A cosh nx + B sinh nx 
Note. In this form the two results are very much alike: 

0) + n 2 y ■= 0 y = A cos nx + B sin nx 

00 ^p:~ n2 y~ 0 y ~ A cosh nx + B sinh nx 

Make a note of these results in your record book. 

Then, next frame. 
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Here are some examples: 

Example 1. ^~^r+16y = 0 m 2 =-16 m = ±j4 

y - A cos 4x + B sin 4x 

Example 2. - 3y = 0 m 2 = 3 :. m-±y/3 

y - A cosh \/3x + B sinh -yObc 
Similarly “ 

Example 3. + 5v = 0 

<*r 

> = ..... 

Then turn on to frame 19. 


18 
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19 


And now this one: 


y ~ A cos \j5x + B sin \JSx 


Example 4. 


cPy_ 

dx 2 


y = 


2 


20 


cosh 2x + B sinh 2x 


Now before we go on to the next section of the programme, here is a 
revision exercise on what we have covered so far. The questions are set 
out in the next frame. Work them all before checking your results. 

So on you go to frame 21. 


21 


Revision Exercise 


Solve the following: 


2. 

3. 

4. 

5. 






For the answers, turn to frame 22. 
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Results 

1. y = e 6X (A + Bx) 

2. y = A cos \/lx + B sin y/lx 

3. y = Ae x + Be~ 3x 

4. ,..4* (A cos sin J) 

5. y = A cosh 3x + B sinh 3x 

By now, we are ready for the next section of the programme, 
to frame 23. 


22 


on 


So far we have considered equations of the form 

cy = fix) for the case where fix) = 0 


23 


If/(x) = 0, then am 2 + bm + c'= 0 giving m = m x and m=m^ and the 
solution is in general y = A e m lX + B e™ 2 *. 

In the equation substitution 

y = A e miX + B e m ^ x would make the left-hand side zero. Therefore, there 
must be a further term in the solution which will make the L.H.S. equal to 
fix) and not zero. The complete solution will therefore be of the form 
y = Ae m i x + B e m ' lX + X, where Xis the extra function yet to be found. 

y = A e miX + Be™ 2 * is called the complementary function (C.F.) 
y = X(a function of x)” ” ” particular integral (P.l.) 

Note that the complete general solution is given by 

general solution = complementary function + particular integral 

Our main problem at this stage is how are we to find the particular 
integral for any given equation? This is what we are now going to deal 
with. 

So on then to frame 24. 
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24 


To solve an equation 


d 2y 

lx 2 


cy -fix) 


(i) The complementary function is obtained by solving the equation 
with /(x) = 0, as in the previous part of this programme. This will 
give one of the following types of solution: 

(i) y = Ae miX + Be m * x (ii) y = e m t x (A + Bx) 

(iii) y = e ax (A cos fix + B sin fix) (iv) y = A cos nx + B sin nx 
(v) y- A cosh nx + B sinh nx 

(ii) The particular integral is found by assuming the general form of the 
function on the right-hand side of the given equation, substituting 
this in the equation, and equating coefficients. An example will make 
this clear: 

Example: Solve ~S~ + 6v=x 2 
dx dx x 

(i) To find the C.F. solve L.H.S. = 0, i.e. m 2 - 5m + 6 = 0 

(m - 2) (m - 3) = 0 m = 2 or m = 3 
Complementary function is y = Ae 2 * + Be 3x (i) 

(ii) To find the P.I. we assume the general form of the R.H.S. which 
is a second degree function. Let y = Cx 2 + Dx + E. 

Then = 2Cx + D and & = 2C 

dx dx* 

Substituting these in the given equation, we get 

2C - 5(2Cx + D>+ 6(Cx 2 + Dx + E) = x 2 
2C - lOCx - 5D + 6Cx 2 + 6Dx + 6E = x 2 
6 Cx 2 + (6D - 10C)x + (2C - 5D + 6E) = x 2 
Equating coefficients of powers of x, we have 
[x 2 ] 6C= 1 C = i 

[x] 6D- 10C = 0 •• 6D = ^ = | ■• D = A' 

[CT] 2C - 5D + 6E = 0 6E=f|-|-={| /. E = ^ 

;. Particular integral is y = ^ (ii) 

Complete general solution = C.F. + P.I. 

General solution is y = A e 2x + B e 3x +r~ + t§-+ 

__O_ 1 o lUo 

This frame is quite important, since all equations of this type are 
solved in this way. On to frame 25. 
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We have seen that to find the particular integral, we assume the general 
form of the function on the R.H.S. of the equation and determine the 
values of the constants by substitution in the whole equation and equat¬ 
ing coefficients. These will be useful: 


25 


If f(x) = k . 

m=kx . 

f(x) = kx 2 . 

f{x) = k sin x or k cos x 
f(x) = k sinh x or k cosh * 
f(x)=e kx . 


Assume y = C 
” y = Cx + D 
” y = Cx 2 + Dx + E 
” y = C cos x + D sin x 
” y = C cosh x + D sinh x 
” y = Ce kx 


This list will cover all the cases you are likely to meet at this stage. 

So if the function on the R.H.S. of the equation is f(x) = 2x 2 + 5, you 
would take as the assumed P.I., 

y = . 


|y = Cx 2 +Dx + E| 


26 


Correct, since the assumed P.I. will be the general form of the second 
degree function. 

What would you take as the assumed P.I. in each of the following cases: 


1. f(x) = 2x-3 

2. f(x) = e sx 

3. f(x) = sin Ax 

4. f(x) = 3- 5x 2 

5. f(x) = 27 

6. f(x) = 5 cosh 4x 

When you have decided all six, check your answers with those in frame 27. 


650 






t 

Programme 23 j 


27 


Answers 


1. /(*) = 2x~3 P.I. is of the 
2 - f(x)=e sx ””” ” 

3. f(x) = sin 4x ” ” ” ” 

4. f(x) = 3~5x 2 * ” ” ” 

5. /(*) = 27 ””” " 

6 . /(jc) = 5 cosh 4 jc ” ” ” ” 


form y = Cx + D 
” y = Ce 5 * 

y = C cos 4a: + D sin 4* 

” 7 = Cx 2 + Dx + E 
” y = C 

” y = C cosh 4a: + D sinh 4a: 


All correct? If you have made a slip with any one of them, be sure that 
you understand where and why your result was incorrect before moving on. 
Next frame. 


28 


Let us work through a few examples. Here is the first. 

Example 1. Solve - 5 ~~ + 6y = 24 

dx 2 dx * 

(i) C.F. Solve L.H.S. = 0 m 2 - 5m + 6 = 0 

(m - 2) (m - 3) = 0 m = 2 and m = 3 

y = Ae 2X + Be 3 * (i) 

(ii) P.I. f(x) = 24, i.e.a constant. Assume y = C 

Then ^ = 0 and = 0 
dx dx 

Substituting in the given equation 

0 — 5 (0) + 6C = 24 C = 4 

Pi. is y = 4 (ii) 

General solution is y = C.F. + P.I. 

i.e. y =. Ae 2X + 4 , 

C.F. PT. 

Now another: 

Example 2. Solve - 5 ~ + 6y = 2 sin 4x 
dx 1 dx 

(i) C.F. This will be the same as in the last example, since the L.H.S. 
of this equation is the same. 

i.e. y = Ae 2X +Be 3x 

(ii) P.I. The general form of the P.I. in this case will be. 
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y = C cos 4x + D sin 4x 


, Note. Although the R.H.S. is f(x) - 2 sin 4.x, it is necessary to include 

| the full general function y = C cos 4x + D sin 4x since in finding the 

differential coefficients the cosine term will also give rise to sin 4x. 

So we have 

y = C cos 4x + D sin 4x 
~ = -4C sin 4x + 4D cos 4x 
d 2 y 

= ~16C cos 4x- 16D sin 4x 

I We now substitute these expressions in the L.H.S. of the equation and 

I by equating coefficients, find the values of C and D. 

Away you go then. 

Complete the job and then move on to frame 30. 

I=— 


C 25’ D- ~l5 ; y ~ 35 ( 2 cos 4-* “ sin 4x) 


Here is the working: 

-16C cos 4x— 16D sin 4x + 20C sin 4x - 20D cos 4x 
+ 6C cos 4x + 6D sin 4x = 2 sin 4x 

(20C- 10D) sin 4*- (IOC + 20D) cos 4x = 2 sin 4x 
20C-10D = 2 40C-20D = 4) 

1OC + 20D = 0 IOC + 20D = 0 

In this case the P.I. is y = ~ (2 cos 4x - sin 4x) 

The C.F. was y = Ae lx + B<? 3 * 

The general solution is 

y = A <? 2X + Be 3 * +2j(2 cos 4x - sin 4x) 
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31 


Here is an example we can work through together. 

soi » S ti4 * +49j, ' 4<, “ 


First we have to find the C.F. To do this we solve the equation 



Correct. So start off by writing down the auxiliary equation, which 
is. 


33 ,-, 

m 2 + 14 m + 49 = Ol 

This gives (m + 7) (m + 7) = 0, Le.m=-7 (twice). 

The C.F. is y = e lx (A + Bx) (0 

Now for the P.I. To find this we take the general form of the R.H.S. of 
the given equation, i.e. we assume>> =. 


34 


Right. So we now differentiate twice, which gives us 


dx 


and 


d 2 y _ 

dx 2 
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-t~- 5Ce 5 *; ^=25Ce sx 
dx dx 2 

The equation now becomes 

25Ce sx + 14.5Ce s * + 49Ce sx = 4e sx 

Dividing through by e sx : 25C + 70C + 49C = 4 

144C = 4 C = ^g 

The P.I. is y = jg- (ii) 

So there we are. The C.F. is y = e lx {A + Ba:) 

and the P.I. is y = 

and the complete general solution is therefore. 


35 


y = e 7x (A + Bx) + ^ 

Correct, for in every case, the general solution is the sum of the 
complementary function and the particular integral. 

Here is another. 

Solve + 6^-+ lOy = 2 sin 2x 

(i) To find C.F. solve L.H.S. = 0 .'. m 2 + 6m + 10 = 0 

-6 ±7(36-40) -6 ±7-4 „ . 

.. m = -r-=-r-= -3 ± i 


36 


y - e~ 3X (A cos x + B sin x) (i) 

(ii) TofindP.I. assume the general form of the R.H.S. 

i-e- y =. 

On to frame 37. 
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y = C cos 2x + D sin 2x 


Do not forget that we have to include the cosine term as well as the 
sine term, since that will also give sin 2x when the differential coefficients 
are found. 

As usual, we now differentiate twice and substitute in the given 
equation + 6-^-+ 1 Oy = 2 sin 2x and equate coefficients of sin 2x 
and of cos 2x. 

Off you go then. Find the P.I. on your own. 

When you have finished, check your result with that in frame 38 


38 

For if 


y = jS ( sin 2x - 2 cos 2x) 
7 = C cos 2x + D sin 2x 


-^=-2Csin2x + 2Dcos2x 
dx 

= -4C cos 2x - 4D sin 2x 
dx* 

Substituting in the equation gives 

-4C cos 2x - 4D sin 2x - 12C sin 2x + 12D cos 2x 
+ IOC cos 2x + 10D sin 2x = 2 sin 2x 


(6C + 12D ) cos 2x + (6D - 12C) sin 2x = 2 sin 2x 
6 C + 12D = 0 .-. C = -2D 

J_ 

15 

2 

_ I5 

P.I. is y = (sin 2x~2 cos 2x) 


6 D — 12C = 2 /. 6D + 24D=2 .\ 30D = 2 .'. D = 
.'. C = 


So the C.F. is y = e~ 3x (A cos x + B sinx) 
and the P.I. is y = ^-(sin 2x - 2 cos 2x) 
The complete general solution is therefore 


(ii) 
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y = e 3X (A cos x + B sin jc) + (sin 2x - 2 cos 2x ) 

Before we do another example, list what you would assume for the P.I. 
in an equation when the R.H.S. function was 

(1) f(x) = 3 cos 4x 

(2) /(*) = 2e 7 * 

(3) f(x) = 3 sinh x 

(4) f{x)=2x*-l 

(5) f(x) = x + 2e x 


39 


Jot down all five results before turning to frame 40 to check your answers. 


(1) y = C cos 4x + D sin 4x 

(2) y = Ce 7x 

(3) y = C cosh x + D sinh x 

(4) y = Cx 2 + Dx + E 

(5) y = Cx + D + Ee* 

Note that in (5) we use the general form of both the terms. 

General form for x is Cx + D 
” ” ”e*isEe* 

The general form of x + e* isy = Cx + D + Ee x 
Now do this one all on your own. 

Solve 3 

dx i dx 


40 


Do not forget: find (i) the C.F. and (ii) the P.I. Then the general solution 
isy = C.F. + P.I. 

Off you go. 

When you have finished completely, turn to frame 41. 
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41 


y = Ae x + Be 2x + ±(2x 2 +6x + 7) 
Here is the solution in detail. 


(i) C.F. 

(ii) P.I. 



m 2 -2m+ 2 = 0 .'. (m - 1) (m - 2) = 0 m 
:.y = Ae x +Be 2x (i) 

y = Cx 2 + Dx + E 


dy 

dx 


= 2Cx + D 


or 2 


■ £i = 
" dx 2 


2C 


2C - 3(2Cx + D) + 2(Cx 2 + Dx + E) = x 2 
2Cx 2 + (2D - 6C)x + (2C - 3D + 2E) = x 2 
2C = 1 /. C=4 


2D -6C = 0 D=3C 


. D=^ 


2C - 3D + 2E = 0 /. 2E = 3D - 2C =-j- 1 =-j E =j 

P-I.is>'=y + Y + J = i(2^ 2 + 6x + 7) (ii) 

General solution: 


Next frame. 


y = Ae* + Be 2 * + i (2x 2 + 6x + 7) 


42 


Particular solutions. The last result wasj^ = Ae x + Be 2x + ^-(2x 2 +6x + 7) 
and as with all second order differential equations, this contains two 
arbitrary constants A and B. These can be evaluated when the appropriate 
extra information is provided. 

e.g. In this example, we might have been told that at x = 0 ,y = 4 - and 
dy _ 5 


It is important to note that the values of A and B can be found only 
from the complete general solution and not from the C.F. as soon as you 
obtain it. This is a common error so do not be caught by it. Get the com¬ 
plete general solution before substituting to find A and B. 

In this case, we are told that when x = 0,y = so inserting these values 
8i ves . Turn on to frame 43. 
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43 


+4 A + B = —1 


We are also told that when jc = 0,-r- = 4'» so we must first differentiate 
dx 2 

the general solution. 


to obtain an expression for 


y = Ae* + Be 2 * + \(2x 2 + 6x + 7) 

& 


So, 


dx 


j£=Ae*+2Be 2 *+^(2x + 3) 
Now we are given that when x = 0, -^ = -j 

|=A + 2B+| /. A + 2B = 

So we have A + B = -1 I 

and A + 2B = 1 j 

and these simultaneous equations give: 

A =.; B =. 

Then on to frame 45. 


44 
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45 I A—3;B»2 | 

Substituting these values in the general solution 

y = Ae* + Be 2 *+^-(2x 2 + 6x + 7) 
gives the particular solution 

y = 2e 2x -3e x + - (2x 2 + 6x + 7) 

And here is one for you, all on your own. 

Solve the equation + 4^+5^= 13e 3x given that when 

x = 0, y =-| and Remember: 

(i) Find the C.F.; (ii) Find the P.I.; 

(iii) The general solution is.y = C.F. + P.I.; 

(iv) Finally insert the given conditions to obtain the particular solution. 
When you have finished, check with the solution in frame 46. 

46 

For: 

(i) C.F. m 2 + 4m + 5 = 0 .\ m = Zl ± vl 16 ~ 20 ) = Zl£J 2 

m = - 2 ± j y = e 2x (A cos x + B sin x) (i) 

(ii) P.I. y = Ce 3x :& = 3Ce 3x & = 9Ce 3X 

dx dx 2 

9Ce 3x + 12Ce 3x + 5 Ce 3x = 13e 3X 
26C =13 C = j P.I. i $y = ^p (ii) 

General solution y = e 2x (A cos x + B sin x) + ■ x = 0, y = ^ 

.‘.•^=A+-j .'. A=2 y = e 2x (2 cosx + B sin x) +^“ 

= e~ 2 * (-2 sin x + B cos x) - 2e 2x (2 cos x + B sin x) +-^— 
x = 0,-^ = i i = B-4 + | B = 3 

dx 2 2 2 3x 

• ■ Particular solution is y = e 2x (2 cos x + 3 sin x) + 


y = e~ 2x (2 cos x + 3 sin x) + 


|i +4 ^ + 5 ^- 13 ,** 

dx 2 dx ^ 
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Since the C.F. makes the L.H.S. = 0, it is pointless to use as a P.I. a 
term already contained in the C.F. If this occurs, multiply the assumed 
P.I. by x and proceed as before. If this too is already included in the 
C.F., multiply by a further* and proceed as usual. 

Example: Solve- 2-^— 8y = 3e~ 2x 

(i) C.F. m 2 - 2m - 8 = 0 (m + 2) (m - 4) = 0 m =-2 or 4 

y = A e AX + B e~ 2x (i) 

(ii) P.I. The general form of the R.H.S. is Ce 2x , but this term in e 2x is 
already contained in the C.F. Assume y = Cxe~ 2x , and continue as usual. 


y = Cxe 2x 

& = Cx(-2e ~ 2X ) + Ce~ 2x = Ce _2x (l - 2*) 

= Ce -tx ( _ 2) _ 2Ce -ix (1 _ 2x ) = ce' 2x ( 4 * - 4 ) 


Substituting in the given equation, we get 

Ce~ 2x (4* - 4) - l.Ce- 2x (1 - 2jc) - 8C*e 2X = 3e~ 2X 
(4C + 4C-8C)*-4C-2C = 3 
-6C = 3 C = -i 
P.I. is y=-^xe~ 2x (ii) 

General solution y = Ae 4X + Be~ 2x — — 

So remember, if the general form of the R.H.S. is already included in 
the C.F., multiply the assumed general form of the P.I. by * and continue 
as before. 

Here is one final example for you to work. 


Solve 


2y = e x 


Finish it off and then turn to frame 48. 
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48 


Here is the working: 
To solve 


y = Ae x + Be 2X +*f 


d 2 y 

dx 7 


y=<? 


(i) C.F. m 2 + m~2 = 0 

(m - 1) {m + 2) = 0 m= 1 or -2 

y = Ae* + Be~ 2x (i) 

(ii) P.I. Take y = Ce x . But this is already included in the C.F. Therefore, 
assume y = Cxe x . 

Then Cxe* + Ce* ~ Ce*(x + 1) 

J-£= Ce* + Cxe* + Ce x = Ce x (x + 2) 


.'. Ce x (x + 2) + Ce x (x + l)-2Cxe x =e x 
C(x + 2) + C(x+l)-2Cx=l 
3C = 1 ••• C = j 

P.l.isy=^f (ii) 

and so the general solution is 

y = Ae*+Be 2X 

You are now almost at the end of this programme. Before you work 
through the Test Exercise, however, look down the revision sheet given 
in frame 49. It lists the main points that we have established during this 
programme, and you may find it very useful. 


So on now to frame 49. 


661 




Second Order Differential Equations 


Revision Sheet 

1. Solution of equations of the form a + b ^-+ cy = f(x) 

2. Auxiliary equation: am 2 + bm + c = 0 

3. Types of solutions: 


(a) Real and different roots 

m = mi and m = 

y = Ae m i* + Be" 1 ** 


(b) Real and equal roots 

m = mi (twice) 

y = e m t x (A + Bx) 


(c) Complex roots 

m = a± j/3 


y = e ax (A cos /3x + B sin fix) 

4. Equations of the form + n 2 y = 0 

y = A cos nx + B sin nx 

5. Equations of the form ~jp‘~ n2 y = 0 

y = A cosh nx + B sinh nx 


49 


6. General solution 

y = complementary function + particular integral 

7. (i) To find C.F. solve a^r\ + b + cy = 0 

dx 1 dx 

(ii) To find P.I. assume the general form of the R.H.S. 

Note: If the general form of the R.H.S. is already included in the 
C.F., multiply by x and proceed as before, etc. Determine the 
complete general solution before substituting to find the values 
of the arbitrary constants A and B. 


Now all that remains is the Test Exercise, so on to frame 50. 
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50 The Test Exercise contains eight differential equations for you to solve, 
similar to those we have dealt with in the programme. They are quite 
straightforward, so you should have no difficulty with them. 

Set your work out neatly and take your time: this will help you to 
avoid making unnecessary slips. 


Solve the following: 


2- 4#-4y=10«" 


U* 2% + y-e" 

dx 2 dx ' 


^-2$U.y = 4sinx 
dx 2 dx 


6. + 4-p + 5 y = 2e 2X , given that at x = 0 ,y = 1 and -j 
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Further Problems - XXIII 

Solve the following equations: 
r t d2 y 


dx 2 


7 f-4^ = e 


2 - §~ 6 % +9y = 54x + 18 

3 - lx*~ 5 te + 6y=msin4x 

4 - d^ +2 ^ +y=4sinhx 

5 - - = 2 cosh 2x 

6 - + 10y = 20-e« 

7 ‘ ^ + 4 £ + 4 ^ = 2cos2 * 

8 ' ^~ 4 ^ +3y = x + e2X 


9. 

dx 2 




d 2 y 

10. d^~ 9y = e+ sin3 * 

11. Fora horizontal cantilever of length /, with load i 
the equation of bending is 

U#- 

d 2 x _ 

where E, I, w and / are constants. If v = 0 and — 
dx 

in terms of x. Hence find the value of y when x = 


per unit length, 


= 0 at* = 0, findy 

l. 
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12. Solve the equation 


d 2 x 
dt' 2 
1 


given that at f = 0 , x = ^ and— = - 2 . 


13. Obtain the general solution of the equation 

d 2 y . . dy r , . 

W *dt +Sy ~ 6ant 

and determine the amplitude and frequency of the steady-state 
function. 

14. Solve the equation 

d 2 x * 

~dt 2 ~ 3 ~dt + 2 * = sm f 

given that at t = 0, x = 0 and^-= 1. 

dt 

15. Solve ^£5 + 3 + 2y = 3 sin jc, given that when x = 0,y = -0-9 


16. Obtain the general solution of the equation 

-^t + 6 ^+ 10y = 50x 
dx l dx 

17. Solve the equation 

2^ + 2x = 85 sin 3f 
dt dt 

given that when t = 0, x = 0 and-^- = -20. Show that the values of 
dt 

t for stationary values of the steady-state solution are the roots of 
6 tan 3 1 = 7. 

d 2 y 

18. Solve the equation= 3 sin x - 4y, given that y = 0 at x = 0 and 

dy 

that — = 1 at x = ir /2. Find the maximum value ofy in the interval 
0<X<7T. 
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19. A mass suspended from a spring performs vertical oscillations and 
the displacement x (cm) of the mass at time t (s) is given by 


Hx = t and ~ = Q when t- 0, determine the period and amplitude 
6 dt 

of the oscillations. 

20. The equation of motion of a body performing damped forced vibra¬ 
tions is-7-5-+ 5 ~ + 6x = cos t. Solve this equation, given that x = 0-1 
dt dt 

and — = 0 when t = 0. Write the steady-state solution in the form 
dt 

K sin (f + a). 


I 
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I Operator D d 

a* (*«)=«.*"-! 

d 

fa (sin jc) = cos x 


-(u + v) 


du [ dv 
dx dx 


These results, and others like them, you have seen and used many times 
in the past in your work on differentiation. 

The symbol of course, can have no numerical value of its own, nor 

can it exist alone. It merely indicates the process or operation of finding 
the differential coefficient of the function to which it is attached, and as 
such it is called an operator. 

For example, ^-(e s;c ) denotes that we are carrying out the operation 
of finding the differential coefficient of e sx with respect to x, which in 
fact gives us — ( e sx ) =. 


2 

Also, jj^j , or as it is written, denotes that the same operation is 

to be carried out twice - so obtaining the second differential coefficient 
of the function that follows. 

Of course, there is nothing magic about the symbol We could use 
any symbol to denote the same process and, for convenience, we do, in 
fact, often use the letter D to indicate the same operation. 

i.e. D=~ 

dy dx 

So that can be written Dy. 

and D(sin x) = cos x 

D(e**) =/te** 

D(x 2 + 6x - 5) = 2x + 6 etc., etc. 

So that D(sinh x ) =. 

Turn to frame 3. 


= 5e s * 
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|~D(sinh x) = cosh x j 

Similarly, D(tan re) = sec 2 x, D(ln x) = 

D(cosh 5x) = 5 sinh 5x. 


Naturally, all the rules of differentiation still hold good. 

e.g. D(x 2 sin re) = re 2 cos re + 2re sin x (product rule) 
and similarly, by the quotient rule, 

“firrr}-. 


\ sin 5x) _ (x + 1) 5 cos 5x - sin 5x 
U+1) (x + 1) 2 

In the same way, D 2 {x 3 } = D{D (x 3 )} = D{3x 2 } = 6x. 

So: The symbol D denotes the first differential coefficient, 
D 2 ” ” second ” 

D 3 ” ” third ” 


and, if n is a positive integer, D” denotes 


I - 

the n th differential coefficient 

Correct. 

(i) D 2 (3 sin x + cos 4x) = D(3 cos x - 4 sin 4x) 


= -3 sin x ~ 16 cos 4.x 


(ii) D 2 (5 x 4 - lx 2 + 3) = D(2Qx 3 — 14x) 


= 60x 2 - 14 

All very easy: it just means that we are using a different symbol to repre- 

! sent the s 

ame operators of old. 


D ( e 2X + 5 sin 3x) = 2e lx + 15 cos 3x 

D 2 (e 2X + 5 sin 3x) = 4e 2x — 45 sin 3x 

D 3 (e 2X + 5 sin 3x) = 8e 2x - 135 cos 3x etc. 

Here are some for you to do. 

Find 

l 

(i) D (4e sx - 2 cos 3x) =. 

(ii) D 2 (sinh 5x + cosh 3x) =. 

(hi) D 3 (5x 4 - 3x 3 + 7x 2 + 2x - 1) =. 

When you have finished, turn to frame 6. 
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(i) 20e 5X + 6 sin 3x 

(ii) 25 sinh 5x + 9 cosh 3x 

(iii) 120 jc-18 

The special advantage of using a single letter as an operator is that it 
can be manipulated algebraically. 

Example 1. (D + 4) {sin x } = D{sin *} + 4 sin x 
= cos x + 4 sin x 

i.e. we just multiply out in the usual way. 

Example 2. (D + 3) 2 {sin x] = (D 2 + 6D + 9){sin x) 

= D 2 {sinx} + 6D{sinx) + 9 sinx 
D (sin x) = cos x 
D 2 (sin x) = -sinx 
= -sin x + 6 cos x + 9 sin x 


Similarly (D - 3) {cos 2x} = 


7 


For 

Similarly, 


(D-3){cos 2x} = D{cos 2x} - 3 cos 2x 
= -2 sin 2x - 3 cos 2x 


(i) (D + 4){e 3x ) = D{e 3x } + 4e 3x 

= 3e 3x + 4e 3x = le 3x 

(ii) (D 2 - 5D + 4){x 2 + 4x — 1} D (x 2 + 4x - 1) = 2x + 4 

= 2~5(2x + 4) + 4(x 2 + 4x - 1) D 2 (* 2 + 4x - 1) = 2 

= 2 - 10* - 20 + 4x 2 + 16* - 4 
= 4.x 2 + 6x - 22 


Now you determine this one: 

(D 2 - 7D + 3){sin 3x + 2 cos 3x} =. 

When you are satisfied with your result, turn on to frame 8. 
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| 36 sin 3x - 33 cos 3x | 

Since D (sin 3x + 2 cos 3x) = 3 cos 3x - 6 sin 3x 

and D 2 (sin 3x + 2 cos 3x) = -9 sin 3x - 18 cos 3x 

(D 2 - 7D + 3){sin 3x + 2 cos 3x} 

= -9 sin 3x - 18 cos 3jc — 21 cos 3x + 42 sin 3* 

+ 3 sin 3x + 6 cos 3 jc 

= 36 sin 3x - 33 cos 3* 

Remember that the operator can be manipulated algebraically if required. 
Here is one more: 

(D 2 + 5D + 4){5e 2 *} =. 



(D 2 + 5D + 4){5e 2x } = D 2 {5e 2x } + 5D{5e 2x } + 4 {5e 2X } 
’Now D{5e 2;c } = 10e 2x and D 2 {5e 22C } = 20e 2x 
(D 2 + 5D + 4){5e 2x } = 20e 2x + 50e 2x + 20e 2x 
= 90e 2x 

or we could have said: 

(D 2 + 5D + A){Se 2x '} = (D + 4) (D + 1){5<? 2X } 

= (D + 4) (10e 2X + 5e 2X } 

= (D + 4){l5e 2 *} 

= 30e 2x + 60e 2X 
= 90e 2X 


On now to the 


frame. 
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10 


The inverse operator g 


We define the inverse operator ^ as being one, the effect of which is 
cancelled out when operated upon by the operator D. That is, the inverse 
operator ^ is the reverse of the operator D, and since D indicates the pro¬ 
cess of differentiation, then indicates the process of. 


11 


Right, though our definition of is a little more precise than that. 

Here it is: 

Definition: The inverse operator ^ denotes integration with respect to * 
omitting the arbitrary constant of integration. 

If- ! 

e.g. — {sinx} =-cosx 

I {e 3* } 

D l ; 3 

sM ‘. 


12 




and — 


P {sinh 3x + cosh 2x} = 

x 2 , 

= ir- + lnx 


cosh 3x sinh 2x 


Therefore, we have that 

(i) the operator D indicates the operation of 

oo •• - ■■ 

Turn on to frame 13. 


673 








Operator D Methods 


D denotes differentiation 
” integration 

Of course, ^ = (j^J and ^{/(x)} therefore indicates the result of 

integrating the function f(x ) twice with respect to x, the arbitrary con¬ 
stants of integration being omitted. 

e g- ^ 2 {x 2 + 5x-4} 


Note that the constant of integration 
integration. i 

So {sin 3x - 2 cos x} = 


= ^ -r + -r-4x 


= ^_ + ±t __ 2x 2 
12 6 

is omitted at each stage of 


13 


32 (sin 3x-2cosx}=^(- £5 y^-2sinxJ 


1 , i ~ sin 3x 

•' ri 5 ( sin 3x - 2 cos x } = 2 cos x-^— 

Here is a short exercise. Work all the following and then check your 
results with those in frame 15. 

(i) D (sin 5x + cos 2x) =. 

(ii) D(x 2 e 3 *) 

<“> *. 

(iv) ^ (cosh 3x) 

(v) ^7 (3x 2 + sin 2x) =. 

When you have completed all five, move on to frame 15. 


14 











Programme 24 


15 


Here are the results in detail. 


(0 

D 

(sin 5x + cos 2x) 

= 5 cos 5x - 2 sin 2x 

09 

D 

(x 2 e 3X ) 

= x 2 3e 3x 

+ 2x e 3 * 




= e 3x (3x : 

l + 2x) 

(iii) 

1 

D 

(lx 2 + 5 + -) 

_ 2x 

—— + 5x + 2 In * 

(iv) 

1 

D 

(cosh 3 jc) 

_ sinh 3x 
3 


(v) 

52 (3* 2 + sin 2x) 

= s(* 3 - 

cos 2x\ 

2 / 


x 4 sin 2x 
4 4 


You must have got those right, so on now to frame 16. 


16 


Before we can really enjoy the benefits of using the operator D, we 
have to note three very important theorems, which we shall find most 
useful a little later when we come to solve differential equations by 
operator D methods. Let us look at the first. 


Theorem I 


F(D){e ax }=e ax F (a) . 


■ (0 


where a is a constant, real or complex 

Dfe**} = a e** 

D 2 |e**} = a 2 e** 

(D 2 + D){e**} = a 2 e ax + a e** = e ax (a 2 + a) 


Note that the result is the original expression with D replaced by a. This 
applies to any function of D operating on e 2 *. 


Example 1. (D 2 + 2D - 3) {e **} = e** (a 2 + 2a - 3) 

This sort of thing works every time: the e ax comes through to the front 
and the function of D becomes the same function of a, i.e. D is replaced by a. 
So (D 2 —5){e 2 *} =. 


Turn to frame 1 7. 
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I ( tf-5){e 2X } = -e M 
Similarly, (2D 2 + 5D - 2) {e 3x } = e 3 *(2.9 + 5.3 - 2) = e 3 *(18 + 15-2) 
= 31 e 3X 

The rule applies whatever function of D is operating on . 


17 


e.g. 


d _2 ^ * ’5-2 3 

{e 3x } = 


2 _e 3 * 
9 + 3 12 


D 2 + 3 1 

1 ( - 2X t = 1 

D 2 -4D-1 f e (~2) 2 - 4(-2) - 1 


e.g. 


= e 


1 


4 + 8-1 11 


So (D 2 - 5D + 4) {e 4x } = .. 


0 


for (D 2 - 5D + 4) {e« x } = e 4x (4 2 - 5.4 + 4) 

= e 4 *(16-20+4) = 0 

Right, and in the same way, 

D J + 6D - 2 *. 


18 


-{e“> = e 


19 


Fine. Turn on now to frame 20. 
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20 


Just for practice, work the following: 


(i) (D 2 + 4D — 3) {e 2X } = . 

< u > &T4 {e ~ 3x} 

(iii) (D 2 - 7D + 2) {W 2 } = . 

^ D 2 — 3D — 2 = . 

(V) (D - 3) \D + 4 ) {<rX}= . 

When you have finished, check your results with those in the next frame. 


21 


(i) (D 2 + 4D - 3) {e 2x } = e 2x (4 + 8 - 3) = 9e 2x 

00 


- = g~3X _J_ _ g 3X 

4 le ' e 9 + 4 13 


(iii) (D 2 - 7D + 2) {e*/ 2 } = e x/2 (i-1 + 2) 


^ D 2 — 3D — 2 {e s *} =eS *- 2 5-15-2 


(V) (D-3)(D + 4)^ } C - (-1 - 3) (-1 + 4) 
_ -x 1 
^ (-4) (3) 


_ 12 _ 

All correct? 

Turn on now then to the next part of the programme that starts in 
frame 22. 
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Theorem II 

¥(V){e ax V}=e ax ¥(V + a){V} .. (II) 

where a is a constant, real or complex, 
and V is a function of x. 


Consider (D 2 + D + 5) {e^V} 


D{e a 

x V} = e a 

*D{v} +ae ax V 


= e a 

x [D{V}+aV] 

D 2 {e a: 

x V} = e a 

x [D 2 {V}+aD{V}] +ae ax 


= e a 

*[D 2 {V) + 2aD{v} +a 2 V] 


[D(V} +aV] 


22 


(D 2 + D + 5){e flX V} = e ax [D 2 {v}+2aD{V}+a 2 V] +e“[D{V}+aV] 

+ 5e ax V 

= e ax [(D 2 + 2Da + a 2 ){V} + (D + a){V} + 5 V] 

= e 0 * [(D + a) 2 + (D + a) + 5] {V} 
which is the original function of D with D replaced by (D + a). 

So, for a function of D operating on { e M V}, where V is a function of 
x, the e ax comes through to the front and the function of D becomes the 
same function of (D + a) operating on V. 

F(D){e gx V}=a ax F(D + a){V} 

An example or two will make this clear. 

(1) (D + 4){e 3x x 2 } In this case, a = 3 and V = x 2 

= e 3x {(D + 3) + 4}{x 2 } 

= e 3x (D + 7 ) {x 2 } = e 3x (2x + lx 2 ) 

= {lx 2 + lx)e 3x 

(2) (D 2 + 2D-3){e 2X sinx} 

= a 2X [(D + 2) 2 + 2(D + 2) - 3] . {sin x) 

= e 2X (D 2 +4D + 4+2D + 4-3) {sinx} 

= e 2X (D 2 + 6D + 5){sin x} ( D(sin x) = cos x 

= e 2X [4 sin x + 6 cos x] {D 2 (sin x) = - sin x 

And, in much the same way, 

(3) (D 2 - 5){e sx cos 2x} =. 
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23 [ 4e 5X (4 cos 2x - 5 sin 2x) [ 

for: (D 2 -5){e 5 *cos2x} 

= e sx [(D + 5) 2 — 5] ,{cos2x} 

= e s *[D 2 + 10D + 25 - 5] {cos 2x) 

D(cos2x)=-2sin2x 

= e 5 * [D 2 + 10D + 20] {cos 2x} 

D 2 (cos 2x)=-4 cos 2 x 
= e 5x (-4 cos 2x - 20 sin 2x + 20 cos 2x) 

= 4 e sx (4 cos 2x - 5 sin 2x) 

Now here is another: 


D 2 —8D + 16^^ 


{* 2 } 


(D + 4) 2 - 8(D + 4) + 16 


D 2 + 8D+ 16-8D-32 + 16 


{* 2 } 


D‘ 


:{* 2 } 


r> 3 


_ e AX x 4 1_ 

12 D : 

Now this one: they are all done the same way. 

(D 2 - 3D + 4) { e x cos 3x } 
The first step is to. 


(* 2 ) ] 


24 


Right, so we get 

(D 2 - 3D + 4) {e x cos 3x} 

= €* [(D - l) 2 - 3(D - 1) + 4] .{cos 3x} 

= e x (D 2 — 2D + 1 — 3D + 3 + 4). {cos 3x} 

= e~ x (D 2 - 5D + 8) {cos 3x) I D(cos 3x)=-3 sin 3x 
[ D 2 (cos 3x) =-9 cos 3x 

When you have sorted that out, turn on to frame 25. 


(i) bring the e x through to the front 

(ii) replace D by (D - 1) 
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| e *(15 sin 3x - cos 3.x) | 


Now let us look at this one. 


-{x 3 e 2x } Here a = -2 and V-x 3 


(D — 2) 2 + 4(D — 2) + 5 


U 3 > 


r{* 3 } 


(1 + D 2 )' 1 = 1 - D 2 + D 4 - D 6 


e 2x 0 + D 2 )- 1 {x 3 } 

= e 2X (1 — D 2 + D 4 — D 6 + 




Here is another. 


x (x 3 - 6x + 0 - 0 . . .) 
* (x 3 - 6x) 


D(x 3 ) = 3x 2 
D 2 (x 3 ) = 6x 
D 3 (x 3 ) = 6 
D 4 (x 3 ) = 0 etc. 


25 


D 2 -4D+4+4D-8+5 1 

= e“ 2 * 

D 2 + 1 1 X l 

and we are now faced with the problem of how to deal with + ^ {x 3 } . 
Remember that operators behave algebraically. 

e 2X W ~{x 3 }=e 2x (l + D 2 J l {x 3 } 
and (1 + D 2 ) -1 can be expanded by the binomial theorem. 

(1 + D 2 ! 1 =. . 


26 


II' I iv '- 1 


Note we take out the 
factor 3 to reduce the 
denominator to the form 

(1 +w) 
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Finish it off. Then move on to frame 28. 



Right. So far we have seen the use of the first two theorems. 
Theorem I F(D){e ax } =. 


Theorem II F(D) { e 0 * V} = . 

Check your results with the next frame. 


29 

F(D){ 

F(D){ 

e ax } = e 
e ax y} = 

•“F (a) 

■- e ax F(D + 

a){V) 


Now for Theorem III 
Theorem III ^ 

1™“] 
(cos ax f 

’ = F(—a 2 ) j 

f sin ax \ 
[ cos ax j 

. (HI) 


If a function of D 2 is operating on sin ax or on cos ax (or both) the 
sin ax or the cos ax is unchanged and D 2 is everywhere replaced by (—a 2 ). 
Note that this applies only to D 2 and not to D. 

Example 1. (D 2 + 5){sin 4x} = (-16 + 5) sin 4x = -11 sin 4x 
Just as easy as that! 

Example 2. _ — (cos 2*}'= cos 2x = —\j cos 2x 

Example 3. — — { sin 3* + cos 3 jc) = Zg\ 4 (sin 3* + cos 3x) 

= — j (sin 3* + cos 3x) 

Example 4. (2D 2 - 1) (sin x } =. 
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-3 sin x 

for (2D 2 - l){sin x} = [2(—1) — 1 ] {sinx} = —3 sin x 

If the value of a differs in two terms, each term is operated on 
separately. 

e.g. + ~ 2 2x + cos 3x} 

= ' D 2~ 2 ( sin 2x } + £, 2+2 ^ cos 3x ) 

= Z 4 T 2 {$in + =9T2 {C0S 
sin 2x cos 3x 
~ 2 7 

So therefore p 2 !_ 5 ( sin x + cos 4*} 


30 


Here it is: 


sinx _cos_4* 

6 21 


cos 4x} 




4x} 


= ( sin *} + ^ C0S 
sin x _ cos 4x 
6 21 


Here are those three theorems again: 

Theorem I F(D){e' wc } = e ** F(a). (0 

Theorem II F(D){e“V} = e“F(D+fl){V}.. ( n ) 

T^eoremm F(D’) fc“) - F<-.>) £j. (■■■> 


Be sure to copy these down into your record book. You will certainly 
be using them quite a lot from now on. 

We have now reached the stage where we can use this operator D to our 
advantage, so turn now to frame 32. 


31 
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32 


Solution of differential equations by operator D methods 

The reason why we have studied the operator D is mainly that we can 
now use these methods to help us solve differential equations. 

You will remember from your previous programme that the general 
solution of a second order differential equation with constant coeffi¬ 
cients, consists of two distinct parts. 


general solution = complementary function + particular integral. 

(i) The C.F. was easily found by solving the auxiliary equation, obtained 

from the given equation by writing m 2 for-^r, m for — and 1 for v 
dx dx 

This gave a quadratic equation, the type of roots determining the shape 
of the C.F. 


(a) Roots real and different y = Ae miX +Be miX 

(b) Roots real and equal y = e miX (A + Bx) 

(c) Roots complex y = e ax (A cos fix + B sin fix) 

(ii) The P.I. has up to now been found by. 


33 


. . . assuming the general form of the function f(x ) on the 
R.H.S., substituting in the given equation and determining the 
constants involved by equating coefficients. 


In using operator D methods, the C.F. is found from the auxiliary 
equation as before, but we now have a useful way of finding the P.I. A few 
examples will show how we go about it. 

Example 1. + 4 ^7+ 3 y = e 2x 


dx 


(i) C.F. m 2 + 4m+ 3 = 0 (m + 1) (m + 3) = 0 m= - 

y = Ae x + Be -3 * 

(ii) P.I. First write the equation in terms of the operator D 

D 2 y + 4D y + 3 y = e 2X 
(D 2 + 4D + 3 )y = e 2x 

y — —=- - -f e 2X ) 

y D 2 +4D + 3 t 1 

and, applying theorem I, we get 

y= . 
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y =7 


34 


for y = e 

y = Ae~ x 
e 2X 
y= 15 

So the complete general solution is 


So C.F. is 
and P.I. is 


y = A e x + B e~ 3x + -tf* 


35 


Correct. Notice how automatic it all is when using the operator D. Here 
is another. 

Solve 

(i) First find the C.F. which is 

y = . 


\ y = t 


'*(A + Bx) 


since m 2 + 6 m + 9 = 0 (m + 3) 2 = 0 :.m = - 3 (twice) 
y = e" 3JC (A + Bx) 

(ii) To find the P.I., write the equation in operator D form 
D 2 y + 6D y + 9 y = e sx 
(D 2 + 6D + 9)y =e sx 

r (<“) 


36 


and by theorem I 


.'. General solution is 


* D 2 + 6D + 9 1 

y ~ e%x 


25 + 30 + 9 64 

C.F. is y = e" 3x (A + Bx) 

pi ^ y=f 


64 


y = ~ 
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(ii) Now for the P.I. 

D 2 y + 4Dy + 5y = e x 
(D 2 + 4D + 5)y = e x 


y = . 

Now finish it off and obtain the complete general solution. 
When you have it, move on to frame 39. 
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Since (i) C.F. m 2 + 1m + 12 = 0 (m + 3 )(m + 4) = 0 :.m = -3 or -<■ 

y = Ae ix + Be* x 


(ii) P.I. D 2 .y + 7Dy + I2y = 5 e 2 * 

(D 2 + 7D + I2)y = 5e 2x 

1 

y D 2 + 7D+ 12 
,_ r .„ 1 _5e 2 *_ 

y 4+14+12 30 

e 2x 

General solution: y = Ae +Be +-g— 


{5 e 2x } 

e 2x 

~ 


Now if we were told that atx = 0,.y and-^ = -j, we could differei 

tiate and substitute, and find the values of A and B. So off you go and 
find the particular solution for these given conditions. 

Then on to frame 41. 


i> = 2 e~ 3x - e AX +^r- 


for x = 0,y =-g- 6 = A + 


B = 1 

+ 2e 2 * 


•' 3 

3A + 4B 
3A + 3B 


4=-3A-4B + i 3A + 4B = 2 
\ B = -1, A = 2 


Particular solution is 2X 

y = 2^-^+V 

So (i) the C.F. is found from the auxiliary equation as before, 

(ii) the P.I. is found by applying operator D methods to the original 
equation. 

Now turn on to frame 42. 







42 


Now what about this one? 
Solve 


3 *+ 2 ,- 

dx 2 dx 


(i) C.F. 


+ 3m + 2 = 0 (m + 1 )(m + 2) = 0 m=~ 1 or-2 


y = Ae •* 

(ii) P.I. (D 2 + 3D + 2)y = sin 2x 


y=f. 


1 


-{sin 2x} 


+ 3D + 2 1 

By theorem III we can replace D 2 by —a 2 , i.e. in this case by —4, but 
the rule says nothing about replacing D by anything. 

• y- -4 + 3D + 2^ sin 2x } 


y = 3D^2 {sin2 ^ 

Now comes the trick! If we multiply top and bottom of the function of 
D by (3D + 2) we get y =. 


43 


Correct, and we can now apply theorem III again to the D 2 in the 
denominator, giving: 

3D + 2 r . _ ^ 3D + 2 , „ , 

y = -16^4 {sm 2x} = ^40“^ sln 

Now the rest is easy, for D(sin 2x) = 2 cos 2x 

= ~ ^ (6 cos 2^ + 2 sin 2x) 
i-e. y = (3 cos 2x + sin 2x) 

So C.F. is y = Ae x +Be 2x 

P.I. is y = - (3 cos 2x + sin 2x) 

General solution is _ i 

y = A e x + B e 2X - ^ (3 cos 2x + sin 2x) 

Note that when we were faced with ( sin 2x }> we multiplied top 

and bottom by (3D+2) to give the difference of two squares on the bottom, 
so that we could then apply theorem III again. Remember that move: it 
is very useful. 

Now on to frame 44. 


Wsin 2x} 
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Here is another example. 

Solve + 10 ~T- + 25 y = 3 co 

dx 2 dx 

(i) Find the C.F. You do that. 

y =. . . 

t 

44 

s4x 

t 

45 

| y = e" S *(A + Bx) 


Since m 2 + 10 m + 25 = 0 (m + 5) 2 = 0 

m=—S (twice) 

tr y = e- sx (A + Bx) 


(ii) Now for the P.I. 


(D 2 + 10D + 25)y = 3 cos 4x 


1 

y D 2 + 10D + 

-^-{3cos4x} 

r Now apply theorem III, which gives us on the next line 

1 7-. 


r 



46 



since, in this case, a = 4 :.-a 2 =-16 D 2 is replaced by-16. 

Simplifying the result gives 

• y = T0DT9 {3cos4x} 

Now then, what do we do next? 

When you have decided, turn on to frame 47. 
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47 


We multiply top and bottom by (10D - 9) 


Correct - in order to give D 2 : 
So we have 


l the denominator. 


(10D + 9) (10D — 9) 


{3 cos 4x} 


100D 2 — 81 

We can now apply theorem III, giving 


{3 cos 4.x} 


48 


y = (120 sin 4x + 27 cos 4x) 


-1600-81 
1 


(10D-9) (3 cos 4x} 

= - (-120 sin 4x - 27 cos 4x) 

y = Y^T (120 sin 4x + 27 cos 4x) 


D(3 cos 4x) = -12 sin 4x 


So C.F.: 


P.I.: 


y = e S *(A + Bx) 

y = t^y ( 12 ° sin 4x + 27 cos 4x) 


Therefore, the general solution is 

y = ... 

Now turn on to frame 49. 
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y = e S *(A + Bat) + - }-■ (120 sin 4 ac + 27 cos 4x) 

1681 

Let us look at the complete solution. Here it is: 

To solve -4"4-+ lo4~ + 25v = 3 cos 4 a: 

dx 2 dx 

(i) C.F. m 2 + 10m + 25 = 0 (m + 5) 2 = 0 m = -5 (twice) 

y = e~ sx (A + Bac) 

(ii) P.I. (D 2 + 10D + 25 )y = 3 cos 4 jc 

~ D 2 + ~ 10D + 25 (3 C0S4 ^ 


1 


{3 cos 4ac} 


-16+ 10D + 25 

{ 3 cos 4 ac) 

- {3 cos 4x } 
-{3 cos 4x} 


10D + 9 
10D-9 
100D 2 — 81 1 
10D-9 


1600-81 

(-120 sin 4a: - 27 


1681 

rr- (120 sin 4a: + 27 cos 4ac) 


4a:) 


Therefore, the general solution is 

y = e sx (A + Bx) + - (120 sin 4a: + 27 cos 4x) 

_ lool 

That is it. How you can do this one in very much the same way. 

Solve 4r4 - 4 4^-+ 13_y = 2 sin 3x 

dx 2 dx 


Find the complete general solution and then check your solution with 
that given in the next frame. 


49 
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Here is the solution in detail. 


^-4^-+ I3y = 2 sin 3x 
dx 2 dx * 


(i) C.F. m 2 - Am + 13 = 0 m = 


4±y/(16—52) 

2 

_ 4±V-36 , 


y = e 2x (h cos 3x + B sin 3x) 
(ii) P I. (D 2 — 4D + 13)y = 2 sin 3x 


V = D 2 —4D + 13 {2sin3jc} 
= -9 - 4D + 13 Sm 


^._L_( s in3,} 

- 1 1 +D r • o 1 
2 • i _ n 2 t an ^ x 1 


I 1 +D 

"2 l-(- 9 ) 


{sin 3x) 


y ~ Jq (sin 3x + 3 cos 3x) 

General solution is 

y = e 2x (A cos 3x + B sin 3x) + ^ (sin 3x + 3 cos 3x) 

Now let us consider the following example. 

Solve 6-^-+ 5_y = e 2X sin 3x 

dx 2 dx x 

(i) First find the C.F. in the usual way. This comes to 
y = .,.a. 

On to frame 51. 
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y = Ae* + Be” 


Since m 1 — 6m + 5 = 0 (m - 1) (m - 5) = 0 m = 
y = Ae* + Be sx 

Now for the P.I. 

(D 2 - 6D + 5)y = e 2x sin 3x 

— (e 2 * sin 3x 


51 


y D 2 — 6D + 5 ' 

This requires an application of theorem II 

F(D) {e 0 * V} = e <BC F(D + a){v} Here a = 2 

V = sin 3x 

So the e x comes through to the front and the function of D becomes the 
same function of (D + a), i.e. (D + 2), and operates on V, i.e. sin 3x 

y ~ S (D + 2) 2 -6(D + 2) + 5 ^ Sm 3JC ^ 


D 2 +4D + 4-6D-12 + 5 { sln3jc } 


= e 2> 


D 2 - 2D - 3 
Now, applying theorem III, gives 

y= . 


4—^-(sin 3x| 


—r{sin 3x} 


' 31 " -r • 3 *> 

n3r} 


Now what? Multiply top and bottom by .. 


Right. 


D-6 , . , 

P~36{ sin3 x} 

{sin 3.} 


2 ' D 2 — 36 
e 2 * D-6 


So the P.I. is finally 


=^q (D-6) (sin 3x} 


52 


53 
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54 

So C.F.: y = A e x + B e sx 

P.I.: y~ (cos 3x - 2 sin 3 jc) 

General solution: 2 x 

y = Ae? + Be sx + -^(cos 3x - 2 sin 3x) 

This is an example of the use of theorem II. Usually, we hope to be 
able to solve the given equation by using theorems I or III, but where this 
is not possible, we have to make use of theorem II. 

Let us work through another example. 

Solve - v = x 2 e x 

dx 2 x 

(i) Find the C.F. What do you make it? 

y = . 
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D{x 2 } = 2x; D 2 {x 2 } = 2; D 3 {x 3 } = 0 etc. 


•{j: -x + -xr 


and since — denotes integration, omitting the constant of integration, 
then _ e x / \ 


56 


J-rr+*? 


57 


So the general solution is 

y = Ae x + 


Now here is one for you to do on your own. Tackle it in the same way. 
Solve 




Find the complete general solution and then check with the next frame. 


y = e 3 *(A + Bx + 


58 


(i) C.F. 

(ii) P.I. 


y - e 3x (A + Bx) 


q{* 3 e 3x ) 


(D + 3 )* - 6(D + 3) + 9 

x_1_ 

D 2 + 6D + 9 —6D-18 + 


' 3 } 

r(* 3 ) 


= e 3 x —l— 

D14 


= r£_ 

20 


'. General solution is 


y = e 3x {A + Bx) + 


Now move on to frame 597 
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Special cases 

By now, we have covered the general methods t^at enable us to solve 
the vast majority of second order differential equations with constant 
coefficients. There are still, however, a few tricks that are useful when 
the normal methods break down. Let us see one or two in the following 
examples. 




(i) C.F. 

(ii) P.I. 


(D 2 


4m + 3 = 0 .'. (m + 1) (m + 3) = 0 
:. y = Ae* + Be' 3 * 
v 4D + 3)7 = 5 


y D 2 + 4D + 3 


{5} 


.'. m = -1 or -3 


This poses a problem, for none of the three theorems specifically applies 
to the case when f(x) is a constant. 

Have you any ideas as to how we can make progress? 

When you have thought about it, turn on to frame 60. 


60 


rfs) 


,cim¥C ' D 2 +4D + 

The trick is to introduce a factor e ox with the constant 5 and since 
e ox =e o = la j s w m not alter its value. So we have: 

y = D 2 +4D+T^ 5e °^ 

We can now apply theorem I to the function. The e ox comes through to 
the front, the function of D becoming the same function of a which, in 
this case, is 0. 

As) 


0 + 0 + 3 


and since e ox = 1, 



So the general solution is: 

y = A e x + B e' 3 * + ^ 
Now for another. Turn on to frame 61. 
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Here is another example. 

Exlmple2 . 

(i) C.F. m 2 + 2m = 0 m(m + 2) = 0 m = 0 or -2 

y~ ke ox +be 2X .'. y = A + B e 2X 

(ii) P.I. (D 2 + 2D )y = 5 

^"D 2 + 2D ^ 

If we try the same trick again, i.e. introduce a factor e ox and apply 
theorem I, we get 


61 


y=J_ 

for y = D 2 + ~ 2D becomes = D 2 + 2D ^ 5e ° X ^ 
y - e ox -q |q { 5 } which is infinite! 

So our first trick breaks down in this case. 

However, let us try another approach. 


D(D + 2) 


1 


1 


{5} 

■{5} 


D' (D + 2) 1 

Now introduce the e ox factor and apply only the operator g 


D' (D + 2) 


. 1 


r 1 

0 + 2 


{5} 


= --( 5 ) since e ox = 1 

■m 


62 
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l 


_ 5x 


since g-denotes integration (with the constant of integration omitted). 
Note that we can apply the operators one at a time if we so wish. 
The C.F. was y = A + Be' 2 * 

The P.I. was found thus: look at it again. 

(D 2 + 2D )y = 5 

• y=; D 2 + 2D^ 5 ^ 

= DD~+2^ 

4d72^ } 

i 


= 15‘ e ° x 'o + 2 ( 5 ) b y theorem i 

-bM !)) 


■m 


General solution is 


Now here is another o 
On to frame 64. 


:. Let us work through it together. 


0^ Example 3. -16 y = e 4x 

(i) C.F. w 2 -16 = 0 ot 2 =16 :.m = ± 4 

y = Ae 4X + Be 4 * 

(ii) P.I. (D 2 -16 )y = e 4x 

y = D 2 -l6^ e4X ^ 

Theorem I applied to this breaks down, giving ^ again. 

.‘. Introduce a factor 1 with the e 4x 

y = D 2 -16 ^ ^ 

We now apply theorem II and on the next line we get 


Turn to frame 65. 
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? = e * X + --16 {l} 

i.e. the e 4X comes through to the front and the function of D becomes 
the same function of (D + 4). 


Then 




nn + a ^ } 


The function 1 can now be replaced by e ox and we can apply theorem I 
to the second operator which then gives us 

y= . 


65 


j = e 4x 


I o* 1 
D 6 0 + 8 

I (I) (since e ox = 1, 


66 


y = 


| y = e 4x 

since ^ denotes integration. 

So we have: C.F. y = Ae 4X + Be 4X 


General solution „ &x 

y = A e AX + B e _4X + — 

Notice this trick then of introducing a factor 1 or e ox as required, so 
that we can use theorem I or II as appropriate. 

There remains one further piece of work that can be very useful in the 
solution of differential equations, so turn on to frame 68 and we will see 
what it is all about. 


67 
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Consider 


£y + 

(lx 2 


4y = 3 sin 2x 


(i) C.F. m 2 + 4 = 0 4 m = ± j2 

y = A cos 2x + B sin 2x 

(ii) P.I. (D 2 + 4)y = 3 sin 2x 

y = d^TT ^ 3 *“ 2x ) 

The constant factor 3 can be brought to the front to simplify the work. 
y = 3 -^j{sin2x} 

If we now apply theorem III (since we are operating on a sine term) 
we get _ 


69 

•>' =:3 -q4?^ sin 2 *} = 3.^{sin 2*} 

and theorem III breaks down since it produces the factor-jy. 

Our immediate problem therefore is what to do in a case like this. Let 
us think back to some previous work. 

From an earlier programme on complex numbers, you will remember 
that 

fii® = cos 0 + j sin 0 

so that cos 0 = the real part of ei Q , written^ {eW 

and sin 0 = the imaginary part of e> d , written J{e^ 6 }. 

In our example, we could write 

sin 2x = J{ .} 
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y D 2 + 4 ' 

Theorem I now gives 


work this way: 
p— {sin2x} =3- 




y -(j2) 2 +4 -4 + 4 

= 3 Je * 2X ^ so this does not get us very far. 

Since this does not work, we now introduce a factor 1 and try theorem II. 




y-3Je 12x ( D+ j 2 )i +4 ^ 1 i 


= 3$e S2X —■. e ox -—— theorem I on second 

D 0+ J 4 operator. 

- |/*(cos 2 jc + j sin 2x) writing e^ 2 * back into 
1 its trig. form. 

= |/(££2p£ + * sin2 x) 

= sin 2x - j x cos 2x^ /. y = - 3x c ° s 2 * 

That seems rather lengthy, but we have set it out in detail to show every 
step. It is really quite straightforward and a very useful method. So finally 

we have CF . y = A cos 2x + B sin 2x P.I. y = 

, „ „ . „ 3x cos 2x 

General solution y = A cos 2x + B sin 2x~ 4 

Look through the last example again and then solve this following 
equation in much the same way. 

c , d 2 y _ 


When you have finished, t 


n to frame 72 and check your result. 
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Here are the steps in detail: 

(i) You will have had no trouble with the complementary function 

y = A cos 3x + B sin 3x 

(ii) Now for the particular integral:- 

(D 2 + 9 )y = cos 3x y = ^~ 2 ' ^ 9 {cos 3*} 
Theorem III breaks down. Therefore use cos 3x + j sin 3 jc = e* 3x 
i.e. cos 3x =0t {e ]3x } 


Solution: y = A cos 3x + B sin 3 jc + x sil ^^x 


Theorem I breaks down. Therefore introduce a factor 1 and use theorem II. 

= ® ei3X (D + j3) 2 + 9 ^ 1 ^ 

=0t e i 3x —--1-/i i 

D 2 +j6D-9 + 9 1 } 

_1 

(D + 

Operate on e ox with the second operator 


= 01 e l e ox J_ 

D j6 

tt (cos 3x + j sin 3x) writing e-* 3 * back ii 


(D+j6) 


= 0 ? |-jr (cos 3x + j sin 3 jc) 
I ~yx cos 3x , jc sin 3 jc 1 


trig. form. 


y - x ^n 3x 

Then, combining the C.F. and the P.I. we have the general solution 
y = A cos 3x + B sin 3x 3x - 

Note. These special methods come to your aid when the usual ones break 
down, so remember them for future reference 
Turn to frame 73. 
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You have now completed this programme on the use of operator D 
methods for solving second order differential equations. All that remains 
is the Test Exercise, but before you tackle that, here is a brief summary 
of the items we have covered. 


73 


Summary Sheet 

i* 

2. Inverse operator .. dx, omittingtheconstantofintegration. 

3. Theorem I F(D) {e 0 * } = e ax .¥(a) 

4. Theorem II F(D) {e™ V } = e m F(D + d) {V } 

5. Theorem III F(D 2 ) ( sin ^ = F (-a 2 ) ( Sln aX \ 

(posaxj 7 (cos ax J 

6. General solution 

y = complementary function + particular integral 

7. Other useful items (where appropriate) 

(i) Introduction of a factor 1 or e° x 

(ii) Use of = cos 9 + j sin 0 

i.e. cos0=^{e-' e } 

sine =J {y e } 


Revise any part of the programme that you feel needs brushing up 
before working through the Test Exercise. 

When you are ready, turn on to the next frame and solve the equations 
given in the exercise. They are all straightforward and similar to those you 
have been doing in the programme, so you will have no difficulty with 
them. 


On to frame 74. 
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Programme 24 


74 


Work through the whole of the exercise below. Take your time and 
work carefully. The equations are just like those we have been dealing 
with in the programme: there are no tricks to catch you out. 

So off you go. 


Test Exercise - XXIV 
Solve the following equations: 


1. 

& 

dx 2 


= e 4x 

2. 

d 2 y 
dx 2 


= 5e 3x 

3. 

d 2 y 

dx* 


= cos 3x 

4. 

dx 7 

-4^+5v 
dx 7 

= sin 4x 

5. 

£y 

lx* 


= e x sin 1 

6. 

£y 

IP 

+ 4^-+ 4 y 
dx 7 

= x 3 e 2X 

7. 

d 2 y 

dx* 

+ y - 3e x + 

Se 2x 

8. 

Py 

dx 2 

+ 6 g + 8y 

= 2 sin x 

9. 

d 2 y 
dx 2 

+ 25 y = sin 5* 

10. 

d^y 

dx 2 


= 2e 3x . 


1 

I 

1 


Well done. 



Operator D Methods 


Further Problems - XXIV 

Note: Where hyperbolic functions occur, replace them by their 
corresponding exponential expressions. 

Employ operator-D methods throughout, 
□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□a 
Solve the following equations by the use of the operator D. 

1. D 2 y + 2Dy - 3y = 4e” 3X 

2. D 2 y + 3 Dy + 2y = xe x 

3. D 2 y+y = sinx 

= 0, 

Dy = 0. 

7. D 2 y- 5Dy + 6jy = e 4x sin 3x 

8. D 2 y + 4D y + 5.y = x + cos 2x 

9. D 2 y + 2Dy + 5y = 17 cos 2x 

10. D 2 y + 4D y + 5jy = 8 cos x 

11. D 2 y + 2aDy + a 2 y = x 2 e 0 * 

12. D 2 y + Dy +y = xe x + e x sinx 

13. D 2 y - 6Dy + 9y = e 3x + e~ 3x 

14. D 2 y + 4Dy + 4y = cosh 2x 

15. D 2 y + 6Dy + 9y = e 3x cosh 3x 

16. D 2 y -Dy~6y = xe 3x 

17. D 2 y + 4Dy + 5.y = 8 cos 2 x 

18. D 2 y + 2Dy + 5y = 34 sin x cos x 

19. 2D 2 y + Dy -y = e x sin 2x 

20. D 2 _y + 2Dy + 5jy = x + e" x cos 3x 

21. D 2 y- 2Dy + 4y = e x sin 3x 

22. D 2 y - 4Dy + 4y = e 2x 

23. D 2 _y -9 y = cosh 3x + x 2 

24. D 2 y + 3 Dy + 2y = e' x cos x 

25. D 2 jy + 2Dy + 2y = x 2 e x 


4. U y - 2uy +y = sin x + x 


D 2 y - 3 Dy + 2y = -4e x sinh x-1 ^ 


r> 2 v - s Dv + 6v = p 3x 
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ANSWERS 



Answers 


ANSWERS 

Test Exercise I (page 32) 

1. (i) -j, (ii) j, (iii) 1, (iv) -1 

2. (i) 29-j2, (ii) -j2, (iii) 111 + jS6, (iv) 1 +j2 

3. (i) 5-831 |59°3', (ii) 6-708 1153°26 , , (iii) 6-403 |231°24' 

4. (i) -3-5355(1 +j), (ii) 3-464-j2 

5. x = 10-5, y = 4-3 

6. (i) lOei 0 650 , (ii) 10 c-j°' 650 ; 2-303+j0-650, 2-303-j0-650 

7. je 


Further Problems I (page 33) 

1. (i) 115 + j 133, (ii) 2-52+jO-64, (iii) cos 2x+jsin2x 

2. (22 — j75)/41 

3. 0-35 + j0-17 

4. 0-7,0-9 

5. -24-4 + j22-8 

6. 1-2 + jl-6 

8. x=18,j>=1 

9. a = 2, b = -20 

10. x = ±2,y = ±3l2 

12. a= 1-5,6 = -2-5 

13. y/2 e* 2 ' 3S62 

14. 2-6 

16. R=(R 2 C 3 -R 1 C 4 )/C 4 ; L = R 2 R4C 3 
18. E = (1811 + jll24)/34 
20. 2+j3,-2+j3 
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Test Exercise II (page 67) 

1. 5-831 1210°58' 

2. (i) -1-827+ jO-813, (ii) 3-993-j3-009 

3. (i) 36 [19 T, (ii) 4 [53° 

4. 8 175° 

5. 2 |88°, 2 1208° , 2 |328°; p.r. = 2 [328° 



6. sin 40 = 4 sin 0 cos 0 - 8 sin 3 0 cos 0 

7. cos 4 0 = [cos 40 + 4 cos 20 + 6] 

8. (i) x 2 +y 2 -8x + 7 = 0 


Further Problems II (page 68) 

1. x = 0-27, y = 0-53 

2. -3+JV3; -j2V3 

3. 3-606 |56°19' , 2-236 |296°34' ; 121-3-j358-4; 378 

4. l-336([27\ [99^, [171° , [243°, 1315° ) 




Answers 


5. 2-173 + jO-899, 2-351 e>°' 392 

6. V2(l + j), V2(-l +j), V2("l -j), V2(l -j) 

7. 1 [36^, 1 |108° , 1 [180° , 1 1252° , 1 |324° ; e-* 0 ' 6283 


9. 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 
22 . 


1 1102°18' , 1 1222° 18' , 1 1342° 18' ; 0-953-j0-304 
1-401 ( |58°22' , 1130°22' , |202°22' , |274°22' , |346°22 '); 
p.r. = 1-36-j0-33 = 1-401 e - -* 0-2379 
-0-36+j0-55, — 1 -64 —j2-55 
-je, i.e. —j2-718 

sin 70 = 7s - 56s 3 + 112s s - 68s 7 (s = sin 0) 

[10 - 15 cos 2x + 6 cos 4x - cos 6x] 
x 2 +y 2 +2&x + 4 = 0; centre (- o), radius 8/3 

x 2 +y 2 -(1 +V3)x-(1 +V3)^ + \/3 = 0, 
centre ~ 2^ ) ’ ra(lius V 2 

x 2 +y 2 = 16 

(i) 2x 2 + 2y 2 -x - 1 = 0, (ii) x 2 +y 2 + 2x + 2y = 0 
(i) x 2 +y 2 — 4x = 0, (ii) x 2 +y 2 + x-2 = 0 
0)^ = 3, (ii) x 2 + y 2 =4k 2 


Test Exercise III (page 97) 

1. 67-25 

2. 19-40 



Answers 



5. (i) 1-2125, (ii) +0-6931 

6. x = 0-3466 

7. (i) y = 224, (ii) jc = ± 48-12 

8. sinx coshj — j cosx sinhj' 

Further Problems III (page 98) 

2. x = 0,x = 0-549 

5. (i) 0-9731, (ii) 1-317 

7. (i) 0-9895+jO-2498, (ii) 0-3210 + jO-3455 

10. x = 0, x =-jln 2 
12. x = 0-3677 or-1-0986 
14. 1-528+j0-427 

18. 1-007 

Test Exercise IV (page 135) 

1. (a) 4, (b) 18 

2. Equations not independent 

3. x = 3, y = -2, z = —1 

4. A; =3 or-25 

5. x = 3. 1-654. -6-654 






Answers 


Further Problems IV (page 136) 

1. (i) 144, (ii) 0 

2. (i) 0, (ii) 666 

3. x = 5, y = 4, z =-2 

4. x = 2-5,y = 3, z = -4 

5. * = 2, y= 1-5, z = -3-5 

6. 4or-14 

7. 5 or-2-7 

8. (a) 0or±V2, (b) (a-b)(b-c)(c-a)(a + b + c) 

9. x = 1 orx = -5±V34 

10. je = — 1-5 

11. ~2(a~b)(b-c){c-a)(a + b + c) 

12. h= 5-2 

13. (a + b + c) 2 (a ~b)(b - c) (c - a) 

14. 2 or-16/3 

15. ( x-y)(y-z)(z-x)(x+y+z ) 

16. x = -3ot±\/3 

17 (2M, + M 2 )W 

' M^Mj + 2M 2 ) 

18. i x = 0, i 2 = 2, i 3 = 3 


Test Exercise V (page 167) 

1. 2;- 5/, — 4i + /, 2i + 4/; AB = V29, BC = Vl 7, CA = V20 

2. (i) -8, (ii) —2r —7/—18/fc 

3. (0-2308, 0-3077, 0-9230) 

4. (i) 6,6 = 82°44'; (ii) 47-05, 6 = 19°3l' 
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Further Problems V (page 168) 


OG = ±(10i + 2/) 


3. Moduli: V74, VlO, 2 >/46; D.C’s: ,— (3, 7, -4), 


4. 8, 17/- 7/ + 2fc, 0 = 66°36' 

5. (i) -7, (ii) (iii) cos0=-0-5 

6. cos 0 = -0-4768 

7. (i) 7, 5/- 3/ -fc; (ii) 8, 11/ + 18; - \9k 

S - Vll 5 i + 7 i 55 ? + ^'* ;,ta9 ' 0 ' 997 


Vl3’Vl3’ ’ V30 ’ \/30 ’ n/30 
!°. 6v/5; ^ 3^5- 

11. (i) 0, 0 = 90°; (ii) 68-53, (-0-1459, -0-5982, -0-7879) 

12. 4i —5/+11&; 9^2 (4, “5, H) 

13. (i) / + 3/ — Ik, (ii) -4/ +j + 2k (iii) 13(i + 2j + k), 

(iv) ^(i + 2j + k) 


Test Exercise VI (page 191) 

1. (i) 2 sec 2 2*, (ii) 30(5x + 3) 5 , (iii) sinh2x. 





(vi) 12 sin 2 4x cos 4x, (vii) e 2x (3 cos 3x + 2 sin 3.x), 


(viii) 


2x 3 (x + 2) 
(x + l) 3 ’ 


(ix) 


e AX sinx 
x cos 2x 


4 + cot x - —+ 2 tan 2x 


2 . 


3 _ 25 
4’ 64 


3x 2 + 4y 2 
3y 2 + 8 xy 


4. tan-j, l/^12siny cos 3 ^ 


Further Problems VI (page 192) 

1. (0 ~ ^ 2 p (ii) secx, (iii) 4 cos 4 x sin 3 x- 3 cos 2 x sin 5 6 x 


2 . 

4. 



cot X 


sinx ~1 
1 + cosxJ 




5. (i) 5 smite*’ 5 *. 



6. (i) 2x cos 2 x-2x 2 sinx cosx, (ii)-=- 





Answers 


Test Exercise VII (page 217) 

1. 9 = 37°46' 

2. 16 y + 5x = 94, 5y = I6x - 76 

3. = x 

4. >> = 2-598x - 3-849 

5. R = 477; C: (-470,50-2) 

6. R = 5-59; C: (-3-5,2-75) 

Further Problems VII (page 218) 

1. 20^ = 1 25jc — 363; y = 2x 

2. y + 2x = 2; 2y = x + 4; x= l,y = 


xcosd 

13 

3 x+y 


, y sin 9 


= 1; 5y = 13 tan0.x- 144sin 9; ON.OT = 144 


x + 3y 
R=yi 2 lc 
5y + 8x = 43 
a 2 cos 3 1 sin t 

z£ >b 


; 3y + 5x = 14 


(i) 7 

(i) R = -6-25; C: (0.-2-25) 

(ii) R= 1; C: (2,0) 

(iii) R = -11-68; C: (12-26, 


-x, (ii) R = V2, (iii) (1,-1) 


•6-5) 


11. R = -0-177 
14. R= 2-744 

17. p = t\ (h, k) = (cos t, sin t) 

18. R =-10-54, C: (11,-3-33) 

20. (i ) y = ± ( m ) R=0 ‘ 5 
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Answers 


Test Exercise VIII (page 246) 

1. (i) 130°, (ii) -37° 

2. (i) - 1 


_-_ -1 cos 

s/{~9x 2 -12x - 3) ’ W xVO -x 2 ) x 


Wvl^fT)’ ( ">T^57 

(0 /max = 10 atx = 1; 7 min = 6atx = 3; PofIat(2,8) 

(ii) y max = -2 at x = -1; y min = 2 at x = 1 

(iii) y max = e~ l = 0-3679 atx= 1; PofIat(2, 0-271) 


Further Problems VIII (page 247) 

1. (i) 1, (ii) 2 n/(1-* 2 ) 

3 - (i) 0Rr^j- 

4 0) (ii) (-025,-4.375) 

5 - /max =0at *=|; j min = 4atx=l 
6. ,y max at x = 2; y min at x = 3; P of I at x = y/6 
7 - /max = y at * = -y;/ m i n =0atx=l 
8. x = 1-5 

10 - «*««(*+£) 

(0 /max at(|, , 3> min at (1,0); P of I at ( j, 1) 

(ii) /max at (2 -■n/2, 3 - 2sjl)\ y min at (2 + y/2, 3 + 2s]2.) 

(iii) P of I at («7r, nn) 


11 . 



Answers 


12. (i) ±0-7071, (ii) 0, (ill) ± 1-29 

13. 0-606 



3W = 0 ' 514 
17 46 cm 
0 =77° 

A = C, B = 0 


Test Exercise IX (page 272) 
1. 0) = 12x 2 - 5y 2 


7i = 24x 
= — lOy 


9x‘ 

d 2 z 

dy.'dx 


9x.9.y 


—5 = -4 cos(2x + 3j>) 

6co s (2* + 3,) 

&*-2 

9 2 Z - „ v 2 -y 2 


= -6 cos(2x + 3^) 


dx.dy 

$-*■**■’ 

9p =2gX ^ 


(2y 2 - 1) 


(iv) 


= 2x 2 cos(2xr + 3y) 
9 2 z 


2x sin(2x + 3 y) 

= (2 - 4x 2 ) sin(2x + 3y) + 8x cos (2x + 3j>) 
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Answers 



~~ = ~6x 2 sin(2x + 3y) + 6x cos(2x + 3y) 

4"- = 3x 2 cos(2x + 3y) ■ 

dy 

= ~9x 2 sin(2x + 3y) 

= -6x 2 sin(2x + 3y) + 6x cos(2x + 3y) 

2. 

(0 2V ! 

3. 

P decreases 375 W 

4. 

± 2-5 % 

Further Problems IX (page 273) 

10. 

+ 1-05 EX 10" s approx. 

12. 

±(x+y + z)% : 

!3. 

y decreases by 19% approx. 

w 

±4-25% 

16>- 

x 19% 

18. 

6X= y {S*. P cot (px + a)~ Sr. q tan (qt + b)} ; 

1 

V.' 

Test 

Exercise X (page 292) 

1. 

4xy-3x 2 e* cosy-e 5 * cosx | 

W 3y 2 - 2x 2 ’ (U) g* siny sinx ’ ] 

..... 5 cosx cosy— 2 sinx cosx \ 

' ' 5 sinx siny + sec 2 y i 

2. 

V decreases at 0-419 cm 3 /s \ 

3. 

y decreases at 1 -524 cm/s | 
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Answers 


Further Problems XI (page 323) 

1. |(4h 2 -1) 

^ n(3n + 1) 

4(n + 1)(« + 2) 

3. -J(k + 1)(h + 4)(h + 5) 

4. (i) + 1) (« + 5), (ii) -i(« 2 + 3 n) (n 2 + 3n +4) 

5. 2 



7. (i) 0-6, (ii) 0-5 

8. (i) diverges, (ii) diverges, (iii) converges, (iv) converges 

9. 

11. -i^x^i 

12. All values of x 

13. -l<[x<:i 

16. (i) convergent, (ii) divergent, (iii) divergent, (iv) divergent 

18. (i) convergent, (ii) convergent 

19. l^x<3 

20. -|(n + l)(4« + 5) + 2" + 2 -4 


Test Exercise XII (page 352) 

1. f(x) =/(0) +x/'(0) + ^y-/"(0) + ... 
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Answers 


3. 


5 x 4 
24 + 


5. x + x 2 


5x 3 x 4 

T T 


6. 1 0247 

7. (0-&, (JO-f, Oil) -i- 

8. 0-85719 


Further Problems XII (page 353) 

3. (i) (ii) {, (ill) (iv) (v) 2 

- -i 

3 5x llx 2 13x 3 
2 2 4 4 

»■ I 

10. (i) -i (11) 4 (ill) 2 

n (n-M-q*. i . 426 

13. In cosx = -y ■y — ... 

16. (i) (ii)y 

lx ~ 

17. l-y + 8x 2 

1 lx 4 

19. x -x +-pr~ ; max. atx = 0 




Answers 


Test Exercise XIII (page 384) 

1. -*“•*+C 

2. 2y/x (In x — 2) + C 

3. tanx—x + C 

x sin 2x x 2 cos 2x cos 2x 
2 2 + 4 + 


|sin 2x —-jcos 2x} +C 
, 2 cos 3 x cos 5 x 


3x sin 2x sin 4x 
T ~4 ~32 + 

2 In (x 2 +x + 5) + C 
4(1 +x 2 ) 3 ^ +C 


In (x - 5) - yin (x - 3) + C 

2 In (x - 1) + tan -1 x + C 
_ / cos 8x cos 2x \ 

l 16 4 / L 


Further Problems XIII (page 385) 

1. In {A(x - l)(x 2 +x + 1)} + C 



3. -In (1 + cos 2 x) + C 

4 I_I 

4 ' s/3 6 
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Answers 


6. 

7. 

8 . 

9. 

10. 

11 . 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22. 

23. 


2 

C ~(x 2 +x + l) l/2 

-|ln(x- 1)--jin (x 2 +x+ 1) + C 

y-x + ln(x + l) + C 

2 In (x - 1) + tan' 1 x + C 
2 

-2 nP +3 

(p + l)(p + 2)(p + 3) 

3 In (x - 2) + -j In (x 2 + 1) - 5 tan" 1 x + C 

1 

2 

(sin_^ +c 
^(2 In 3 - 7T) 

7T 2 -4 

6 4 

1_ 

4 2 

-—-tan' 1 x + € 


|( 1 +* 2 ) 


3/2 


+ C 


ln(*+l)-ln(*-2)-j32 +C 

^(e 2 *-l) = 53-45 

J_ 

24 
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Answers 


24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 


U 3e ^- 

13 l J 


3oj 

tan 3 x 
3 L 

yin (x-4)-lln (5x + 2) + C 
in (x + 2) + C 

2 in 0 + 5) + yin (x 2 + 9) - jtan" 1 (jj + C 

In (9x 2 - 18x + 17) 1 / 18 +C 
2^ 2 + In {(jc 2 - l)/(x 2 + 1)} + C 
y{ 3x 2 ln(l + x 2 ) -2x 3 +6x~ 6 tan 1 x + c} 
In (cos 0 + sin 0) + C 


tan 6 - sec 6 + C 


yin (x - 1) +yln (x - 2) - Jj In (x + 3) + C 

± 

6 

3 In x + yIn (x 2 + 4) - y tan' 1 (y) + C 
Inx-tan-xyUc 


723 





Answers 


Test Exercise XIV (page 416) 


O 1 , ( 2X + 3-V29 ) 
n /29 I2X + 3 + V29) 

3. ^-tan -1 {(x + 2) y/2 } + C 

4. >inh-(^-)4C 






Further Problems XIV (page 417) 

_J_ , ( X + 6-V21 ) 

L 2y/2l n (x + 6 + x/21 I 

2 1 m/ yn^l iUc 

4n/ 11 l2Vll-x-6j 


4. -iln (x 2 + 4x + 16) —7T tan * ( 


724 



Answers 





8. 

9. 

10. 

11. 

12 . 


6y/(x 2 - I2x + 52) + 31 sinh -1 + C 

?)) + c 


¥ tan_1 {^T 

VLe_ 


= 0-3511 
2x + 5-y/5) 


V5 ln (2x + 5+V5) + C 

3 X 2 

— - 4x + 4 tan' 1 jc + C 


13. * - * -■ V(3 ~ 2* -x 2 ) + 2 siif 1 + C 

14. 7 T 


15. 

16. 
17. 


1 12 tanx - 11 

s ln -tssri+y) 


19. 3 sin 1 x - V(1 + C 

20. ^jtan -1 |\/3 tan-^-j —x + C 
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Answers 


21. | In (x + 2) In (x 2 + 4) + tan” 1 (|) + C 
«• 

23. V(* 2 + 9) + 2 ln{jc + V(* 2 + 9)} + C 

24 . ^cosh-(^) + C 

25. i 

1 ( V2tanfl - 1 1 „ 

2s/2 n (\/2 tan 0 + LJ 

27. >/(x 2 + 2x + 10) + 2 sinh -1 (—y—) + C 

28. 8 sin' V(15- 2x-x 2 ) + C 

29. ^(. + 2) 

30. 


1 

3v/2 


\a\j21 


[ (x + gV ) 
lx 2 + 2a 2 ) 


Test Exercise XV (page 430) 

*■ *"{* . 

2 . « 4.»1 


3n 

256 



Answers 


Further Problems XV (page 431) 

0 1 6 6 4 8 J 16 . / y 

2 - “7 S C_ ii c + Cl where sssln * 

l C = COS X ) 

2835 

8 

5. I 3 =| L -6; I 4 =y-127r + 24 

6. \ n =x n e* -n I„_j; I 4 =e x {pc* -4x 3 4 5 6 + 12x 2 -24 a: + 24) 

1328V3 

2835 

1ri . COt 5 * , COt 3 X 

10. I 6 = - —— + —^—-cot*-* + C 

11. I 3 = x{(lnx) 3 - 3 (In x) 2 + 61nx-6}+C 



Test Exercise XVI (page 452) 


1. 70-12 


2. 


80 

7T 


2ir= 31-75 


3. |-ln 6 = 2-688 


4. 73-485 

5. ^RI 2 

6. 132-3 
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Answers 


Further Problems XVI (page 453) 

1. 24 

2 . 1 

3. 3tt 



5. 0 

7. 2 

8. y v 0 i 0 cos a 


11. In (2 n . 3~ 6 ) — 1 

12 . «••(:'. 2 () 

15. a(l-2e _1 ) 

16. 2-83 - 

17. 39-01 

is. y§di + i5)j 

20. 1-361 


Test Exercise XVII (page 477) 

1. (0-75, 1-6) 

2. (3-1, 0) 

3. 5t r 2 a 3 
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Answers 


5. 70-35 rr 



7. 


e” -2 
5 


Further Problems XVII (page 478) 

i. 24m2 


(i) 2-054, (i) 66-28 
64rra 3 


(i) (0-4, 1), (ii) (0-5, 0) 
24 


10. A = 2-457, V = 4ir V3, 3 = 1-409 

12. (i) 8, (ii) (iii) 

13. 1-175 

16. V= 25-4 cm 3 , A = 46-65 cm 2 

17. S = 15-31 a 2 , y= 1 -062 a 
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Answers 


Test Exercise XVIII (page 513) 


09 ub + z>2 )> k= 


s/2 


> In 4’ ^ In 2 
j 2 -, 0433 a 


Further Problems XVIII (page 514) 


2. yMa 2 

6. o, y-T, oo /f 



. . 2wa 3 3na 
14 ’ 3 * 16 

15. (i) j \A> 2 +<?+!), (ii) J-JZJ 

16. 51-2w 

17. 946 cm 

(15 7r 32) a 
4(3vr-4) 
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Answers 


Test Exercise XIX (page 534) 

1. 0-946 

2. 0-926 

3. 26-7 

4. 1-188 

5. 1-351 


Further Problems XIX (page 535) 

1. 0-478 

2. 0-091 

3. (i) 0-6, (ii) 6-682, (iii) 1-854 

4. 560 

5. 15-86 

6. 0-747 

7. 28-4 

8. 28-92 

9. 0-508 


10. 


sj2 f* /2 , 

T y/(9 + cos 20).t?0; 4-99 
J 0 
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(i) 0-5314, (ii) 0-364 

2-422 

2-05 








Answers 


Further Problems XX (page 561) 


1. 


A= i6 ; v =ir 

3ir 
4 a 2 

T~ 

13tt , . 


2 _ 

3 

20rr 

3 


3na 

2 


14. !{V(b 2 + 1)) (e be ' - 1) ; £ (e 2 **i - 1) 

15. ira 2 (2 -\/2) 


Test Exercise XXI (page 588) 

1. (i) 0, (ii) 2 -f 

2. (i) -1, (ii) 168, (iii) j- 
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Answers 


3. 13-67 

4. 170-67 


1 17T 


+ 6 


6. 54 


Further Problems XXI (page 589) 

'■ i 

243jt 

2 

3. 4-5 


. abc ,, 2 2 \ 
4. — (fc 2 +c 2 ) 



6. 4-5 

7. tt + 8 


8. 

9. 

10 . 

11. 

12. 


I/JL+ 

8 V 2 


fW6 f 2< 
A = 2 _ \ 


30 

rdrd8= — 


I 13 - 4 ’(v5-vj} 
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Answers 


64 

14. Si (3*-4) 

f* fflCl + cose) 4fl 3 

15. M = j J r 2 smd dr dd= j-, h= 1 -^- 

16. (i) Ifnab, (ii) ab 3 : centroid (o, ~j 

17. 19-56 

18- j(c 2 -« 2 ) 

19. |-(27r + 3V3) 

20. 232 

Test Exercise XXII (page 630) 

x 2 

1 - ,y=y+2x-31nx + C 

2- ‘“V'C-ji; 

3X 

3. ^ = j-+Ce- 2JC 

4. y =x 2 + Cx 

5. 

3 9 x 

6. sin y = Ax 

7. y 2 -x 2 =Ax 2 y 

8. ^(x 2 -l)=y + C 
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Answers 


10. 7 = X 2 (sinX + C) 

11. xy 2 (Cx + 2) = 1 

12. y = l/(Cx 3 +x 2 ) 

Further Problems XXII (page 631) 

1. x V = 

2. 7 3 =4(1+x 3 ) 

3. 3x 4 + 4{y + l ) 3 = A 

4. (1 + e*) sec_y = 2y/2 

5. x 2 +^ 2 + 2x-2y + 21n(x- 1) + 21n(y + 1)= A 

6 . y 2 ~xy-x 2 + 1=0 

7. xy = A e?!* 

8 . x 3 — 2_y 3 = Ax 

9. A(x — 2>>) s (3x + 2j /) 3 = 1 

10. (x 2 -.y 2 ) 2 = Axy 

11. 2y = x 3 + 6 x 2 - 4x In x + Ax 

12. y = cosx (A + In secx) 

13. y =x(l +x sinx + cosx) 

14. (3y-5)(l +x 2 ) 3/2 = 2V2 

15. y sin x + 5 e 005 x = 1 

16. x + 3y + 2 In (x + y - 2) = A 

17. x = A ye*? 

18. ln{4y 2 +(x-l) 2 } +tan' 1 .| j ^- 1 | = A 

19. (y -x + l ) 2 (y +x - l ) 5 = A 

20. 2x 2 y 2 In y - 2xy - 1 = Ax 2 y 2 
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A nswers 


21 . 

= 2x + 1 + C e 2x 

y 

22 . 


23. 

y 2 (x + Ce x )=l 

24. 

sec 2 x tan 3 x 

~T~ ' 3 

25. 

cos 2 x =y 2 (C - 2 tanx) 

26. 

>V(1 -x 2 ) = A + sin _1 x 

27. 

x + In A* = \/(y 2 - 1 ) 

28. 

, , , . . 2x 2 4x 

v " (y-x) 2 y-x 

29. 

\/ 2 sin 2 x 

^ 2 (cosx-\/ 2 ) 

30. 

0 -4)jv 4 = Ax 

31. 

7r 

7 = a: cos x - — sec x 

32. 

(x-y) 3 -Axy = 0 

1 33. 

2 tan ' 1 7 = In (1 +x 2 ) + A 

34. 

2x 2 y = 2x 3 -a ; 2 -4 

| 35. 

x-y 
y = e x 

36. 

3 e 2y = 2 e 3x + 1 

37. 

4^7 = sin 2 x - 2 x cos 2 x + 27r - 1 

38. 

7 = A e?!* 

39. 

x 3 ' ~ 3xy 2 = A 

40. 

+ 

+ 

£ 

1 

o 

| 4L 

7( 1 _ x 3 r i / 3 = _I ( 1 _ x 3 ) 2 /3 +c 
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Answers 


42. xy + x cosx -sinx + 1 = 0 

43. 2 tan _1 j> = 1 -x 2 

x 2 + C 

u - y -S(T^) 

45. yy/(l + x 2 ) = x +y- + C 

46. 1 +y 2 = A(1 + x 2 ) 

47. sin 2 6 (a 2 -r 2 ) = ~ 

48. >>=ysinx 
49 ' 

Test Exercise XXIII (page 663) 

1. y = Ae~ x + Be 2x ~4 

2. y = Ae 2x +Be~ 2x +2e 3x 

3. j = e~ x (A + Bx) + e 2x 

4. y = A cos 5x + B sin 5x + y||r(25x 2 + 5x-2) 


5. y = e x {A + Bx) + 2 cos x 

6. y = e~ 2x ( 2-cosx) 

7. y = Ae x +Be- x/3 ~2x + l 

8. j = Ae u +Be 4x + 4x e 4JC 


Further Problems XXIII (page 664) 

1. y = Ae* x + Be- x/2 ~Y 

2. y = e 3x (A + Bx) + 6x + 6 

3. y = 4 cos 4x - 2 sin 4x + A e 2x + B e 3x 




Answers 


4. 

5. 

6. 

7. 

8 . 

9. 

10 . 

11. 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 


y=e x ( A* + B) + y--x 2 e* 

y = Ae x + Be~ 2x +^-- X -~ 
y = e 3x (A cos x + B sin x) + 2 - y— 
j = e~ 2x (A + Bx) + y + |-sin 2x 

j = e* (A cos 2x + B sin 2x) + y- + - 1 




=^(l-r)e- 3? 

J (A cos t + B sin r) - |-(cos t - sin f); 
amplitude frequency 

x ~ ~2 e * + T e2t + 10 ( sin 1 + 3 cos ^ 

y = e ~ 2x ~ e ~ x + (sin x — 3 cos x) 
y ~ e~ 3x (A cosx + B sinx) + 5x - 3 
x = e~ l (6 cos t + 7 sin t) - 6 cos 3r - 7 sin 3f 
= sin x -y sin 2x; y max = 1 -299 at x = ~ 
= 0-641 s; A =-y 




T = 


2 y/6 

x = To {e 

Steady state: x = ^?-sin (t + —) 
10 V 4/ 


1 + cos t + sin t }; 




Answers 


Test Exercise XXIV (page 703) 

1. .y = A e~ x + B e~ 2x + ~" 

2. y = e~ 2X (A + Bx) + 5 e~ 3 * 

3. y = A e* + B e' 3 * - — (cos 3x - 2 sin 3x) 

4. y = e 2x (A cos x + B sin x) + (16 cos 4x - 11 sin 4x) 

5. y = e x (A cos x + B sin x) - (8 cos 2x - sin 2x) 

, -ix / * . t> a . e2x l 3 3x 2 9x 3 \ 

6. ^ = e«(A + Bx) + TJ (x 3 - — + g— g) 

3 €* 0 Y 

7. y = A cos* + B sinx + — +e 2X 


8. y = Ae 2X + Be~ 4x - 6 cos x - 7 sin x } 

- rrr {l 8 cos 3x + sin 3x} 

x cos 5x 

9. y = A cos 5x + B sin 5x-—— 

10. y = A e~ x + B e 3x + 


Further Problems XXIV (page 704) 

1. y = A e* + B e~ 3x -x e~ 3x 

2. y = Ac - *+ Be~ 2 *+e~*(y-x) 

3. y = A cosx + B sinx -ycosx 

4. y = e x (A + Bx) +^-cos x + x 2 + 4x + 6 

5. y=l+e 2x (l~2x) 

6. y = Ae 2x + Be 3x +xe 3x 

7. >> = A e 2 * + B e 31 - e 4x (9 cos 3x + 7 sin 3x)/130 
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Answers 


8. y = e 2x (A cosx + B sin x) +-j- ~ + (8 sin 2x + cos 2x)/65 

9. y = e~ x (A cos 2x + B sin 2x) + cos 2x + 4 sin 2x 

10. y = e~ 2x (A cos x + B sinx) + cos x + sin x 

U- y = e~ ax (£ + A + Bx) 

12. y = e ~ x h( A cos yx +B sin^yx)+y (x-1) 

e* 

- jj(3 cosx - 2 sinx) 

, x 2 e 3x e~ 3x 

13. y = e 3x (A+ Bx)+?-?-+ |g- 

y2 p-2X 

14. 7 = e-«(A + Bx)+i J +^^ 

15. y- e~ 3x (A + Bx) + (1 + e ~ 6x ) 

16. j = A e 3x + B e _2x + e 3x (5x 2 - 2x)/50 

17. y = e~ 2x (A cos x + B sin x) + y+ ^-(8 sin 2x + cos 2x) 

18. y = e~ x (A cos 2x + B sin 2x) + sin 2x - 4 cos 2x 

19. y = A W 2 + B e~ x - e* (3 sin 2x + 5 cos 2x)/68 

20. y = e* (A cos 2x + B sin 2x) +|- ^- e *.?° s 3 ? 

21. .y = e* (A cos \/3x + B sin \/3x) - 

22. y = e 2x (A + Bx +y ) 

23 " *“ ( A + il) * c ‘" ( B - Tl) - sT* 9 *’ * 2 > 

24. y = e~ x ^A + yinx--jcosxj + B e~ 2x 

25. y = e~ x (A cosx + B sin x + x 3 - 6x) 
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INDEX 


(References given are page numbers) 


Absolute convergence, 319 
Angle between vectors, 163 
Approximate integration, 517 
by series, 519 
by Simpson’s rule, 523 
Approximate values, 341 
Areas by double integrals, 581 
Areas enclosed by polar curves, 546 
Areas under curves, 435 
Argand diagram, 19 
Arithmetic means, 299 
Arithmetic series, 298 


Bernoulli’s equation, 622 
Binomial series, 337 


Centre of gravity, 465 
Centre of pressure, 504 
Centroid of a plane figure, 462 
Complementary function, 648 
Complex numbers, 4 

addition and subtraction, 4 
conjugate, 8 

De Moivre’s theorem, 50 
division, 12 
equal, 14 

exponential form, 27 
graphical representation, 17 
logarithm of, 29 
multiplication, 6 
polar form, 22, 37 
principal root, 55 
roots of, 51 

Consistency of equations, 126 
Convergence, 311 
absolute, 319 
tests for, 313 
Curvature, 206 

centre of, 208, 213 
radius of, 207 


D’Alembert’s ratio test, 317 
Definite integrals, 438 
De Moivre’s theorem, 50 
Determinants, 101 
evaluation, 110 
properties, 130 

solution of equations, 105, 114 
third order, 109 
Differentiation, 171 

function of a function, 173 
implicit functions, 185, 285 
inverse hyperbolic functions, 229 
inverse trig, functions, 226 
logarithmic, 180 
parametric equations, 187 
products, 177 
quotients, 178 

Differentiation applications, 195 
curvature, 206 
tangents and normals, 200 
Differential equations, 593 
direct integration, 598 
first order, separating the 
variables, 599 
homogeneous, 606 
integrating factor, 613 
Bernoulli’s equation, 622 
second order linear, 637 
solution by operator-D, 683 
Differentiation, partial, 251, 277 
Direction cosines, 156 
Direction ratios, 165 
Double integrals, 565 

Equation of a straight line, 195 
Expansion of sin nd and cos nfJ, 57 
Expansion of sin"0 and cos”0, 59 
Exponential form of a complex 
number, 27 

First order differential equations, 593 
Bernoulli’s equation, 622 
by direct integration, 598 
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homogeneous, 606 
integrating factor, 613 
variables separable, 599 
Function of a function, 173 


Geometric means, 303 
Geometric series, 301 


Homogeneous differential 
equations, 606 
Hyperbolic functions, 73 
definitions, 74 
evaluation, 83 
graphs of, 77 
inverse, 84 

log. form of the inverse, 87 
series for, 75 
Hyperbolic identities, 89 

Identities, trigonometric/hyperbolic, 89 
Implicit functions, 185, 285 
Indeterminate forms, 342 
Inertia, moment of, 483 
Infinite series, 308 
Integrals, basic forms, 358 
definite, 438 

f J(xj dx md f^ x) '^ (x) dx ’ 363 

linear functions, 360 
standard forms, 389 
Integrating factor, 613 
Integration, 357, 389 
partial fractions, 373 
by parts, 368 

powers of sin x ana of cos x, 379 
products of sines and cosines, 381 
reduction formulae, 419 
substitutions, 389 
as a summation, 450 
by t = tan x, 409 
by t = tan ^ , 413 
Inverse hyperbolic functions, 84 
log. form, 87 
Inverse operator i , 673 
Inverse trig, functions, 223 


'/, definition, 1 
powers of, 2 

Lengths of curves, 467, 552 
Limiting values, 309, 342 
THSpitafs rule, 345 
Loci problems, 61 

Logarithm of a complex number, 29 
Logarithmic differentiation, 180 

— Maclaurin’s series, 331 

Maximum and minimum values, 235 
Mean values, 446 
Moment of inertia, 483 


Normal to a curve, 200 

Operator-D methods, 669 
inverse operator ~ , 673 
in solution of differential 
equations, 683 
Theorem I, 675 
Theorem II, 678 
Theorem III, 681 


Pappus, theorem of, 475 
Parallel axes theorem, 491 
Parametric equations, 187, 211, 444, 
468,473 

Partial differentiation, 251 
change of variables, 289 
rates of change, 281 
small finite increments, 266 
Partial fractions, 373 
Particular integral, 649 
Perpendicular axes theorem, 495 
Points of inflexion, 240 
Polar co-ordinates, 539 
Polar curves, 541 

areas enclosed by, 546 
lengths of arc, 552 
surfaces generated, 555 
volumes of revolution, 550 
Polar form of a complex number, 22 
Power series, 327 
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Index 


Powers of natural numbers, series 
of, 304 

Properties of determinants, 130 


Radius of curvature, 207 
Radius of gyration, 487 
Rates of change, 281 
Reduction formulae, 419 
R.M.S. values, 448 
Roots of a complex number, 51 


Scalar product of vectors, 157 
Second moment of area, 500 
Second order differential 
equations, 637 
Separating the variables, 599 
Series, 297 

approximate values by, 341 
arithmetic, 298 
binomial, 337 

convergence and divergence, 311 
geometric, 301 
infinite, 308 
Maclaurin’s, 331 
powers of natural numbers, 304 
standard, 336 
Taylor’s, 350 
Simpson’s rule, 523 
proof of, 532 
Simultaneous equations, 
consistency, 126 
solution by determinants, 105 


Small finite increments, 266 
Standard integrals, 358 
Straight line, 195 
Summation in two directions, 565 
Surfaces of revolution, 471, 555 


Tangent to a curve, 200 
— Taylor’s series, 350 

Trigonometric and hyperbolic 
identities, 93 
Triple integrals, 570 
Turning points, 235 


Unit vectors, 152 


Vectors, 141 

addition and subtraction, 144 
angle between vectors, 163 
components, 147 
direction cosines, 156 
direction ratios, 165 
equal, 143 
representation, 142 
scalar product, 157 
in space, 154 

in terms of unit vectors, 152 
vector product, 159 
— Volumes of revolution, 457, 550 
Volumes by triple integrals, 583 


Wallis’s formula, 428 
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STROUD: ENGINEERING MATHEMATICS 

This book provides a complete one-vear course in 
mathematics bv means of an integrated series of 
programmes together with extensive exercises, 
and is designed *Q( use by undergraduates during 
the first year of engineering degree studies and 
for National Diploma and Certificate courses. 

The course consists of 24 programmes devised as 
weekly assignments of work. Each programme 
contains a number of worked examples through 
which the student is guided with a gradual 
withdrawal of support as the topic is mastered, 
and concludes with a criterion test relating to the 
techniques covered in that programme. There are 
aiso exercises tor further practice and problem 
solving and a full range of answers is provided. 
The work has been designed to be equally suitable 
fcr c!ass use or individual study. All the 
programmes have been subjected to rigorous 
validati in procedures and have been proven 
highly successful 




